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ABSTRACT

Hardware in the loop (HIL) simulation is often used to reduce the cost of evaluating the
performance of a radar [1]. These hardware in the loop simulators aim to recreate an accurate
representation of the environment of a radar. Traditionally radar environment simulators focused on
single scatterer targets, and electronic countermeasures, but as the fidelity of the radar increases
these simulation methods alone become less useful. Thus the fidelity of radar environment
simulators has to be increased if they are to remain relevant. Targets modelled using multiple
complex scatterers have been incorporated into HIL simulators, and radar clutter simulation is the

next step in this process of increasing fidelity, which is the focus of this study.

The design challenge is to balance the contradictory requirements of complexity and fidelity of a
clutter simulation system. The fidelity has to be high enough to accurately simulate cutter with
realistic properties so as to be indistinguishable from true clutter returns for the radar under test, but
the complexity has to be low enough to execute the clutter simulation on a field programmable gate
array (FPGA) platform in real time. Before the FPGA simulation can be performed, the algorithms
have to be designed and tested in software. This project aims to investigate the real time
approximation of relevant distributions that should be used when testing and evaluating a radar in
clutter scenarios. Simulation of these relevant distributions are investigated to determine their

accuracy.

First a literature survey is presented to analyse the aspects of clutter that should be considered for
incorporation into a radar environment. The most commonly used statistical models for surface
clutter were chosen and methods for their simulation from literature were identified that could
potentially be implemented on an FPGA. The actual FPGA implementation did not form part of this
project, but was a constraint during the evaluation of the methods. The methods identified were
implemented in software for analysis. The probability density function (PDF), spectral shape,
autocorrelation function, and higher order moments were analysed. Furthermore, the trends
pertaining to the effects of correlation in the samples, and the effects of varying the most important
distribution parameters were analysed. A new approach to simulate the statistics of radar clutter was
then developed to answer the question of whether the methods identified in literature could be
improved upon. The new approach was tested and compared to the methods in literature, and a path

for possible future research in this regard emerged.
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The most frequently used distributions for clutter modelling identified were, the Rayleigh, Log-
Normal and Weibull distributions. These distributions can be simulated in different ways. A critical
part of simulating the distributions for a radar environment is the addition of pulse to pulse
correlation. Memoryless non-linear transforms (MNLT) were chosen because they transform a
correlated Gaussian distribution to the required distribution while approximately maintaining the
input's correlation characteristics. Spherically invariant random vector (SIRV) methods were
excluded from analysis because they produce samples in batches, and are generally mathematically
more complex. Both the complexity, and batch generation property, makes them less attractive for
the future goal of implementation on FPGA based systems. The Rayleigh distribution did not
require any transform, since the I and Q components are Gaussian distributed. The Rayleigh
distributed samples generated in this way performed well, and served as a benchmark for the other
methods, because no transform from the Gaussian distributed values was required. The method
chosen to generate the correlated Log-Normal distributed values performed well, but will be
relatively complex to implement in hardware. The method chosen for the Weibull distributed
sample generation exhibited inaccuracies. The Weibull PDF shape degraded beyond a useful state

for certain settings of correlation.

The poor performance for the Weibull method, and the complexity of the Log-Normal method
prompted the question of what the performance would be for the simplest possible solution to
simulating correlated clutter? Since the methods from literature were insufficient, a different
approach was developed. This method showed similar results for all three chosen distributions. The
problems experienced with the Weibull distributions were not present with this new method, and the
complexity is much lower than that of the Log-Normal method. A draw-back was that the

transformation to the required distribution decorrelated the samples relative to the input correlation.

The new approach was found to be of low enough complexity to allow for future development for
implementation on an FPGA, and showed advantages in this regard, relative to the methods from
literature. The problem for decorrelation could be addressed with pre-calculations and correction
before it is eventually implemented on an FPGA, but requires further research. Open questions have
been identified and the areas where possible future research into this method is required are

highlighted.
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1 INTRODUCTION

A radar transmits electro-magnetic energy into an environment, and receives the returning echoes to
identify objects in this environment. Not all echoes are necessarily of interest to the radar. Radar
clutter is interference from objects in the environment that are not of interest with respect to the
function of the specific radar. The performance of radars designed to detect aircraft is diminished by
echoes from the ground, sea, rain, mist, clouds, birds, and depending on the sensitivity of the radar,
even insects. Clutter might also be intentionally introduced into the environment by non cooperative
targets deploying chaff'. Clutter can be divided into three categories: point clutter, surface clutter
and volume clutter. Surface clutter can be further divided into ground clutter and sea clutter. The
problem addressed in this project was the simulation of realistic ground clutter for radar testing and

evaluation.

Testing new radar algorithms in the physical world is a time consuming task due to the continuously
changing nature of the environment. It is also extremely difficult or even impossible to artificially
re-create the occurrence of a rare environmental event. This non-repeatability induces a degree of
uncertainty in the validity of results. A reliable simulation method for producing clutter is thus
required to test the radar in a repeatable signal environment. Some realism is necessarily sacrificed
to simulate the environment in real time, and for the ability to manipulate and control this simulated
environment. Control over the simulation will allow engineers to enhance and improve the
effectiveness of their radar algorithms with repeated and standardized testing in a simulated

environment that includes realistic correlated ground clutter.

Hardware in the loop (HIL) simulations can be used to reduce the development time and
development cost of a radar system. Hardware in the loop simulation based testing can be
performed before testing in the field. This allows the radar designer to test the radar signal
processor (RSP) before the optimization of weight, processing and power for the integration into a
larger more complex system occurs. The radar environment simulator (RES) system developed at
the CSIR? can perform these types of tests by simulating targets, and electronic counter measures.

Clutter simulation is the next step in extending the functionality of this system, improving the radar

1 A cloud of electromagnetic reflective material ejected and spread in the surrounding air by an aircraft as a
countermeasure to confuse a radar.

2 The Council for Scientific and Industrial Research (CSIR) in South Africa is one of the leading scientific and
technology research, development and implementation organisations in Africa (Www.csir.co.za).



testing and evaluation capability of the HIL system. Research is required to investigate and develop
effective clutter generation algorithms for the current architecture, which is based on field

programmable gate arrays (FPGA).

The technical challenge of this project was to obtain and develop methods which can simulate the
stochastic nature of clutter in real time, while adhering to the constraints of the limited resources
available on the hardware platform. The implementation of the design will be for eventual
integration into existing firmware written for an FPGA based hardware platform. The underlying
principles for FPGA based processors have to be accommodated into the design of the clutter
simulation algorithms. Special attention is thus needed to identify the operations that map easily to
an FPGA architecture, and similarly to identify the ones that do not. Operations that do not map
easily to an FPGA will have to be modified, approximated or completely re-designed in order for

the algorithm to perform efficiently on the FPGA.

While complying with the constraints of the FPGA architecture the algorithms have to produce
results that are statistically accurate while at the same time be easily controllable. The probability
density function (PDF) has to be accurate with regards to shape while still maintaining the specified
spectral characteristics. The autocorrelation function also has to have the shape described in
literature. Eventual implementation on an FPGA with fixed point mathematical operations will not
have the same dynamic range as that of floating point operations on a general purpose computer. An
additional limitation is that computers use 32 or even 64 bits to represent numbers, while the FPGA
uses as few as possible to save logic resources. Some FPGA devices contain digital signal
processing (DSP) blocks, which are mathematical operations that are implemented as optimised
single function digital logic gates on the chip, as opposed to reconfigurable logic. These resources

also have limitations on the maximum number of bits with which calculations can be executed.

This study on clutter simulation and clutter simulation design is limited to the identification and
implementation of different clutter distributions and their underlying behaviour. The effects of
hardware implementation (such as limited dynamic range and resolution) on the resulting
distributions are also investigated. The simulation scenario is limited to a stationary ground based
radar, receiving reflections from ground based surfaces, such as trees and soil. The radar is assumed
to have a single and constant look direction, and effects such as radar scanning are not included in
this simulation. Simulation of internal errors due to the design of radar, such as sidelobes from the

radiation pattern of the antenna, are also not incorporated into the objectives of this project.



1.1 Objectives

This project aims to identify and develop algorithms for clutter simulation which are suitable for
implementation on an FPGA based hardware platform. The clutter algorithms have to generate
clutter according to the statistics used to model clutter, which have been identified by means of a
literature survey. The autocorrelation function, and thus frequency spectrum of clutter, has to be
simulated while meeting the requirements for the shape of the modelled PDF. A relatively basic
frequency spectrum is assumed, to reduce complexity. The frequency spectrum must have a
3 decibel (dB) bandwidth in line with a desired value set for the -3 dB bandwidth before the
simulation starts. The simulation methods have to be coded and tested for eventual implementation
on an FPGA based hardware platform. Thus special attention should be paid to algorithm

complexity with respect to the resources that are available on current FPGAs.

The objectives of the project are thus to simulate
* pulse to pulse correlated ground clutter, with an
* accurate PDF, and an

* accurate spectral -3 dB bandwidth.

The implementation of the algorithms on an FPGA platform does not form part of the scope of this
project, due to the time constrains imposed on the project. However, attention was given to the

practicalities of implementing the algorithms for the eventual simulation on an FPGA platform.

1.2 Executive summary

First a literature survey on the topic of ground clutter is presented in Section 2. The literature survey
covers all the important aspects that are required to describe ground clutter. The topics cover radar
cross section (RCS), spatial distribution, amplitude distribution, spectral distribution, correlation
properties, wavelength and polarization properties of clutter. For clutter simulation the RCS,
Doppler spectrum and amplitude distribution have been identified as the most important aspects to
consider, since the remaining parameters can be translated to a scaling of the final clutter power.
From all these aspects described a basic foundation for clutter simulation can be formed. The
Rayleigh, Log-Normal and Weibull distributions have been identified as the most widely used

models for ground clutter.

Two approaches were followed. The first approach was the evaluation of complex accurate
algorithms from literature, followed by the second approach which was the development and testing

of a new algorithm of lower complexity.



Section 3 covers the implementation of radar clutter simulation, which aims to replicate a realistic
radar clutter environment. The task of the simulation is to generate data that represents theoretical
radar clutter, while still being stochastic in nature. Most computers available today cannot generate
true randomness. For this reason methods have been developed to create pseudo-randomness.
Computer programs such as Matlab have built in uncorrelated random number generators, which
are high fidelity and stochastically well behaved. These random number generators can be used for
stochastic simulation on a computer, but are not necessarily compatible with hardware
implementation. Section 3.1 gives a short overview of the random number generation field,
identifying four random number generation methods. These methods are the CDF inversion method,
transformation method, rejection method, and the recursive method. Section 3.2 presents a
derivation for the generation of correlated Gaussian samples. The resulting equations allows the
designer to set the Doppler bandwidth of the generated clutter samples. The resulting first order
filter of equation (1) (equation (30) on page 27) is used as the basis for all the clutter simulations in

this project.

x,=nx, +pg, (1)
Section 3.3 describes the approach followed to evaluate the clutter generators that are presented in
the sections that follow. The frequency spectrum, autocorrelation function and amplitude
distribution were evaluated for each of the clutter generators. The x” test and KL divergence value
have been used in conjunction with the calculation of the higher order moments to analyse how well

a generated result matches that of the analytical model.

The methods to generate correlated clutter by means of a memoryless non-linear transform
(MNLT®) have correlated Gaussian random number generators as their input. The built in Matlab
uncorrelated Gaussian random number generator is transformed into a correlated Gaussian random
number generator, and tested in Section 3.4. These test results serve as a basis against which the
performance of more complicated distributions are tested. The y* test and KL divergence value
identified a decrease in the PDF accuracy with an increase in correlation as shown in Figures 1 and

2 receptively (Figure 37 on page 42 and Figure 39 on page 43).

The Rayleigh distribution follows from a Gaussian distribution without any modification and was
tested in Section 3.5. MNLT methods are used to generate Log-Normal and Weibull distributed
clutter in sections 3.6 and 3.7. For each of the clutter distributions the PDF is measured, and

compared to the analytical PDF. The -3 dB bandwidth of the random number sequence is measured

3 A memoryless non-linear transform (MNLT) is also referred to as a zero memory non-linearity (ZMNL) in some
literature. For this document the acronym MNLT is used to refer to this type of transformation.



in the frequency domain. The autocorrelation function is used to obtain the time (measured in
samples) it takes the signal to decorrelate by half, and to decorrelate by 1/e . The behaviour of the
performance of the PDF shape and accuracy of the -3 dB bandwidth is also investigated for

variation in bandwidth and the specific distribution's shape parameters.
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Figure 1: Plot of the outcome from a chi squared test.  Figure 2: Kullback-Leibler divergence value.

The y* test and KL divergence value for all three these distributions show the same trend of
increased inaccuracy with a smaller bandwidth, similar to the Gaussian case of Section 3.4. The
performance of the Rayleigh distribution was better than the Gaussian. The Log-Normal
distribution was on the edge of rejection by the x* test and the Weibull distribution was rejected
most of the time. The KL divergence values did not show similar performance changes, and was
very similar for all the distributions. The -3 dB bandwidth values were accurate across the entire
range of tested values, and some deviation was noticeable at small bandwidth settings. Varying the
shape parameters of the distributions resulted in poorer performance for settings where the shape
parameter resulted in a longer tailed distribution. These methods from literature performed well, but

will be difficult to implement on an FPGA due to the large number of mathematical operations.

A clutter simulation approach is also developed in Section 4 by investigating the operation for some
of the signal processing steps performed by the typical radar signal processor. A new cumulative
density function (CDF) transformation method is developed for the generation of clutter
distributions in this section. This approach is specifically developed with the complexity of
implementation on an FPGA hardware platform in mind. Section 4.1 describes the generation of the
uniformly distributed phase, which is used in each of the experiments in the sections which follow.
The Rayleigh distribution (Section 4.2), Log-Normal distribution (Section 4.3) and Weibull
distribution (Section 4.4) are simulated using this approach, and tested using the same methods as

used for the generation techniques from literature. The CDF transformation method was less



accurate than the methods from literature in terms of the PDF shape. The bandwidth of the
generated clutter samples deviated strongly from the desired values as can be seen in Figure 3
(Figure 180 from page 113). Fortunately the deviation from the ideal was monotonic, which allows
for its use regardless, since a single input value results in a single output value. The CDF
transformation method however exhibited advantages such as lower complexity and greater
reconfigurability (the same structure can be used for any distribution), which would make it more

suitable for eventual FPGA implementation.
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Figure 3: Measured -3 dB bandwidth of the correlated
Rayleigh random number.

Finally the methods found in literature are compared to those of the new CDF transformation
method in Section 5. A discussion of the measurement methods, in addition to future work is

presented in the conclusion of this work as part of the same section.



2 LITERATURE SURVEY

The various aspects of radar clutter have been the subject of many studies and measurement
campaigns. Barton [2] lists a number of parameters that must be specified when clutter is included
in the performance evaluation of a radar. These parameters are:

* clutter radar cross section (RCS),

* number of discrete scattering sources,

* spatial extent and distribution of sources,

* velocity extent and distribution (Doppler spectrum),

* wavelength dependence of RCS,

* amplitude distribution (probability density function),

* spatial correlation of amplitudes, and

* polarization properties.

The impact of these aspects have to be investigated before clutter can be simulated realistically.
Before any investigation can start the relationship between the different functional parts that
influence the performance of the radar system is required. The radar equation (2) describes the
power received P, by a radar in relation to the power transmitted P, the gain of the antenna G,
the wavelength of the transmitted signal A, the radar cross section of the object o, and the range
from the radar R .

P R:ﬂ (2)

(41T)'R

The ground clutter radar cross section is an extension of the radar equation for the reflectivity from

ground surfaces.

2.1 Ground Clutter Radar Cross Section

Radar cross section is denoted by the symbol o . It is the measure used to describe the magnitude
of the reflectivity of an object. The unit of measurement for radar cross section is area in metres
squared ( m* ). This is the perceived size of the object by the radar, and not the physical size of the
object. The perceived size is a strong function of the geometry, and reflective properties of the
object. Larger objects that are less reflective will have a smaller radar cross section than a small
object that is highly reflective. When the reflective object is a clutter source, the variable o’ is

used to describe the magnitude of the reflectivity. For ground clutter the radar cross section is



dimensionless because the reflectivity of the ground is described as reflectivity per ground surface
area, both measured in ° . For clarity the literature uses m°/m” This is known as the normalised
radar cross section (NRCS). The surface area of the ground, within a radar resolution cell, is
captured with the variable S as shown in (3). The product of the normalised radar cross section and

the surface area provides the radar cross section of a ground surface.

o=0"§ 3)
The mean NRCS of clutter is characterised over incidence angles of 0° to 90° and can be split into
three different regions. Figure 4 shows a plot for typical mean NRCS values between incidence
angles of 0° and 90°. Incidence angles between 80° and 90° are classified as the grazing or near
grazing region, angles between 30° and 80° are classified as the plateau region and angles between
0° and 30° are in the near vertical region [3]. For clutter analysis and modelling the mean of these

statistics is not sufficient information to describe the clutter completely.
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Figure 4: Mean normalised RCS for incidence angles between 0° and 90°. Figure adapted
from Levanon [3], Figure 4.9, page 79.
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Clutter has been recorded according to various conventions, and the most encountered is whether
data is recorded as a function of incidence angle ©;, depression angle ©, or grazing angle O, .
Figure 5 shows the different angles. The incidence angle is the angle between the normal (of the
surface below the radar) and the look direction of the radar. The depression angle is the angle
between a horizontal line (parallel to the tangent of the surface) and the look direction. The grazing
angle is the angle between the tangent of the earth's surface and the look direction. Grazing angle
and depression angle have different numerical values when a spherical earth approximation has
been made. For the flat earth approximation the grazing and depression angle are equal. The

depression angle is also equal to 90° minus the incidence angle.
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Figure 5: Definition of the independence angle, depression angle and grazing

angle.

Depending on the range resolution of the radar and the incidence angle there are two different
approximations for the surface geometry. The different surface geometries yield different results
when the area is calculated. The first is the calculation when the range resolution is larger than the
length of the total illuminated area of the main beam (4). This case usually occurs when radar is
pointing relatively directly at the ground. When the radar is pointing in such a manner that the main
beam grazes the surface, the range resolution has to be used as a limiting factor for the area
calculation instead of the elevation beam width of the antenna. Equation (5) can be used to calculate

this area [3].

2
5 K00, "
sin o,
:ReHCtp (5)
2¢0s

Figure 6 shows the illuminated area of the ground with respect to the main beam width and the
range resolution. The top panel is the side view of the geometry and the bottom panel is the top
view of the geometry. The dark grey area represents the range resolution. The geometry is described

by the height of the radar %, the vertical and horizontal beam widths 0, and 0, the depression

angle 0,, the range R, the range resolution ?,, and the speed of light c .

The separation of the surface area from the reflective properties of that surface allows the reflective
properties of different surfaces to be characterised. This characterisation is usually grouped by
different types of surfaces. The constant gamma ( y ) model describes radar cross section with
respect to the numerical value Yy, and the grazing angle @, (6). A different value for y is chosen
depending on the type of terrain. A few types of terrain and the corresponding value ranges for y

are listed in Table 1 for an X-Band radar.

Gozysin(ag) (6)



Figure 6: The side view and top view of the geometry for the calculation of ground clutter
surface area. Adapted from Levanon [3], Figure 4.15, page 84.

Table 1: Typical values for the gamma parameter in the constant gamma model for different types of terrain at

X-Band [2].
Yy range (dB) Type of terrain
-5 Urban or mountainous regions.
-10to -15 Crops, bushes and trees.
-20 Desert, grassland and marshy terrain.

The constant gamma model only describes the mean value of the radar clutter. The model is a valid
approximation for grazing angles between the critical angle ©. and 60° [4]. The critical angle is the
lower limit where the constant gamma model can be considered valid and is dependent on the radar
transmit wavelength A and the root mean square (RMS) surface height deviation from the average
O, as given in (7).

A
~4no, (7

c

Normal rolling terrain has a value of 0,=15m  The value for the critical angle is usually less than
5° [2]. The critical angle is less when the terrain roughness increases, or when a higher frequency is

utilised by the radar.

A simple model like the constant gamma model is only an approximation to the actual behaviour of
land clutter. Data from Long [5] shows measurements of terrain reflectivity for incidence angles
between 10° and 80°. The measurements were presented in terms of y model form. Figures 7 and

8 show that 7y is anything but constant when measured over ploughed ground, disked ground, half
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inch wheat, one and a half inch wheat, 15 inch grass, an asphalt runway and a concrete runway.
Where the constant y model identified crops, bushes and trees to be in the range of -10 to -15 dB,
the data from Long shows that the range can be between -10 to -30 dB [5]. This wide range of
terrain surface types with large ranges of values for gamma shows that the constant gamma model

rarely holds true.
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Figure 7: Comparison of reflected power vs. grazing Figure 8: Comparison of reflected power vs. grazing
angle for different types of terrain. Adapted from Long angle for different terrain. Adapted from Long [5],
[S], Figure 2-11, page 232. Figure 6-10, page 231.

An added complication to clutter modelling is that the radar's echo from terrain is not necessarily
present along the entire range line. The scatterers can be spatially distributed in a single range line

as well as spatially distributed in the area surrounding the radar.

2.2 Spatial Distribution

The spatial distribution of ground clutter describes the statistical properties of the geographic
positions of the clutter in the region surrounding the radar. This area is sensed by the radar in terms
of range, azimuth and elevation. The spatial distribution of clutter is dependent on the position and
height of the radar, as well as the terrain roughness [2]. Initially it was thought that clutter could be
described as homogeneous with a sandpaper like roughness [6]. This was true for low resolution
radars where clutter was sensed by the radar, all the way up to the radar horizon. As analogue to
digital converter technology improved, it became possible to increase the radar's range resolution.
With the increase in resolution separate clutter patches could be distinguished from each other. As a
result the homogeneous assumption has since been found to be invalid for the higher resolution

radars [6].

The increase in range resolution lead to clutter patches, and within these patches clutter was found
to be spatially non-uniformly distributed. As the range resolution increases there is less averaging of
clutter within the cells, and different independent features of the terrain become the dominant

contributors within the clutter patch. The radar cross section of these independent features differ
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widely from range cell to range cell. Figure 9 shows these effects for pulse lengths of 3.2 us, 0.8 us
and 0.2 us [4]. This decrease in averaging affects the temporal variations of the clutter. The
temporal distributions have been found to be Rayleigh distributed for larger (low-resolution) range
cells gradually changing to Rician distributed statistics for smaller range cells. The change in
distribution is due to the number of scatterers in a range cell. Many scatterers produce Rayleigh
distributed backscatter. As the number of scatterers decrease, a few become dominant resulting in a

Rice distribution [6].

Amplitude

10 km

Amplitude

| km 10 km

(b)

| km © 10 km

Pulse length set to (a) 3.2 us, (b) 0.8 us, and (c) 0.2 us.

Amplitude

Figure 9: Land clutter returns for varying pulse lengths. Adapted from Nathanson [4], Figure 7.26, page 330.

2.3 Amplitude Distribution

The amplitude distribution describes the variation in the magnitude of the clutter returns. A common
mistake made when the amplitude distribution for clutter is discussed is to assume that this
distribution is the distribution for a range cell, or a scatterer in the range line. This is not the case.
The amplitude distributions for clutter are the distribution averaged over a clutter patch which can
be the combination of many range cells. The temporal characteristics of clutter instead describe the
amplitude distributions for single range cells [6]. The amplitude distribution measurement is a

combination of the spatial and temporal characteristics of clutter.
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To obtain the amplitude description of ground clutter, probability density functions are matched to
the distributions of recorded data such as those found in Ulaby [7]. Figure 10 shows a histogram
comparing the frequency of occurrence of the backscatter coefficient for Grasses measured at X-
band with HH polarization at an incidence angle of 20°. A total of 377 samples were recorded from
pulse to pulse (slow time). The 5% occurrence level, mean and 95% occurrence level are indicated
by the arrows. This figure shows how the mean value of clutter power as described by the constant
Yy model, from Section 2.1, only accounts for a small part of the behaviour of the clutter. Figure 11

shows this effect across incidence angles between 0° and 80°.

To use the clutter results from literature, the radar system design, the signal processing and the data
post processing has to be taken into consideration. Different literature sources may describe clutter
with either Gaussian, or Rayleigh distributions, which are two completely different distributions.
But when the background information is considered these two distributions could describe exactly
the same behaviour for clutter. The Rayleigh distribution is the absolute value of the Gaussian
distribution stemming from taking the magnitude of the complex input signals. The next sections

describe various distributions which are encountered in clutter measurement literature.

Polarization = HH
Sample Size =377

Mcan\i

95% 5%

I 1)

-40 -30

Frequency of Occurence (%)

= HH mean value
sk == 5% occurence level
=+ 95% occurence level

Backscattering Coefficient 6° (dB)

-20 -10 0
Backscattering Coefficient ¢* (dB) © L L L L L L L
Figure 10: Histogram comparing the frequency of 0 10 0 0 - > . " ¥

. Angle of Incidence (degrees)
occurrence of the backscatter coefficient for Grasses. Figure 11: Plot showing the mean backscatter value for
Adapted from Ulaby [7], page 185.

grasses. Adapted from Ulaby [7], page 184.

2.3.1 Gaussian (Normal) Distribution

The Gaussian (also known as the Normal, or bell curve) distribution, as used for clutter modelling,
flows from the central limit theorem. The central limit theorem states that if independent and
identically distributed (IID) random variables are summed their probability density function tends to
a normal distribution as the number of random variables in the summation tends to infinity. Initially
radars had poor range resolution and large stretches of land were thus contained in a single range

cell. This poor resolution had a central limit theorem effect on the distribution of the clutter signal
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as the sum of many independent scatterers was sensed in a single range cell, thus resulting in a
normal distribution on I and Q. The PDF of the normal distribution is given in (8) with u the mean,
and O the standard deviation [8].

—(x—w)

P(x;u,0)= I e (8)
oV2m

2.3.2 Contaminated Normal Distribution

The contaminated normal distribution has been used for clutter modelling because some
observations had heavy tails not described by the normal distribution. A contaminated normal
distribution is a distribution where samples are drawn from two different normal distributions, to
obtain heavy tails. The majority of the samples are drawn from one normal distribution with mean
M, and standard deviation ©O,. The remaining samples are drawn from a second normal
distribution with a mean M, and a standard deviation O,. The relationship between the two
distributions are an equal mean H;=H,, and a larger variance for the less sampled distribution

0, <0, . This produces a heavy tailed, contaminated normal distribution [9].

2.3.3 Rayleigh Distribution

The Rayleigh distribution is used in clutter modelling for scenarios where there are large incidence
angles, such as for the airborne radar case. Traditionally the Rayleigh distribution is used to model
noise, and stems from envelope detection of radar pulses in a Gaussian noise environment [10]. The
Rayleigh random variable (RV) is related to the Gaussian RV by (9) where g, and g, are

independent Gaussian RVs with zero mean and equal variance.

r=Vgi+e ©9)
The PDF of the Rayleigh distribution is given by (10) with x the statistical instantaneous
amplitude, and o the scale parameter of the distribution. The parameter o modifies the scale of
the Rayleigh distribution. A smaller o results in a shorter and more peaked distribution, while a
larger o results in a longer more flat distribution. Deriving (10) from (8) and (9) one observes that
the standard deviation of the Gaussian random variables, become the scale parameter o of the

Rayleigh distribution. The mean w and variance are given by (11) and (12) respectively [11].

P(x;a)=-e> x20 (10)
(04
TT
_ | 1
1=y ] (1
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var(x)=(4;n)oc2 (12)

The higher order moments of a distribution are often used to match recorded data to a specific PDF.
The order of the moment is denoted by the variable »n in (13).
(x"y=2"2a"T 1+g

(13)

2.3.4 Log-Normal Distribution

The Log-Normal distribution is a distribution where the log of the distribution is normally
distributed. This distribution is sometimes found for clutter at low incidence angles, but is more
generally used to describe the spatial distribution of ground clutter. The log in this case is the
natural logarithm. The PDF of the Log-Normal distribution is given in (14), with 4 the mean and
o the standard deviation. The moments of the Log-Normal distribution are given by equation (15)

[11], [12].

(In (x)—u)
1 T 50
Plx;o,u)=———c¢  x=0 (14)
( xXoV2m
(=™ as)

2.3.5 Exponential Distribution

Extensive tests focusing on the accuracy of clutter measurements at the Massachusetts Institute of
Technology (MIT) Lincoln laboratory during the 1990s lead to the exponential model. The
exponential distribution PDF is given in (16). The variable r is called the rate parameter of the
exponential distribution. A comparison between the Gaussian and exponential models have less than
a factor two difference in the tails, which is negligible for scanning radars [8], [13]. Windblown
clutter has been found to be a better match to the exponential distribution than the Gaussian

distribution [14], [15]. The exponential model as described here is on an amplitude scale.
P(x;r)=re ™ (16)

2.3.6 K-Distribution

The K-Distribution has been found to be a relatively accurate model for sea clutter, and is
sometimes also appropriate for describing ground clutter. The K-Distribution has a scale and shape
parameter, b and v respectively. I (v) is the gamma function and K,(x) is the modified Bessel

function. Similarly to the Rayleigh distribution the scale parameter condenses or elongates the PDF,
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but does not alter the shape. The shape parameter alters the shape of the distribution. For a large
value of the shape parameter, v— o , the PDF becomes Rayleigh. The PDF and moments of the K-
Distribution are given in equations (17) and (18) [12], [16].

4b(v+l)/2
r(v)
w2 D(14+n/2)T(v+n/2)

F(v) (13)

P(x;b,v)= x"K,_(2Vbx),x=0 (17)

(x")=b"

2.3.7 Weibull Distribution

For certain conditions the Weibull distribution has been found to be the most ideal fit to radar
clutter. The Weibull distribution is capable of changing the size of its tail, by changing the shape
parameter k. The variable N\ is the scale parameter of the distribution. The PDF of the Weibull
distribution is given in (19) and the moments in (20). The Weibull distribution is easier to calculate
than the K-Distribution, and is generally a more accurate fit for clutter than the Log-Normal
distribution. Setting the shape parameter k=2 the PDF reduces to that of a Rayleigh distribution.

This versatility makes the Weibull distribution a popular choice for clutter modelling [17].

k

kx5
P(x;?»,k)zx(x) e " ,x=0 (19)
(X"V=\"T %H (20)

2.3.8 Alpha Stable Distribution

The alpha stable distribution is the latest distribution to be used in the continuing process of
describing clutter statistics with more general distributions. The alpha stable distribution densities
have two important properties that make them ideal for clutter modelling. The first property is the
stability property, which states that the weighted sum of independent alpha stable random variables
is again stable, with the same characteristic exponent « . The second property is the generalised
central limit theorem. Unlike the Normal distribution an alpha stable distribution can also be
asymmetric about the mean. The alpha stable distribution is given in (21). The characteristic
exponent o is bounded between 0 and 2. The variable 0 is the location parameter and Yy is the
dispersion parameter [18]. This distribution has not yet found widespread use in the literature on

radar clutter.

P(x;8,y,a)=e/> VN (21)
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Each of the distributions mentioned in sections 2.3.1 to 2.3.8 have a place in describing clutter. The
three different PDFs that are the most frequently used when describing random nature of ground
clutter returns are the Rayleigh distribution, Log-normal distribution, and Weibull distribution.
Figures 12 to 15 show these distributions. For the Log-Normal distribution the offset parameter p

was held constant at 0, and for the Weibull distribution the scale parameter A was held constant at

a value of 1.
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Figure 12: A comparison of the Rayleigh, Log-Normal Figure 13: The Rayleigh distributions with different

and Weibull distributions. values for the scale parameter alpha.
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Figure 14: The Log-Normal distributions with Figure 15: The Weibull distributions with different
different values for the scale parameter sigma. values for the shape parameter k.

The clutter PDF is usually assumed to be Rayleigh when simplifying assumptions are made. The
Weibull and Log-Normal distribution are accepted PDFs to use for ground clutter. The K-
Distribution has been fitted to land clutter, but is more commonly used to describe sea clutter. Both
the Weibull distribution and the K-distribution reduce to a Rayleigh distribution with the correct
input parameters. This makes them better for radar clutter modelling since they incorporate both the

low and high resolution clutter scenarios. Although Log-Normal distributions have been fitted to
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radar data, the inability of this distribution to reduce to a Rayleigh distribution makes them less
attractive for radar clutter simulation [19]. The simplest “realistic” simulation possible is that of

Rayleigh distributed clutter back-scatter.

The above mentioned distributions result after the detection algorithms are applied to the input
signal as part of the radar signal processing. The amplitude detection process of the radar transforms
symmetrical PDFs found on the in-phase and quadrature channels into these asymmetrical PDFs.
The amplitude is obtained by calculating the magnitude of the in-phase and quadrature channels of
the received signal of the radar as shown in equation (22) [20]. The next section discusses the

spectral properties of radar clutter.
magnitua’eZ\/Iz-i-Q2 (22)

2.4 Spectral Distribution

For this discussion of the spectral characteristics of clutter a pulsed waveform system is assumed. A
rectangular pulse train will have spectral lines with a sinc(x) envelope. The sinc(x) function is
given in equation (23). The shape of the sinc(x) envelope is determined by the transmitted pulse
width ¢, , with the first nulls occurring at f,=1/¢, as shown in Figure 16. The symbol f', is the
centre frequency of the radar. The spacing of the spectral lines is equal to the pulse repetition
frequency (PRF) of the radar. These spectral lines are widened by the motion of clutter, and by the

movement of the radar due to scanning or radar platform motion.

sinc(x)zism(nx) (23)
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Figure 16: Frequency spectrum of a pulsed signal showing the effects of the pulse length and the PRF of the
radar. Adapted from Skolnik [21], Figure 2.11, page 2.11.
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Equation (24) is used to calculate the Doppler frequency shift f, based on the wavelength \ of
the radar and the angular velocity of the object v at an angle 6 [21].

fd=2vcis(e)=2vcos<6)f“ 24)

C

The Doppler spectrum of a single stationary point target is a sharp spike at zero Doppler shift, as
seen by the measurement of a water tower at 6.4 km using the Phase One radar (Figure 17). A small
amount of ground clutter from trees is visible at the base of the spike close to the noise level of the
radar. The narrow nature of the tree clutter is due to a lack of wind and thus the trees are relatively
stationary. The stationary nature of the trees means there is a lack of non-zero Doppler components.
When the wind is present the non-zero Doppler components of the clutter become more prominent
as seen for different wind speeds through trees measured with the LCE radar at 7.0 km (Figure 18).
As the wind speed increases the width of the spectral shape of the clutter becomes wider. The
spectral shape of the clutter is essentially independent of frequency and polarization. The frequency
independence of clutter is unexpected because main scatterers differ between VHF (large branches)

and X-band (leaves and twigs). The frequency and wavelength response is further investigated in

Section 2.6.
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Figure 17: Spectral shape for a single target. Adapted  Figure 18: Spectral shape for windblown trees.
from Billingsley [6], Figure 6.4, page 587. Adapted from Billingsley [6], Figure 6.8, page 593.
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Billingsley [6] used an exponential decay model for the spectrum shape of ground clutter. The total
power is described by equation (25). This analytical expression describes both the alternating
current (AC) power of the clutter and the direct current (DC) power of the clutter. Doppler
modulation is responsible for the AC power P, (v), and stationary objects are responsible for the
DC power described with the delta Dirac function 8(v).An AC to DC ratio is used to describe the
distribution of the power between those two parts of the equation. The AC power is modelled as an
exponential decay (26). Table 2 lists common values for B for different wind speeds. To compare
the model with measured results the values generated by the model have to be reduced by
10log,,(r+1) , where 7 is the ratio of DC to AC power. The value for beta varies almost linearly
with wind speed as described by equation (27), where w is the wind speed. This equation slightly

underestimates B for light wind speeds and slightly overestimates B for gale force winds.

1
r+1

P, (v),—o<v<o (25)

Pac<v>:%exp(_ﬁ |V

B~'=0.1048[log,, w+0.4147] (27)

),—o<y<oo (26)

The AC to DC ratio is dependent on the radar's RF frequency and can be determined using equation
(28) for radar range cells which contain windblown trees where w is the wind speed in miles per
hour and f, is the radar carrier frequency in GHz [6]. The AC to DC ratio can also give an
indication of the correlation of the signal since a smaller AC component indicates a smaller spectral
bandwidth and thus more correlation from pules to pulse. The next section discusses the correlation

properties of radar clutter.

r=489.8w™ > £ 12! (28)
Table 2: Exponential AC Shape Parameter for certain wind speeds [6].
_ - _ Exponential AC Shape Parameter B (m/s)”'
Wind Conditions Wind Speed (mph)
Typical Worst Case

Light air 1-7 12 -

Breezy 7-15 8 -

Windy 15-30 5.7 5.2

Gale force (estimated) 30-60 4.3 3.8
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2.5 Correlation Properties

The correlated nature of ground clutter can greatly increase a radar's false alarm rates. It is therefore
important to correctly model the correlation properties of ground clutter. If the correlation is
modelled correctly, the radar's clutter cancellation algorithms can be tested correctly. Radar clutter
can be correlated spatially from range cell to range cell (fast time), or temporally from pulse to

pulse (slow time). Correlation in azimuth is also measured from pulse to pulse.

Spatial correlation is defined in both the range and azimuth directions. The correlation in space for
clutter is dependent on the specific scatterers in each range cell, and since the range cell contains
unique scatterers (in other words a single scatterer is not present in more than one range cell) clutter
decorrelates within the extent of a single range cell. However it has been found that at times slightly
higher correlation is found at higher angles (angles not defined as low incidence angels) over
uniform landscapes. Similarly if the beam of the radar moves enough in azimuth that it no-longer
illuminates the same azimuth cell, the contents of that cell is unique so that clutter decorrelates
within a single range cell. The decorrelation within a single range cell, allow for the assumption that

clutter is spatially uncorrelated, the extent of which is shown in Figures 19 and 20 [6].
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Figure 19: Correlation coefficient in the azimuth Figure 20: Correlation coefficient in the range
dimension measured in slow time. Adapted from dimension measured in fast time. Adapted from
Billingsley [6], Figure 4.26, page 341. Billingsley [6], Figure 4.27, page 342.

Temporal correlation of clutter is an alternative description of the spectral content of the same
clutter signal. The normalised autocorrelation function can be used to calculate the correlation time
for a signal. The correlation time indicates the extent to which the clutter is correlated. The
correlation times of clutter signals are inversely proportional to the centre frequency of the

transmitted signal when only considering the Doppler equation and keeping all other variables
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constant. The actual trend deviates slightly from this because correlation times are dependent on the
scattering characteristics of the environment, and different frequencies interact in different ways
with the environment. The correlation times are also inversely proportional to the wind speed which
translates to a longer decorrelation time for slower wind speeds. Table 3 shows correlation times as
the signal's correlation reaches half T,,, or one over e, T;, of its peak value, for different
frequency bands [6]. The next section discusses the wavelength and polarization properties of

clutter.

Table 3: Correlation times for radar returns from windblown trees on a windy day [6].

Correlation Time (s)
Frequency Band
T Ti/e
VHF 4.01* 5.04*
UHF 0.69 0.94
L-Band 0.67 0.95
S-Band 0.062 0.081
X-Band 0.033 0.490

Values with a * have been estimated by extrapolation.

2.6 Wavelength and Polarization properties

According to [4] the effect of the radar transmit frequency, on the backscatter coefficient as a
function of grazing angle, is a near linear increase on average. Wavelength is inversely related to
frequency and thus an inverse relationship between the radar wavelength and clutter backscatter is
observed. The complex interactions between environmental factors and the electromagnetic waves
complicates the search for a clear relationship. Different environments interact differently with the
wavelength of the radar pulses [4], [5]. Figure 21 show the general trends in land clutter backscatter

for rural land for different wavelengths.

Differences in clutter backscatter for different polarizations are due to the physical structure of the
terrain. Tall grass is aligned with vertical polarization and as a result will reflect more energy than a
horizontally polarized wave. If the grass is dry, this effect will be less. For large areas of terrain
horizontal polarization tends to be a few decibels less than vertical polarization between grazing
angles of 1° and 3°. The largest factor influencing polarization sensitivity is the alignment of
scattering objects with the polarization direction, and multipath effects. Large flat surfaces such as

bodies of water or highways also contribute to the polarization sensitivity. Polarization generally
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has little effect on the backscatter coefficient of ground clutter, and even though individual
measurements can show a difference in clutter backscatter, there is no clear trend from the measured

data in literature [4], [5].
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Figure 21: Clutter average power for different grazing angles and radar frequency bands for a
rural environment. Adapted from Nathanson [4], Figure 7.23, page 323.

2.7 Conclusion
There are many parameters that describe the characteristics of radar clutter which have to be taken
into account when radar environment simulation is considered. For ground clutter the clutter

statistics are the most important aspect to focus on for radar environment simulation.

For the rest of the study, the scenario with the lowest number of variables possible will be assumed
to simplify certain aspects of the clutter simulation. An increasing radar cross section results in a
simple magnitude increase in the received clutter signal. The wavelength and polarization can
similarly be adjusted and compensated for when the radar environment is stationary within a
constant look direction. The spatial distribution is a matter of enabling clutter for certain parts of the
range line and disabling them for others and is thus not very difficult to simulate to the required
detail. The amplitude distribution, and Doppler spectrum of the clutter are the main aspects that

have to be modelled for clutter simulation.

The next section of the report will investigate methods for simulating clutter in software. The

software simulation will determine the extent to which realistic clutter simulation is possible.
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3 SIMULATION OF CLUTTER,
IMPLEMENTED FROM LITERATURE

To simulate realistic clutter for a radar the entire sequence of events that produces the final result
has to be taken into account. The typical sequence of events for a mono-static radar system (as
shown in Figure 22) starts with the transmission of an electro-magnetic pulse. The transmitter and
receiver for a mono-static radar is co-located, which means the propagation path to and from a
clutter patch is the same. This is not the case for bi-static radar, where the paths may have
completely different propagation effects. The transmitted radar pulse propagates through the air
which is the transmission medium of the electromagnetic energy. The radar pulse then interacts with
the environment. Some of the energy of the pulse is absorbed and some is reflected. The reflected
energy is scattered in many directions, some back in the direction of the radar. The radar receives
the reflected energy, and senses the environment by performing radar signal processing on the
measured reflected electro-magnetic energy. The measured reflected energy is responsible for the
ability of the radar to identify the object(s) of interest. The measured energy reflected from the

environment is identified as clutter, and is usually not of any value.

Radar } Environment

> Absorbed
Transmit |—)» —»| Interact

i | Propagate Scattered
Receive |G € Reflected |1

Figure 22: Functiona:l block diagram of the simulation of mono-static radar clutter.
Radar signal processing in its simplest form is a multi step process consisting of down-mixing,
Hilbert-filtering, and amplitude detection, also known as quadrature down-mixing. Doppler
processing uses a discrete Fourier transform (DFT) to also determine the Doppler shift caused by
the motion of objects in the environment. The challenge for the radar clutter simulator is to produce
realistic clutter after the radar signal processing has been performed, by injecting a signal between

the transmission and reception of the radar pulse.

In the hypothetical case where hardware systems have infinite resources, any clutter statistics can be
created if an appropriate algorithm can be identified. This ideal case is however not the reality and

generating clutter is resource intensive. The goal of this study is to find clutter generation
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algorithms that are as realistic as possible but at the same time implementable on a hardware
platform with limited resources in real time. Because clutter is statistical in nature, at the core of the

clutter generation algorithms are random number generators.

3.1 Random number generator

One way to generate a random number with a given PDF is to start with a random variable with a
uniform PDF. A transformation is then applied to obtain a random variable with the desired
distribution. There are four types of transformations that can be applied to a uniform random
variable to obtain Gaussian random variables. The four methods are the CDF inversion method,

transformation method, rejection method, and the recursive method [22].

The CDF inversion method uses the inverted CDF of any random variable, and is not limited to a
Gaussian distribution. By definition the area underneath the PDF is equal to one. The range of the
PDF can potentially span from — to . Because of the unity area property, the CDF of a
random variable can never be less than zero or more than one. The inverted CDF then can only have
input values ( x ) in the range of 0 and 1. A generated uniform random number is in that same range,
or can be transformed to be in that range by scaling and shifting operations, for use as the input
values. Thus a uniform random number sequence can be used as the variable in the inverted CDF

function and the resulting random variable sequence will take on the corresponding PDF [22], [23].

Transformation methods such as the Box-Muller transform [22], the central limit theorem,
piecewise linear approximation using triangular distributions [24] and the Monty Python
method [25]. These methods start with a uniform random number and perform a combination of
mathematical operations to obtain another distribution. This is similar to the CDF inversion method,
but the mathematical operations are not directly derived from any PDF, and they instead rely on
other properties, for example, the central limit theorem. The central limit theorem is limited to
generating Gaussian random variables, but can do so with low complexity and computational
expense. The piecewise linear approximation with triangular distributions is not an exact method,
but its strong point is that it not limited to a Gaussian distribution [23]. Both the Box-Muller and
Monty Python are limited to a Gaussian distribution [22].

Rejection methods contain a conditional step in the generation of the random variable. This
conditional step decides if generation of the random variable should continue, or if the current value
at this point in the algorithm must be rejected. If the current variable is rejected a new variable is
generated from scratch. This conditional step is not favourable for hardware implementation where

a constant flow of new random variables is required [22].
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The recursion method, also known as the Wallace method uses the property that a linear
combination of Gaussian distributed random variables will produce a new Gaussian distributed
random variable. The Wallace method uses matrix multiplications with Gaussian distributed random
numbers to obtain a set of output Gaussian distributed random numbers. Because the previous
numbers are used to generate new ones, there is correlation between old and new values. The
Wallace method repeats the multiplication step a set number of times to sufficiently decorrelate the
numbers before they are used [22]. The randomness of nature visible in clutter is not uncorrelated,
and the degree of correlation is dependant on the environment. The Wallace methods lends itself to
this requirement, but a method to reliably control the degree correlation is lacking, and the fact that

numbers are generated in batches counts against its use for real time clutter simulation.

Radar clutter is described by both its amplitude statistics, and its autocorrelation function. The
statistics are usually only valid for a single range cell. The autocorrelation is a measure of the
correlated nature of the radar clutter. The autocorrelation can be obtained from a cross correlation of
the radar backscattered signal with itself. The samples of the signal are obtained from pulse to pulse
(slow time), from the same range cell. The spectrum is estimated by taking a DFT across multiple
pulses. Different range cells in the radar pulse have to be investigated individually because the
clutter statistics might vary between them due to spatial variability of clutter. Clutter is described as
being spiky in nature because on average there is little variation in the return of a clutter patch, with
large clutter returns occurring infrequently. The frequency of occurrence of the large clutter returns

are described by the PDF of the clutter.

Clutter can be approximated using several different PDFs as described in Section 2.3, and methods
exist that would allow for the simulation of nearly any distribution imaginable. The inverse
cumulative density function method is one such an example, where if the cumulative density can be
found (even if only numerically) the approximate distribution can be generated. Approximations are
not a major cause for concern when clutter simulation is considered since the distributions used to
model clutter have been fitted to recorded data and are thus themselves an approximation. Clutter
simulation is of course different from standard random number generation in the sense that it is
correlated. The correlated Gaussian random variable is at the core of generating correlated random

variables having non-Gaussian distributions.
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3.2 Correlated Gaussian Random Variable

Clutter is correlated from pulse to pulse (slow time). An uncorrelated random number will have a
white spectrum which indicates it is uncorrelated from one value to the next, and thus not consistent
with the behaviour of clutter. Linear system theory states that a signal with spectrum S;, can be
filtered to produce a signal with a spectrum of S,, by passing it through a filter with a transfer
function H (f) as shown in equation (29). Thus filtering a white noise signal will correlate that

signal.

Sou £)=Su(FIH(f))] (29)

A correlated Gaussian random variable can be generated by introducing a dependency on the
previous random sample, when generating the next one. Correlation can be introduced by filtering a
Gaussian random variable. The lowest complexity digital filter would be a filter with a single
feedback stage, for example a single pole infinite impulse response (IIR) filter which is a good
approximation to the spectrum of measured ground clutter. The filtered spectrum is obtained using
equation (30) [12]. This correlation is responsible for the shape of the spectrum of the clutter. The
bandwidth of the clutter is the frequency at which the spectrum is three decibels (dB) less than the
maximum value. The bandwidth of the filter is set to be equal to the required bandwidth of the
clutter. A single pole infinite impulse response filter will produce a spectrum with an approximately

Gaussian shape.

x,=nx, +pg, (30)
It is useful to obtain a relation between m, B and the -3 dB bandwidth of the filter. Taking the z-

transform of equation (30), gives (31), which can be manipulated to give the transfer function (32).

Y(z)=nY(z)z'"+B X(z) (31)
Y(z)_ B
lH(Z)I—X(Z)—l_Z,ln (32)

Adhering to the notation of the z-transform, the input variable g, is represented by X(z) and the
output variable X, is represented by Y (z) . For the filter to exhibit unity power gain the relation
[5:\/1——7]2 has to hold [12]. The z-transform states that z=Ae ’*, where 4 is the magnitude,
the imaginary unit, and ¢ the phase. Substituting Ae /* for z, with 4 as unity and f with
\/ 1——n2 into equation (32) produces equation 33.

H () =
1-2n cosc|>+r]2

(33)
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The result of this is the ability to calculate the amplitude of the spectrum of the correlated Gaussian
signal at any frequency and for any value of 7 . Because we are interested in controlling the -3 dB
bandwidth, we have to calculate the position in the z-transformed space (which relates to a
frequency) where the amplitude of the spectrum is half the value of the maximum amplitude, given
in equation (34). Solving this equation leads to a relationship between m and ¢ given in

equation (35).

Xy (g (4

n=2—cosp=+V(2—cosp)—1 (35)

The value for the phase ¢ relates to the required bandwidth of the filter with equation (36), where

BW 1is the bandwidth and Fis is the sampling frequency both in Hertz (Hz).

BW

= 2| ——
) T[( s ) (36)
This design equation gives the ability to design a filter with adjustable bandwidth, and correlated
output with a Gaussian distribution. The performance of this filter design has to be evaluated with

regards to frequency spectrum and probability density function.

3.3 Evaluation of clutter generators

To analyse the performance of a random variable generator, the error between its output and a
theoretical baseline has to be calculated. At the most basic level, one has to compare the results
from a random variable generator to those observed from actual measurements presented in the
literature. In Section 2 a literature survey was presented and gave guidelines to the different aspects
of clutter simulation that have to be verified and used for comparison. An aspect that adds an
additional level of complexity to the evaluation of clutter generators is that the measured results do
not fit the models that were drawn from the measurements perfectly. When simulating clutter the
aim is to recreate the behaviour of clutter, but this is done by recreating the behaviour of a model

that represents the clutter.

The evaluation methods chosen for this project were the analysis of the frequency spectrum and
autocorrelation function. Signal theory states that the frequency spectrum and the autocorrelation
function, are a Fourier transform pair [26]. Both these have been analysed because the literature on
clutter does not always focus on either one, or both. Both the frequency spectrum and
autocorrelation function describe the correlation behaviour of clutter. The other aspect of clutter is

the amplitude distribution. There are various methods to investigate how close a generated
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amplitude distribution comes to the theoretical one. For this project the ” test and KL divergence
value, have been used in conjunction with the calculation of the higher order moments to analyse
how well a generated result matches that of the analytical model. To make the results more tractable

and easier to interpret, distance methods to error calculation have also been employed.

The Kullback-Liebler (KL) divergence, often also referred to as the KL distance is a statistical
measure of the distance between two distributions. A statistical distance measure like the KL
distance is a measure of how alike two distributions are. A smaller distance value implies a smaller
difference between two distributions, while a larger distance implies a larger difference between
two distributions. The KL distance between distribution p and distribution ¢ 1is calculated using
equation (37) for continuous distributions [27]. The integral is replaced by a summation for discrete
distributions. A true distance measure produces the same result no matter the direction of the
distance measurement, D(pllqg)=D(qllp). In this regard the KL distance is not a true distance
measure since this property is not adhered to. It is thus more technically correct to refer to the KL

distance as the KL divergence.

D(pllg)=J p(x)log(%)dx 37)

Kullback himself prefers the KL distance to be referred to as minimum discrimination information
(MDI) [28]. In literature this preference is not used as many papers still refer to MDI as the KL
distance. In keeping with this nomenclature and for the reason described previously, this report will
use the name KL divergence. The disadvantage of this method is that it does not provide
information on the variability of the results from test to test. The chi-squared method remedies this

shortcoming.

The chi-squared ( %) test produces a single figure for how well the generated distribution matches
the desired distribution. The %> goodness of fit test, tests if the deviation from an expected
distribution is due sampling error or if there is an actual difference. Sampling error is expected from
the nature of statistics while a real difference would be an indication of a poorly generated
distribution. The null hypotheses H, states that there is no significant difference between the
generated distribution and the proposed distribution while the alternate hypotheses H ;| states that
they are significantly different. A 95% or even a 99% confidence interval (CI) is commonly used,
which is a measure of the certainty with which the alternate hypotheses can be rejected. It is
important to note that the x” test measures whether two distributions are significantly different, not

if they are significantly similar, and that the lack of the fact that they are significantly different does
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not mean they are thus significantly similar. This can lead to a scenario where the proposed
distribution as a model can be rejected with 95% confidence, but cannot be rejected with 99%
confidence. Thus lower percentage values ina y” test are better. The main drawback of the %’ test
is that the results are dependent on the size of the bins of the histogram under test. A general rule of
thumb is to have bin sizes of 0.3 times the standard deviation. The most important factor is to have
at least 5 samples in a bin. This means bins at the tails of the distribution might have to be enlarged
and combined to ensure that this lower limit on the number of samples is adhered to [29], [30].
Equation (38) is used to calculate the chi-squared value %>. O, is the observed value for a bin,
E, is the expected value (from the analytical function in this case) and n is the total number of
bins.

3 (0= E)
X=X (38)

Skew and kurtosis can also be used to measure the quality of the generated Gaussian random
variable. Skew is the normalised third moment of the distribution and kurtosis is the normalised
fourth moment of the distribution and is calculated using equations (39) and (40) respectively. The

excess kurtosis is defined as the kurtosis minus 3, given in equation (41).

N

1 —\3
" N (Xn—x)
3 n=1
Skew=—= . B (39)
Tt (x,,—x>2)

n=1

.Yy
Kurtosis= —
o

2 (40)
)2)

Excess Kurtosis= M—i -3 (41)

o

With respect to these equations N is the number of samples, X, is the n -th sample, and X is the
sample mean. The skew of the distribution is a figure that gives an indication to how symmetric the
distribution is. A negative value for the skew translates to a distribution that is skewed to the left
while a positive value translates to a distribution that is skewed to the right. A distribution that is

skewed to the left has a longer tail on that side than the other. Kurtosis is a measure that gives an
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indication of the shape of the distribution. A perfect Gaussian distribution has a kurtosis of 3. When
the kurtosis is larger than this value, it indicates a distribution that is flatter and wider. A smaller

kurtosis indicates the that a distribution is more peaked, or sharp [31].

For clutter data analysis higher order moments are often used to measure the accuracy of the
distribution. The higher the order of the moment the more it is influenced by the values in the tails
of the distribution [32]. Since the largest mismatch between a distribution and actual clutter data is
in the tails, this property makes the higher order moments ideal for analysing how well a
distribution matches the measured data. The moments up to order 6 are typically used for this
analysis, since the calculated moments of order 3 and less can still be matched fairly easily to many
different distributions (allowing for a small error) [33]. Not all error measurements occur on data of

a statistical nature.

The error between two non statistical functions can be calculated by two different distance methods.
The first method is the relative error, and the second is the absolute error. The relative error is
calculated by subtracting the analytical PDF from the measured PDF, and then dividing by the
analytical PDF. The percentage error is the relative error multiplied by 100. The absolute error is
calculated similarly, except the step of dividing by the analytical PDF is left out. The error
calculation methods are given in equation (42) for the relative error and equation (43) for the
absolute error.

(42)

€ (x>re[ative =

E(x)absalute:Pm<x)_Pa(x) (43)
Using the measures of relative error, absolute error, X2 , KL divergence value, skew, kurtosis and
the higher order moments, the accuracy of the random number generator can be thoroughly

investigated.

3.4 Gaussian Random Number Generator

The proposed generation methods for the Rayleigh, Log-normal and Weibull distributions for
application in hardware clutter simulation all depend on a Gaussian random variable as will be seen
in the sections which follow. First results will be obtained from a trusted Gaussian random number
generator by means of simulation, which will serve as a baseline against which comparisons can be

made.
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3.4.1 Experiment 1: Baseline uncorrelated Gaussian random number generator

The first experiment is the analysis of a trusted Gaussian random number generator. As few as
possible approximations are made which allows this experiment to serve as a benchmark for the
ones to follow. The absolute error, relative error, Xz error, skew, kurtosis and higher order moments
of the distribution are measured. The bins with less than 5 samples have been combined
automatically in the analysis code written to generate these results. A Gaussian variable with a mean
of 0 and a standard deviation of 1 was generated. For the simulation one million samples were

generated.

Figure 23 is a plot of the generated Gaussian samples with an overlay of the analytical function of
the distribution. The generated Gaussian samples plot has been normalised so that the area
underneath it matches the area of the analytical function, by dividing the bin counts by the total
number of samples generated. The area underneath the analytical function is equal to one by
definition of the PDF. Visually one can observe that the generated distribution and the analytical
function are a close match. There is however no measure of how well they match, which is required
if a scientific comparison is to be made to other results. A visual measure like this is not objective or
quantifiable, and tends to be very noisy. It does not have a high enough degree of accuracy and will

produce different results from experiment to experiment.

Figure 24 shows a plot of the relative error and the absolute error. It is visible from the graphs that
the absolute error and relative error methods of error measurement both have their weaknesses. The
relative error becomes larger towards the tails of the distribution, while the absolute error becomes
smaller towards the tails of the distribution. Close to the mean the relative error and absolute error

performance is roughly the same.
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Figure 23: Normalised histogram of the simulated Figure 24: Comparison of the relative error (in blue)
Gaussian random variable. and the absolute error (in red).
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These methods of evaluating the performance of the distribution close to the tails are insufficient,
because they lack accuracy. These types of error measurement are also not statistically valid
methods for evaluating the error between the generated and desired PDF. The Kullback-Liebler
(KL) divergence test is a statistically valid method [27], and was used as a distance method to
calculate the error between the generated and desired PDF. Performing the KL divergence test on
the uncorrelated Gaussian random samples averaged over 30 experiments resulted in a value of
0.00010147. Although this value by itself does not give a clear indication of how well the samples
generated matched the analytical PDF, this will become clear as results for the experiments that
follow are obtained. It is important to note that the KL divergence test is sensitive to the number of
bins and the number of samples used to calculate its value. It is thus important to fix these values

for the experiments that follow to ensure the comparison is fair.

Figure 25 is a plot of the frequency content of the random numbers. The figure shows the frequency
spectrum of the Gaussian random variable normalised to sampling frequency with the magnitudes
taken relative to the largest frequency component. For all practical purposes the spectrum is white.
There are nulls in the frequency spectrum at 0 Hz and at multiples of half the sampling frequency.
The cause for these nulls are due to the fact that the frequency spectrum for a real signal is
symmetrical. This effect is limited to the Gaussian distribution when looking through all the results
presented, because this is the only real signal analysed in this dissertation. The Gaussian distribution
is also the only symmetric distribution analysed. The frequency spectrum of the signal is obtained
by splitting the time data into a number of sections having the same length. A fast Fourier transform
(FFT) is then performed separately on each of these sections of time data. The absolute value of all
of the separate FFT data is then averaged to obtain a smooth graph. The final FFT is then adjusted
by placing the largest magnitude at 0 dB. This simplifies measurement of the -3 dB point on the
graphs.

Figure 26 shows the autocorrelation plot of the sequence of random numbers. The autocorrelation is
completely correlated and maximum at time equal to zero, but decorrelated directly before and
directly after that point. Three data points are highlighted on the graph to show that the
decorrelation time is within a single sample. This is an indication that there is no correlation
between consecutive generated random numbers. This meets the expectations for the baseline

experiment.
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Figure 25: Frequency spectrum of the Gaussian Figure 26: The autocorrelation function of the random
random variable. variable.

Calculating the moments of the generated samples provides additional insight into the shape of the
distribution. The desired theoretical values and measured values for the mean, standard deviation,
variance, skew and kurtosis are shown in Table 4. The table also includes the results from the «*
test with the calculated value for a 95% confidence interval listed in the “expected” row, and the
computed result shown in the “measured” row. For the > hypotheses test values the Sankaran
closed form analytical approximation for the cumulative distribution function was used [34], [35].
This approximation produces values that are slightly smaller than the 7* pre-calculated tables in
text books. The number of bins in the histogram 4, was set to 100, and since the degrees of
freedom v is v=k,—p—1 where p is the number of parameters of the hypothesised distribution
(2 for Gaussian distribution), the value for v is 97. As discussed in Section 3.2 the number of
samples in a bin must be at least 5. To meet this requirement the values in the tails of the
distribution were combined as a single bin when they were larger than 4 times the standard

deviation. As a result the value for v was usually in the range of 80 to 90 .

Table 4: Measured values over a million random numbers generated according to the Gaussian distribution.

Mean |Standard deviation | Variance |Skew | Kurtosis | x> =0.05
Analytical |0 1 1 0 3 105 (v=83)
Measured [0.0011 {0.9996 0.9991 |-0.0021 |2.9998 |76.4 ( H, accepted)

The moments of order 1 to 6 were calculated analytically and compared to the same order moments
measured from the generated data. The comparison was done by calculating the percentage error

between the measured and calculated moments. For the Gaussian distribution all odd moments are
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equal to zero, which results in an infinite percentage error. The odd numbered higher order
moments have been tabulated as not applicable (NA) in Table 5 along with the percentage error for

the even numbered higher order moments.

Table 5: Percentage error of the higher order moments for the uncorrelated Gaussian distribution.

Moment order Ist 2nd 3rd 4th 5th 6th
Percentage error |NA 0.1287%  |NA 0.0801% |NA 0.2078%

Figure 27 shows the calculated theoretical moments plotted against the measured moments from the
Gaussian random number generator. All odd order theoretical moments are equal to zero and thus
do not appear on a log scale. Both the percentage error and the figure confirms that there is an

excellent match between the generated data and a Gaussian distribution.
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Figure 27: Measured moments from the generated
Gaussian distribution.

Confidence intervals were used to obtain a statistical measure of the variation of the results and
their significance. The calculations were performed for a confidence level of 99%. A double sided
confidence was calculated for values that could lie within a range (i.e. values that need to be limited
from both the upper and lower side), which for this case was every value except the %’ test result.
The 7’ test result only had an upper confidence bound calculated because the calculated %> must
be less than the theoretical limit, and is thus only bound from the upper side. The experiment was
repeated 30 times to obtain the confidence intervals as shown in Table 6. Confidence intervals of
99% were calculated. It can be clearly seen that there is a large amount of certainty in the values of
the mean, standard deviation, variance, skew and kurtosis since the confidence intervals are small
and thus very close to the means of the results. The ” test result is a bit less certain. Out of the 30
experiments the * test could not reject the null hypotheses H, 28 times, which means there were

2 cases where it was rejected.
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Table 6: Results of the experiment as tabulated in Table 4 repeated 30 times.

Mean Standard deviation | Variance | Skew Kurtosis | %’ lim.
Lower CI |-0.00057 |0.99963 0.99925 |-0.00068 {2.99615 N/A 101.769
Mean -0.00011 |1.00002 1.00005 0.00052 |2.99853 |82.4731 103.304
Upper CI 10.00035 |1.00042 1.00084 0.00171 |3.00091 |88.9083 | 104.841

If only one experiment was performed, and thus a single result obtained, it would be impossible to
know if it this was due to chance or because the random number generator is failing to generate an
accurate enough distribution. The confidence intervals on the %” test boundaries are very small,
and this is expected since they are related to the number of degrees of freedom. The number of
degrees of freedom only vary due to the combination of bins in the tails of the distribution. The

* test result are well below lower limit of the %> test boundary,

upper values of the calculated y
which confirms that the random number generator is an accurate number generator for the Gaussian

distribution.

3.4.2 Experiment 2: Weakly correlated Gaussian random number generator

This experiment tests the output after correlation has been added to the Gaussian random number
sequence, without any other modification to the algorithm. Correlation is added by filtering the
output of an uncorrelated Gaussian random number generator as discussed by the filter approach
outlined in [12] in Section 3.2. The results of the filter bandwidth have been normalised to the

sampling frequency of that filter, to make them independent of the sampling frequency.

This experiment was performed with a normalised bandwidth of 0.1 F's where Fs is the sampling
frequency of the filter. Figure 28 shows that the generated random number generator follows the
PDF of the analytical Gaussian distribution closely. The KL divergence value obtained when
averaging over 30 experiments was 0.00010383. This value is 2.33% greater than that of the
uncorrelated case obtained for the previous experiment. Because a smaller value is better, this is an
indication that when correlation is added to the random sequence the performance could be
degraded. A more thorough investigation of this result is required before a valid conclusion can be

made.

The frequency spectrum plot in Figure 29 shows that the -3 dB bandwidth is close to the required
0.1 Fs . The magnitudes were taken relative to the largest frequency component. There is a slight
notch in the frequency spectrum at 0Fs, 1Fs and at 0.5Fs. The size of the notches in the

spectrum are around 1 dB, the same as for the uncorrelated case in Section 3.4.1.

36



Distribution matched to histogram Spectrum of random number generator output

o

'S

[l
o

Generated PDF
Analytical PDF

I
IS

2 X:0.1023
Y:-3.01

o
e w
w O

o
N
G
Magnitude (dB)
&

Probability Density
o
N

0.15
0.1 B
-10
0.05f B
o ‘ ‘ ‘ ‘ ‘ 2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-5 -4 -3 2 -1 0 1 2 3 4 5 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Random number generator output value Normalized frequency (Hz/Fs)
Figure 28: Normalised histogram of the correlated Figure 29: Frequency spectrum of the correlated
Gaussian random variable. Gaussian random variable.

The autocorrelation function in Figure 30 shows that there is correlation from sample to sample.
The correlation times were measured as 1.2 samples for T,, and 1.7 samples for T,, as shown
with the data points on the plot. The autocorrelation function is a maximum at a lag of 0 samples
which is the theoretical position of its maximum. The sequence was completely decorrelated after

approximately 10 samples.
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Figure 30: The autocorrelation function of the random
variable.

The confidence interval results shown in Table 7 were the result of the above experiment repeated
30 times. The confidence intervals were calculated at 99%. The confidence intervals for the mean,
standard deviation, variance, skew and kurtosis is still very close to the mean values as they were
with the uncorrelated experiment in 3.4.1, which indicates a high degree of certainty in those
values. Even though there is still a high degree of certainty the confidence intervals are further apart
than they were previously, an indication that the certainty is less but negligibly so. The %> test limit

is not much different from the previous experiment and the average <’ test value is slightly less.
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Out of the 30 repeated experiments the % test could not reject the null hypotheses H,, 29 times.

The higher order moments were recorded for the correlated Gaussian experiment with a bandwidth

of 0.1 Fs . The higher order moments are tabulated in Table 8.

Table 7: Results of the simulation of correlated Gaussian numbers with a bandwidth of 0.1 Fs.

Mean Standard deviation | Variance | Skew Kurtosis | x” lim.
Lower CI |-0.0011 |0.9996 0.9991 |-0.0021 [2.9970 |N/A 101.0035
Mean -0.00029 | 1.0001 1.0001 [-0.00049 |2.9998 80.9965 |103.1890
Upper CI 0.00051 |1.0006 1.0011 ]0.0011 |3.0027 |87.2587 |105.3745
Table 8: Percentage error of the higher order moments for the weakly correlated Gaussian distribution.
Moment order Ist 2nd 3rd 4th 5th 6th
Percentage error |NA -0.1947% |NA -0.3511% |NA -0.1384%

The percentage error of the higher order moments for the correlated Gaussian is larger than that of
the uncorrelated case, but the error is still very small. The percentage error thus confirms that there
is still a satisfactory match between the generated data and a Gaussian distribution, even if the

samples of the Gaussian distribution are correlated by filtering.

3.4.3 Experiment 3: Strongly correlated Gaussian random number generator
The second experiment was performed with a bandwidth of 0.01 Fis. Figure 31 shows that the

generated random number generator follows the PDF of the analytical Gaussian distribution closely.

The KL divergence value obtained when averaging over 30 experiments was 0.00013393. This
value is 31.99% greater that the uncorrelated case. This error is also approximately 10 times greater
than the weakly correlated case in the previous experiment. The addition of correlation to the
random samples thus not only decreases the accuracy of the PDF, but this decrease in accuracy is

worse for stronger correlated samples.

The frequency spectrum plot in Figure 32 shows that the -3 dB bandwidth is not at the required
0.01 Fs but instead closer to 0.015Fs which is a 50% error. The spectrum is normalised with
regards to the sampling frequency, and the magnitudes taken relative to the largest frequency
component. The measured -3 dB mean value was 0.0146, with a 99% confidence interval of
+0.0001. The autocorrelation function in Figure 33 shows that there is correlation. The
autocorrelation function is a maximum at a lag of 0 samples. The correlation times were measured
as 11 samples for T,, and 15.9 samples for T,,.. The signal was completely decorrelated after

approximately 100 samples.
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Figure 33: The autocorrelation function of the random
variable.

The confidence interval results shown in Table 9 were the result of the above experiment repeated
30 times. The confidence intervals were calculated at 99%. The confidence intervals for the mean,
standard deviation, variance, skew and kurtosis is still very close to the mean values as they were
with the previous correlated experiment in 3.4.2 and the uncorrelated experiment in 3.4.1, which
indicates a high degree of certainty in those values. Even though there is still a high degree of
certainty the confidence intervals are further apart than they were for both the previous correlated
experiment in 3.4.2 and the uncorrelated experiment in 3.4.1. There is thus a decrease in the
certainty of the results. The %> test limit is not much different from the previous experiments. The
average 7y’ test value was very high at close to double the required value. Out of the 30 repeated
experiments the > test could not reject the null hypotheses H, only twice. This is a dramatic

decrease in accuracy of the generated distribution.

This failure of the %’ test is a surprise since there is no indication from the moments that the
generated distribution is significantly different from the previously generated ones. The error curves

do hint at a problem though with relatively large errors. Even though the error curve is unbalanced
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the moments do not steer one to believe that there is anything wrong with the shape of the
distribution. The fact that the plot of the average error over 30 experiments is not symmetric is also
of a concern which means that this underlying error is not random but a bias present in every
sequence generated. The higher order moments were recorded for the correlated Gaussian

experiment with a bandwidth of 0.01 Fs . The higher order moments are tabulated in Table 10.

Table 9: Results of the simulation of correlated Gaussian numbers with a normalised bandwidth of 0.01.

Mean Standard deviation | Variance | Skew Kurtosis | x* lim.
Lower CI |-0.0040 |0.9985 0.9970 |-0.0041 [2.9971 |N/A 102.4282
Mean -0.0011 |1.0000 1.0000 |0.00002 |3.0047 |183.4319 104.8062
Upper CI |0.0018 |1.0014 1.0029 |0.0041 |3.0123 [209.2534 |107.1843

Table 10: Percentage error of the higher order moments for the strongly correlated Gaussian distribution.

2nd 3rd 4th 5th 6th
-0.9129% |NA -1.7173% |NA -1.4180%

st
NA

Moment order

Percentage error

The percentage error for the 0.01 Fs correlated Gaussian is larger than that of the 0.1 F¥s
correlated Gaussian and the uncorrelated case, but the error is still very small. Figure 34 shows that
there is no visible difference between the measured and calculated theoretical moments, even for the
6th moment with the largest percentage error. All odd order theoretical moments are equal to zero

and do not appear on a log scale.

Gaussian Distribution Moments
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Figure 34: Measured moments from the generated
correlated Gaussian distribution.

The percentage error thus confirms that there is still a satisfactory match between the generated data
and a Gaussian distribution, even if the samples of the Gaussian distribution are correlated by

filtering.
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3.4.4 Experiment 4: Trends with varying degrees of correlation for the Gaussian random
number generator

From the previous two experiments in sections 3.4.2 and 3.4.3, it was observed that there is a
degradation in performance of the method used to generate the correlated Gaussian random
samples. This degradation is visible in the accuracy of the bandwidth, the accuracy of the PDF
(measured with the KL divergence), and the accuracy of the higher order moments. This experiment
investigates the trend of that degradation in performance, by varying how strongly correlated the
generated samples are. The desired bandwidth is stepped from 0.01 Fs to 0.25 Fs, with all other

variables kept constant.

From the curves in Figures 35 and 36 it can be seen that the expected -3 dB value as set for the
correlated Gaussian random number generator differs from the actual -3 dB value as the expected
-3 dB bandwidth chosen value becomes smaller. The 99% confidence intervals of the measured
-3 dB point are almost exactly the same as the mean for the measured -3 dB point. This indicates
that the deviation from the expected value is not due to random chance, but due to some yet
unknown process. The error for the smallest normalised bandwidth of 0.01 is almost 50% which is

significant, but it decreases rapidly for larger bandwidths.

The data from 100 repeated y’ tests at 25 different normalised bandwidths, shows the emergence

of a clear trend.
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Figure 35: Measured -3 dB bandwidth of the Figure 36: A zoomed in version of the graph of
correlated Gaussian random number. Figure 35 showing narrow bandwidth settings.

Figure 37 shows the average value of the outcome of the 100 repeated %’ tests at each bandwidth
setting. The mean outcome is shown in black, the 99% confidence interval in red and the average
value for the test rejection threshold in blue. The average value of the mean outcome is still less
than the threshold at about 0.025, but the 99% confidence upper bound only crosses this line at

about 0.05 Fs . From Figure 38 it can be seen that the > test success rate is acceptable for larger
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bandwidths, and almost constant as low as 0.075 Fs, where after it starts to decline sharply. The

%’ test thus fails to reject the Rayleigh PDF with 99% confidence between bandwidth values of
0.05 Fs and 0.25 Fs.
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Figure 37: Plot of the outcome from a chi squared test. Figure 38: Number of chi squared tests that were
unable to reject the PDF.

Figure 39 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples is increased. This confirms the trend
observed in the previous two experiments in this section. There appears to be no increase in the
variance of the results obtained, although the largest outlier worsens as indicated by the red dashed
line in the plot. Figure 40 shows the number of samples in the two tails of the Gaussian distribution,
summed to give a value out of 100. There is no clear trend, and the number of samples in the tails
appears to be constant irrespective of the normalised bandwidth setting. There is however an
increase in variability of the result as seen by the variance shown on the plot by the blue lines, and
the increase in maximum and minimum outliers shown on the plot by the red lines respectively. So
even though the mean number of samples in the tail is accurate, the result from a single experiment

starts to make a larger and larger error as the correlation is increased.

Figure 41 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. All odd order moments produce an infinite percentage error and is
not shown. The trend as observed for the * test result in Figure 37, and the KL divergence value
in Figure 39 does not emerge for the higher order moments. All three the measured moments have
the same trend with an error varying around zero percent irrespective of the bandwidth setting. The
larger the order of the moment the larger the percentage error. To investigate if there are possibly
underlying trends in Figure 41 that is not visible because of under sampling in the frequency steps
chosen, and to investigate if there is a possible trend below the 0.01 Fis setting, Figure 42 was

generated with steps of 0.001 Fs from 0.001 Fs to 0.05 Fs . As can be seen from this plot there is
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still no trend in the mean with the errors varying around 0 percent. The only visible trend is in the
varying size of the errors which increases for smaller bandwidth settings, which was also observed

with the KL divergence value.
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Figure 41: Percentage error of the measured moments Figure 42: Percentage error of the measured moments
from the generated correlated Gaussian distribution.  from the generated correlated Gaussian distribution
for a smaller range of frequencies.

These tests indicate that there is a deviation from the ideal Gaussian PDF when the normalised
bandwidths are set to small values. This deviation from the ideal PDF could also be responsible for
the error in the -3 dB setting as discussed in the previous paragraph. The Rayleigh PDF is simulated
from two Gaussian PDFs, and the open question is how much the Rayleigh PDF is influenced by

the irregularities of the Gaussian.

3.4.5 The effect of filter ramp up
The trends observed in the results with varying bandwidth in Figure 35 and Figure 36 shows that
the correlation filter is increasingly inaccurate at smaller bandwidths and less so at larger

bandwidths. One possible cause for this would be filter ramp up. The ramp up time is the time it
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takes for the filter to reach its steady state. During the start up of the filter, the output statistics can
be considered as inaccurate, and these samples are often discarded. The narrower the bandwidth of a
filter, the longer it takes to reach its steady state. This can easily be seen from the impulse response

of the filter. An investigation to determine if filter ramp up was the culprit was performed.

Removing a predetermined fixed number of initial samples will not give accurate results, since the
ramp up time increases as the filter bandwidth decreases. For this experiment the point where the
samples are considered to be accurate enough, was based on the step response input. The step
response for each bandwidth setting was calculated, and the slope between successive samples
within the step response recorded. When the slope reached 1x107° the sample number was saved
and multiplied by a thousand. This value was used as the starting point of the random clutter
sequence for the test where the ramp up was removed. One million samples were recorded after this
point as the random number sequence under test. For the sequence where the ramp up was not

removed the first million samples were used as discussed in the previous experiments.

Figure 43 and Figure 44 show the result after ramp up was removed. From Figure 43 it can be seen
that there is no visible difference between the bandwidths measured where the ramp up was not
removed, and the samples where the ramp up was removed. Figure 44 shows a zoomed in version
of this result, where there is a small difference between the two results. In this figure the result
where the ramp up has been removed is slightly better than the result where the ramp up has not
been removed. At other points in the figure the “with ramp up” trace is below the “without ramp
up” trace, so the difference can be attributed to sample variation, and not the increased performance

of one method compared to the other.
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Figure 45 shows the relative error between the desired and measured -3 dB bandwidth with and
without filter ramp up. Figure 46 shows absolute error between the desired and measured -3 dB
bandwidth with and without filter ramp up. From these figures it is clear that there is no real

difference in the measured normalised -3 dB bandwidth.
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Figure 45: Relative error of the -3 dB bandwidth. Figure 46: Absolute error of the -3 dB bandwidth.

The effect of filter ramp up on the results is thus negligible, and the cause for the error has to be
found elsewhere. The results for the experiments that follow have not had the ramp up of the filter

removed, as it was deemed an unnecessary waste of computation time.

3.5 Rayleigh clutter
The Rayleigh distribution described analytically in equation (10) from Section 2.3.3, repeated here
as equation (44), is usually an acceptable description of clutter statistics when the range resolution

of the radar is low.

P(x;0)==5e** ,x=0 (44)

A low radar resolution captures a large number of scatterers in a single range cell, which according
to the central limit theorem, reduces the scattering behaviour to Gaussian statistics. The Rayleigh
distribution is the direct cause of scatterers that behave according to the Gaussian distribution. By
simply substituting independent Gaussian random variables into equation (22) to obtain the
magnitude, a Rayleigh distribution results [36], [37]. The Rayleigh distribution is the least complex
case to simulate, and does not require a memoryless non-linear transform (MNLT). To analyse the

accuracy of the Rayleigh random sequence algorithm a baseline is created against which all the
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analysis that follow will be measured. The PDF error, KL divergence value, frequency spectrum,
phase distribution, autocorrelation function, <* error and percentage error of the higher order

moments of the resulting random sequences was analysed.

3.5.1 Experiment 1: Generation of the Rayleigh distribution using uncorrelated Gaussian
random variables

This experiment serves as the baseline against which the experiments that follow related to the
Rayleigh distribution will be compared. To accomplish this a well behaved Rayleigh random
number sequence has been generated, with a value for a set to 1. There were one million
uncorrelated samples generated for each Gaussian distribution on the I and Q channels, which

resulted in one million uncorrelated Rayleigh distributed samples after obtaining the magnitude.

Figure 47 shows the analytical PDF plotted against the histogram of the generated samples from the
Rayleigh random variable. There is a close fit between the analytical PDF and the measured
samples. The phase of the random signal can be seen in Figure 48, and is uniformly distributed
between —m to 7. A uniformly distributed phase is a requirement for clutter back-scatterer in a
single range cell. A uniform phase results because of the relatively short wavelengths employed by
radars. The small movement of scatterers between pulses can change the phase ¢ by more than
271 because the phase of the received signal and distance to the radar are related by ¢=4mR/\ .
The radar however can only measure phase in the 0 to 2m range. Combine this with the
constructive and destructive summation of many scatterers in a range cell and it is clear how this

distribution for the phase is obtained.
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Performing the KL divergence test on the uncorrelated Rayleigh random samples averaged over 30
experiments resulted in a value of 0.00010035. This value is 1.104% less than that of the
uncorrelated Gaussian distribution generated in Section 3.4.1. Because a smaller value is better, this
is an indication that when two independent uncorrelated Gaussian distributed random numbers are
added to produce a Rayleigh distribution the resulting Rayleigh distributed random sequence
performs better than the individual Gaussian random sequences used. These results are very close to
each other and not significantly different enough so that any form of concrete conclusion can be
drawn from it. When running the 30 experiments a few times, the results for the Rayleigh random
numbers would at times be much closer, and at other times worse than that of the underlying
Gaussian random numbers. The variation in the results thus does not allow for a conclusion in either

direction.

Figure 49 shows the frequency spectrum of the Rayleigh distributed number sequence. The
frequency spectrum is normalised to sampling frequency with the magnitudes taken relative to the
largest frequency component. The frequency spectrum is white, a result of an uncorrelated signal.
Figure 50 shows the result from autocorrelation. Three data points are highlighted on the graph to
show that the decorrelation time is within a single sample. The autocorrelation function is a
maximum at a lag of 0 samples. The autocorrelation function is an impulse which serves as a

confirmation that the sequence of random numbers is uncorrelated.
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Figure 49: Frequency spectrum of the uncorrelated Figure 50: The autocorrelation function of the random
Rayleigh random variable. variable.

The moments of order 1 to 6 were calculated and compared to the same order moments measured
from the generated data. The comparison was done by calculating the percentage error between the
measured and calculated moments. For the Rayleigh distribution the theoretical odd order moments
are non zero because the distribution is not symmetrical. This is thus different from the Gaussian

distribution. The higher order moments are tabulated in Table 11.
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Table 11: Percentage error of the higher order moments for the uncorrelated Rayleigh distribution.

Moment order st 2nd 3rd 4th 5th 6th
Percentage error | 0.0001% 0.0475 % 0.0984% 0.1387% 0.1663% 0.1812%

The percentage error for the generated Rayleigh moments are much smaller than the corresponding
even order Gaussian moments, which supports the results of the KL divergence test that the
Rayleigh distributed random numbers perform better than the Gaussian distributed random numbers
they were generated from. Figure 51 shows the calculated theoretical moments plotted against the
measured moments from the Rayleigh random number generator. Both the percentage error and the
figure confirms that there is an excellent match between the generated data and a Rayleigh

distribution.
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Figure 51: Measured moments from the generated
Rayleigh distribution.

Repeating the experiment 30 times and performing a * test provides a measure of how well the
PDF of the generated Rayleigh distribution fits to the required Rayleigh PDF. The y’ test was not
rejected 28 times out of the 30 and on average the test result was not rejected with a confidence of

more than 99%.

The baseline Rayleigh distribution analysed in this experiment performed well, and even
outperformed the underlying Gaussian distributions from which it was constructed. The next step
was to add a correlation to the random number sequence to analyse its effects on the performance of

the distribution.
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3.5.2 Experiment 2: Generation of the Rayleigh distribution using two independent time
correlated Gaussian random variables

This experiment was performed with two independent sequences of Gaussian random numbers as
described with equation (9). Each of the sequences were time correlated using the method discussed
in Section 3.2 Although there was a correlation in the sequences with themselves there was no
correlation between the two random number sequences, in other words the sequences were
independent for I and Q. For this experiment a value of a=1 was used and the bandwidth of the
signal was set to 0.01 Fis . One million correlated samples were generated for each of the Gaussian

inputs to equation (9), to give one million correlated Rayleigh distributed samples.

Figure 52 shows the analytical PDF of the Rayleigh distribution compared to the correlated random
samples generated as described in the previous paragraph. Visually there is a good match, except for
some minor deviation at the maximum of the distribution. This deviation can comfortably be
attributed to the stochastic nature of the generated samples. Figure 53 shows that the phase of the

correlated Rayleigh sequence is uniform between —m and 7.

Distribution matched to histogram Phase distribution of random number generator output
0.7 T T T T 12000 T T T

Generated PDF
Analytical PDF

o
)

10000 |-

o
[l

8000

I
S

6000

=}
w

Probability Density

40001

Number of samples in bin

0.2}

2000

1 1 1 " N
0 1 2 3 4 5 6 -4

4
Random number generator output value Phase (radians)
Figure 52: Normalised histogram of the time Figure 53: The phase of the correlated Rayleigh
correlated Rayleigh random variable. random variable.

The KL divergence test was used as a distance method to calculate the error between the generated
and desired PDF. Performing the KL divergence test on the correlated Rayleigh random samples
averaged over 30 experiments resulted in a value of 0.00011508, which is 14.07% better than the
correlated Gaussian result. The KL divergence value of the correlated case is 14.78% worse than the
uncorrelated case for the Rayleigh distribution, but the correlated Rayleigh distribution performs
better than the correlated Gaussian with the same bandwidth setting, which is unexpected since the
correlated Gaussian sequences which drives this experiment (Section 3.4.2), were used as input to
the Rayleigh distribution. This is probably due to the fact that for the generation of the Rayleigh
sequence, two Gaussian sequences are summed (as quadrature channels), and the error is thus only

the average error between the two.
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Figure 54 shows the actual bandwidth of the correlated Rayleigh sequence. The frequency
spectrum is normalised to sampling frequency with the magnitudes taken relative to the largest
frequency component. The normalised bandwidth was set to 0.01 Fs . The value measured at -3 dB
was equal to 0.01183, an error of 0.00183, or 18.3%. The autocorrelation function in Figure 55
shows that the sequence is correlated. The correlation times were measured as 11.1 samples for
Tij2 and 16 samples for T/, . The autocorrelation function is a maximum at a lag of 0 samples. The
signal was completely decorrelated after approximately 100 samples. These results are very similar
to the results of the underlying correlated Gaussian sequence shown in Figure 33, and the discussion

in Section 3.4.2. The higher order moments were recorded for the correlated Rayleigh experiment.
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Figure 54: Frequency spectrum of the correlated Figure 55: The autocorrelation function of the
Rayleigh random variable. correlated random variable.

Figure 56 shows the calculated theoretical moments plotted against the measured moments from the
Rayleigh random number generator. The higher order moments are tabulated in Table 12. The
percentage error for the correlated Rayleigh distribution is larger than that of the uncorrelated case,
but the error is still very small. The percentage error thus confirms that there is still an excellent
match between the generated data and a Rayleigh distribution, even if the samples of the underlying

Gaussian distributions are correlated by filtering.

Repeating the experiment 30 times and performing a y° test provides a measure of how well the
PDF of the generated correlated Rayleigh distribution fits the required Rayleigh PDF. The ” test

was not rejected 27 times out of the 30 and on average the test result was not rejected with a

confidence of more than 99%.

Table 12: Percentage error of the higher order moments for the correlated Rayleigh distribution.

Moment order st 2nd 3rd 4th 5th 6th
Percentage error |-0.0052% |-0.0531% |-0.1615% |-0.3482% |-0.6286% |-1.0204%
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Figure 56: Measured moments from the generated
correlated Rayleigh distribution.

The performance of the correlated Rayleigh distribution was only observed at a single bandwidth
setting. The next experiment will investigate the performance across a wide range of bandwidth

settings.

3.5.3 Experiment 3: Trends with varying correlation

From the previous experiment in Section 3.5.2 it was observed that there is a degradation in
performance between the uncorrelated and the correlated Rayleigh random sequence. This
degradation was observed in the accuracy of the PDF and the accuracy of the higher order
moments. The accuracy of the bandwidth was also not sufficient. This experiment investigates the
trends in degradation in performance, by varying how strongly correlated the generated samples are.

The desired bandwidth is stepped from 0.01 Fs to 0.25 Fs, with all other variables kept constant.

Figure 57 shows the error between the set -3 dB bandwidths and the measured -3 dB bandwidths.
Figures 58 and 59 show zoomed in versions of Figure 57 at small bandwidths and relatively large
bandwidths. It is clearly visible that at small bandwidths there is about an absolute error of 0.002,
which translates to an error of 20% between the smallest -3 dB bandwidth value and the smallest
desired -3 dB bandwidth value of 0.01 Fs . As the -3 dB bandwidth becomes larger, the absolute
error becomes less. At the larger -3 dB bandwidths the mean of the measured -3 dB bandwidth has
an absolute error of less than 0.001. The 99% confidence intervals for the mean at the large -3 dB
bandwidths include the desired -3 dB bandwidth values. It is interesting to note that the error for
narrow bandwidths is because the measured bandwidth is larger, while the error for larger
bandwidths is because the measured bandwidth is smaller, but in practice the absolute error is

relatively constant at approximately 0.001 across the entire range.
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Figure 57: Measured -3 dB bandwidth of the Figure 58: A zoomed in version of the graph of
correlated Rayleigh random number. Figure 57 showing small bandwidth settings.

3dB point accuracy

0.25

Desired 3dB frequency
Measured mean 3dB frequency
Measured 3dB frequency 99% CI

o
X
[l

I
N
PN

0.235}

I
N
)

Actual 3dB frequency (normalized to Fs)

0.225}

0.225 0.23 0.235 0.24 0.245 0.25
Chosen 3dB frequency (normalized to Fs)

Figure 59: A zoomed in version of the graph of
Figure 57 showing large bandwidth settings.

Figure 60 shows the result of 7’ tests, averaging over 100 experiments for each value of -3 dB
bandwidth. Figure 61 shows the number of * tests out of a 100 that were not rejected for each of
the -3 dB bandwidth settings. From Figures 60 and 61 it can be seen that the %> test rejects only a
few PDFs from -3 dB bandwidths of 0.05 Fs and up. Below this value the 7’ test rejects an
increasing amount of PDFs as the -3 dB bandwidth decreases, until it ultimately rejects more than
55 out of 100. The y’ test thus fails to reject the Rayleigh PDF with 99% confidence between
bandwidth values of 0.025 Fs and 0.25 Fs.

Figure 62 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples is increased. There appears to be no
increase in the variance of the results obtained except for the largest correlation at 0.01 Fs . The
largest outlier worsens as the correlation is increased as indicated by the red dashed line in the plot.
The average result is roughly the same to that of the similar experiment performed on the correlated

Gaussian distribution from Section 3.4.4, but as the correlation increases the Rayleigh distribution
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performs better than that of the Gaussian distribution. Figure 63 shows the number of samples in the
tail of the Rayleigh distribution, summed to give a value out of 100. There is no clear trend, and the
number of samples in the tails appear to be constant irrespective of the normalised bandwidth
setting. There is however an increase in variability of the result as seen by the variance shown on
the plot by the blue dashed lines, and the increase in maximum and minimum outliers shown on the

plot by the red lines at the top and the bottom of the graph respectively.
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Figure 60: Plot of the outcome from a chi squared test. Figure 61: Number of chi squared tests that were
unable to reject the PDF.
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Figure 62: Kullback-Leibler divergence value. Figure 63: Number of samples in 0.01% of the tail.

Figure 64 shows the results from of the percentage error between the measured higher order
moments and the calculated theoretical moments. The trend observed for the ” in Figure 60 is not
visible from the higher order moments. All six the moments have the same trend, but there is no
clear variation connected with the bandwidth of the generated correlated Rayleigh samples. The
larger the order of the moment the larger the percentage error, and the sooner the increase in
percentage error due to the smaller bandwidth can be observed. The 6th order moment stayed within

the £0.1% error level for almost all the bandwidth settings between 0.01 Fs and 0.25 Fs .
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Figure 64: Percentage error of the measured moments
from the generated correlated Rayleigh distribution.

This experiment has shown that there is a deviation from the ideal Rayleigh PDF for narrow
normalised bandwidths. This deviation stems from the underlying Gaussian random sequences used
in the generation of the Rayleigh random sequence. The trend in the even order moments shows a
smaller percentage error across the entire tested range of normalised bandwidth settings compared
to that of the underlying Gaussian random numbers. The smaller percentage error was also observed
in the previous experiment in Section 3.5.2. The « parameter of the Rayleigh distribution
influences the scale of the distribution. The performance of the Rayleigh random number sequence

is analysed for variation of this parameter.

3.5.4 Experiment 4: Trend with varying Rayleigh scale parameter

This experiment was performed with two independent sequences of Gaussian random numbers as
described in the previous two experiments (sections 3.5.2 and 3.5.3). For this experiment the value
of the Rayleigh scale parameter o was varied between 0.5 and 3. The bandwidth of the signal was
set to 0.025 Fs. One million correlated samples were generated for each of the Gaussian

distributed inputs to equation (9), to give one million correlated Rayleigh distributed samples.

The -3 dB accuracy is shown in Figure 65 for values of a between 0.5 and 3. There is a noticeable
error of about 6% between the expected value and the measured one. This error was also observed
in the previous experiment for the relatively small normalised bandwidth setting of 0.025 Fs . The
important result from this figure is that the error remains approximately constant across the entire

range of values for the scale parameter o .
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Figure 66 shows the result of * tests, averaged over 100 experiments for each value of o . There

is some variation which can be attributed to noise in the > test due to the variation of the random

samples the test was performed on, but there is no trend in the results. The 99% confidence interval

remains lower than the threshold for all tested values of o . The +” test thus fails to reject the

Rayleigh PDF with 99% confidence for values of o in the tested range between 0.5 and 3.
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Figure 65: Measured -3 dB bandwidth of the
correlated Rayleigh random number.
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Figure 66: Plot of the outcome from a chi squared test.

Figure 67 shows the number of %’ tests out of a 100 that were not rejected for each of the values

for @ . The average number of tests not rejected is approximately 75. There is no visible trend from

this result and no clear correlation between the average %’ test values and the number of tests not

rejected.

Figure 68 shows the KL divergence value with varying values of the Rayleigh distribution scale

parameter. There is no trend in the performance as the scale parameter o is varied. The largest

outlier, smallest outlier and variance show no observable trend in the KL divergence value.
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Figure 69 shows the number of samples in the tail of the Rayleigh distribution, summed to give a
value out of 100. There is again no trend, and the number of samples in the tails appear to be
constant irrespective of the scale parameter setting. Unlike the previous experiment where the
correlation was varied, there is no change in variability of the result as seen by the variance shown

on the plot by the blue lines.

Figure 70 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. Similarly to the y’ test the moments reveal no trend in the

performance of the generated Rayleigh distribution for all values of o tested.
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Figure 69: Number of samples in 0.01% of the tail. Figure 70: Percentage error of the measured moments

from the generated correlated Rayleigh distribution.
The results obtained from this experiment show that there is no measurable variation in the
performance of the Rayleigh distributed correlated random sequence when the scale parameter o is
varied. This is expected since the scale parameter merely spreads the values over a larger extent,
without modifying the shape of the distribution. This is equivalent to multiplying the output of the
Rayleigh distributed sequence by a constant, and this linear transformation is not expected to have

an influence on performance.

From these results it can be seen that the Rayleigh distributed signal performs well and it is
relatively simple to generate. The generation of Log-Normal and Weibull random sequences are

more complex and are described in the following sections.
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3.6 Log-Normal clutter

The generation of Log-Normal clutter is more complicated than that of Rayleigh distributed clutter.
The Log-Normal distribution, equation (14) from Section 2.3.4 repeated here as equation (45), is a
distribution that has been found to fit some recorded clutter data measured with high resolution
radars.

(In (x)—w)’

P(x;o,‘u)zée_ 200 x>0 (45)
XOV2m

A high range resolution radar is a radar with a high enough range resolution so that the assumption
that there are many scatterers in a range bin no longer holds. To obtain a Log-Normal distributed
signal a MNLT has to be performed. The parameter w is an offset value which shifts the
distribution to the left or right. A shift in the distribution has been ignored in the experiments that

follow by setting u=0.

First an uncorrelated Log-Normal distributed random sequence will be generated, analysed and
compared with previous results. A correlated Log-Normal distribution random sequence will then
be generated from correlated Gaussian variables, by applying an MNLT. The PDF error was
determined using the 7 test and the KL divergence value. Other measures such as the frequency
spectrum, phase distribution, autocorrelation function and higher order moments of the resulting

random sequences have been investigated.

The method described by [38] was used to generate the Log-Normal random variables. This method
i1s more complex than [39] but it is more accurate. The method described in [39] does not produce a
uniform phase distribution (highlighted by [40]), which is required for clutter simulation. These
methods map relatively easily to a hardware implementation, which is not the case for spherically
invariant random vector (SIRV) type methods. The main drawbacks of the SIRV method lie in the
fact that they produce samples in batches, and are computationally more complex than that of
MNLT methods [41]. Even though the hardware mapping is relatively simple the calculations are
cumbersome and will be relatively time consuming because they would take many clock cycles to
perform. This is due to the many multiplications and, with respect to hardware implementation,
computationally complex functions (square root, exponential) that have to be implemented.

Figure 71 shows the block diagram of the method described in [38].
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Figure 71: Flow diagram of method proposed in [38] for the generation of a correlated Log-Normal distributed
random sequence.

In mathematical terms the flow diagram of Figure 71 can be translated to the following sequence of

calculations:

1.

wok wN

3.6.1

Generate 2 independent normalised Gaussian random variables, multiply them with the ©
parameter.

Calculate R which is given by R=x"+1".

Calculate the phase with the relationship ¢p=tan"'(y/x) .

Use R and o to calculate the result of Azexp{\/2—(52erf_l [1—2exp((—R)/2 02)]] :

Finally calculate Acos(q)) and Asin((])) , these are the I and Q components of the Log-

Normal clutter.

Experiment 1: Generation of the Log-Normal distribution using uncorrelated
Gaussian random variables

This experiment serves as the baseline against which the experiments that follow related to the Log-

Normal distribution will be compared. To accomplish this a Log-Normal random number sequence

has been generated with a trusted method. The value of 0.5 was used for o . The offset parameter
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w was kept at O for all the experiments that follow. There were one million uncorrelated samples
generated for each Gaussian distribution, which resulted in one million uncorrelated Log-Normal

distributed samples after applying the algorithm from [38].

Figure 72 shows the analytical PDF of the Log-Normal distribution plotted against the histogram of
the distribution. There is a visual match between the histogram of the generated samples and the
analytical PDF. The mean of the Rayleigh distribution was 1.253 which is only slightly larger than
the mean of 1.13 for the Log-Normal distribution, but the last sample of the Rayleigh random
sequence was at a value of close to 5.5, while for the Log-Normal distributed random sequence the
last sample was at a value close to 12. The reason for this is the much longer tails of the Log-
Normal distribution. Because of the longer tails of the Log-Normal distribution the effect of sparse
sampling of values in the tail of the distribution is increased. Figures 73 and 74 show the values of
the histogram compared to analytical PDF for the leftmost part and the tail respectively. It is fairly
straightforward from Figure 74 to see how the sparsity of samples in the tail area could cause very

large errors.

Distribution matched to histogram x 10° Distribution matched to histogram

1

I Generated PDF
Analytical PDF

Generated PDF
Analytical PDF

0.9}

2.5
0.8f

0.7}
0.6}
0.5F 1.5F

0.4}

Probability Density

03}

Number of samples in bin

0.2}
0.5F

0.1}

0

L . . . . 0
0 2 4 6 8 10 12 01 015 02 025 03 035 04 045 05 055 06
Random number generator output value Random number generator output value

Figure 72: Normalised histogram of the uncorrelated  Figure 73: A zoomed version on the start of the
Log-Normal random variable. generated histogram.

Performing the KL divergence test on the uncorrelated Log-Normal random samples averaged over
30 experiments resulted in a value of 0.000090033. This value is 11.27% less than that of the

uncorrelated Gaussian distribution generated in Section 3.4.1.

The moments of order 1 to 6 were calculated and compared to the same order moments measured
from the generated data. Figure 75 shows the higher order moments of the analytical Log-Normal
distribution plotted against the measured higher order moments from the data. The comparison was
done by calculating the percentage error between the measured and calculated moments. The higher

order moments are tabulated in Table 13.
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Table 13: Percentage error of the higher order moments for the uncorrelated Log-Normal distribution.

Moment order Ist 2nd 3rd 4th 5th 6th
Percentage error |-0.0153% |-0.0599% |-0.1962% |-0.5987% |-1.7240% |-4.5445%
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Figure 74: A zoomed version on the tail of the
generated histogram.
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Figure 75: Measured moments from the generated

uncorrelated Log-Normal distribution.

The percentage error for the generated Log-Normal moments are much larger than that of the

uncorrelated Rayleigh distribution or the uncorrelated Gaussian distributions. Increasing the number

of samples reduces the percentage error. This indicates that the method of distribution verification

by calculation of the higher order moments is also sensitive to the number of samples used for

testing. More samples means that the tails of the distribution are better represented.

Figure 76 shows the PDF of the I channel, and Figure 77 shows the PDF of the Q channel of the

Log-Normal random sequence. Both the I and the Q channels have positive and negative values,

and they are symmetrical about 0. The I and Q channels also have similar shapes. For the phase of

the signal to be uniform from —m to 7 both the I and Q channels have to contain both positive and

negative values.

Number of samples in bin

Distribution of | channel

-5

0
Random number generator output value

5

10

15

Distribution of Q channel

Number of samples in bin

. n
-10 -5

Random number generator output value

0 5

n
10 15

Figure 76: Histogram of the I channel of the algorithm. Figure 77: Histogram of the Q channel of the
algorithm.
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Figure 78 shows the uniform phase distribution of the uncorrelated Log-Normal random sequence.
The uniform distribution goes from —m to 7, which is the correct phase distribution for a clutter
signal. Figure 79 shows the frequency spectrum of the Log-Normal distributed random sequence.
The frequency spectrum is normalised to sampling frequency with the magnitudes taken relative to
the largest frequency component. The FFT is generated from the complex signal, not from the
absolute value of the random number sequence. A white spectrum is expected for uncorrelated

samples, and this is what is observed.

% 10° Phase distribution of random number generator output Spectrum of random number generator output
4.5 T T T T T T T 0 T
4
-0.05F
35
c -0.1
a3
£ _
0 o
%. 25 T -0.15H
£ g
3 E
“ =
5 2 5 02
g =
E 15
z -0.25F
1
0.3
0.5
0 0.35 " " " " " " " " "
-4 4 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Phase (radians) Normalized frequency (Hz/Fs)

Figure 78: The phase of the uncorrelated Log-Normal Figure 79: Frequency spectrum of the uncorrelated
random variable. Log-Normal random variable.

The autocorrelation of the uncorrelated Log-Normal random sequence is shown in Figure 80. There
is a spike at the 0 lag sample of the auto correlation, one sample wide, and the spike goes all the
way down to approximately 0. This confirms the fact that the consecutive samples of the Log-
Normal distribution generated by two independent uncorrelated Gaussian random numbers is also

uncorrelated.
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Performing 30 simulations and recording the results of the %, 12 out of the 30 tests were rejected.

The mean y’ test limit was 139.0, with a 99% lower confidence bound of 131.9. The result from
the text on the PDF was 136.2 with 99% confidence intervals at 145.0 and 127.4. Thus on average
the %* test could not reject the samples to come from a Log-Normal distribution, but not with 99%

confidence as in the previous cases (Rayleigh and Gaussian).

The baseline Log-Normal distribution analysed in this experiment did not perform as well as the
baseline Gaussian and Rayleigh distributions. The phase distribution was acceptable for clutter
simulation, and there was no underlying correlation in the generated samples, both good properties.
The percentage error in the higher order moments were large, but this can be attributed to sparse
sampling of the tails, and can be fixed when more amples are generated. The next step is to add a
correlation to the random number sequence to analyse its effects on the performance of the

distribution.

3.6.2 Experiment 2: Generation of the Log-Normal distribution using two independent time
correlated Gaussian random variables

This experiment was performed with two independent sequences of correlated Gaussian random
numbers as described with equation (9). Each of the sequences were time correlated with the
method discussed in Section 3.2. Each of the Gaussian sequences were passed through the
transformation described by the flow diagram in Figure 71. For the experiment one million samples
were generated from each of the correlated Gaussian random number generators. Although there
was correlation in the sequences within themselves there was no correlation between the two
random number sequences, in other words the sequences were independent, just as for the Rayleigh
case. After the non-linear transformation has been applied this translated to one million real samples
and one million imaginary samples, which together from a complex number sequence of one

million samples. For this experiment Fs was setto 0.01 and o was setto 0.5.

As seen in Figure 81 the resultant measured samples from the generated distribution matches
closely to that of the analytical Log-Normal distribution by means of visual inspection. Figure 82
shows the measured bandwidth of the correlated Log-Normal sequence. The frequency spectrum is
normalised to sampling frequency with the magnitudes taken relative to the largest frequency
component. The value measured at -3 dB was equal to 0.01236, an error of 0.00236, or 23.6%. This
error is larger than the error observed for the corresponding experiment performed on the Rayleigh

distribution, but smaller than the error observed for the Gaussian.
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Figure 81: Normalised histogram of the time Figure 82: Frequency spectrum of the correlated
correlated Log-Normal random variable. Log-Normal random variable.

Performing the KL divergence test on the uncorrelated Log-Normal random samples averaged over
30 experiments resulted in a value of 0.0001105. This value is 17.5% less than that of the correlated
Gaussian distribution generated in Section 3.4.3. The KL divergence value for the uncorrelated Log-

Normal distribution is less than that of the correlated distribution.

The autocorrelation function in Figure 83 shows that there is a correlation in the sequence. The
correlation times were measured as 10.9 samples for T, and 15.8 samples for T, . The signal
was a maximum at 0, and completely decorrelated after approximately 100 samples. These results
are very similar to the results of the underlying correlated Gaussian sequence shown in Figure 33,
discussed in Section 3.4.2. Figure 84 shows that the phase of the correlated Log-Normal sequence is

uniform between —m and 7.
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Figure 83: The autocorrelation function of the random Figure 84: The phase of the correlated Log-Normal
variable. random variable.

The higher order moments were recorded for the correlated Log-Normal experiment. The higher
order moments are tabulated in Table 14. The percentage error for the correlated Log-Normal

distribution is larger than that of the uncorrelated case. The higher the order the larger the
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percentage error became, which hints that there are issues in the tails of the distribution. Figure 85
shows the recorded moments plotted against the analytical ones. The figure shows that the
measured 6th order moment is markedly less than the analytically calculated 6th order moment,
which confirms that the samples in the tail are more sparse than they should be. This is however a

single measurement. Because of the statistical nature of the experiment the results will vary.

Table 14: Percentage error of the higher order moments for the correlated Log-Normal distribution.

Moment order st 2nd 3rd 4th 5th 6th
Percentage error |0.0301% -0.0300% |-0.3408% |-1.1760% |-3.1059% |-7.2183%
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Figure 85: Measured moments from the generated
correlated Log-Normal distribution.

For the bandwidth setting of 0.01 Fs, 3 out of 30 7 tests were not rejected. The mean threshold
was 141.0, and mean test outcome was 179.0. Thus the generated Log-Normal sequence did not
match the analytical Log-Normal distribution with a large enough confidence. Both the percentage
error of the higher order moments, and the 7 test fails to confirm a satisfactory match between the

generated data and a Log-Normal distribution.

The performance of the correlated Log-Normal distribution was only recorded at a single bandwidth
setting for this experiment. The next experiment will investigate the performance across a wide

range of bandwidth settings.

3.6.3 Experiment 3: Trends with varying correlation
From the previous experiment it was observed that there is a degradation in performance between
the uncorrelated and the correlated Log-Normal random sequence. This degradation was observed

in the accuracy of the PDF and the accuracy of the higher order moments. This experiment
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investigates the trends in degradation in performance, by varying how strongly correlated the
generated samples are. The desired bandwidth is stepped from 0.01 Fs in steps of 0.01 to 0.25 Fis ,

with all other variables kept constant.

Figure 86 shows the measured -3 dB bandwidth and the desired -3 dB bandwidth. Figure 87 shows
a zoomed in version of Figure 86 at small bandwidths. It is clearly visible that at small bandwidths
there is about an absolute error of 0.002, which translate to an error of 20% between the narrowest
-3 dB bandwidth value and the narrowest desired -3 dB bandwidth value. As the -3 dB bandwidth
becomes larger, the absolute error becomes less and less. At the larger -3 dB bandwidths the mean
of the measured -3 dB bandwidth has an absolute error of less than 0.001. The 99% confidence

intervals for the mean at the large -3 dB includes the desired -3 dB bandwidth values.
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Figure 86: Measured -3 dB bandwidth of the Figure 87: A zoomed in version of the graph of
correlated Log-Normal random number. Figure 86 showing small bandwidth settings.

Figure 88 shows the results from the * tests performed for varying -3 dB bandwidth. The resultant
curve shows a similar trend to that of previous tests for the Rayleigh and Gaussian distributions,
where the performance of the shape of the PDF degrades the higher the correlation in the samples.
The overall performance of the Log-Normal distribution is worse than that of the Rayleigh
distribution, because the outcome of the % test and the 99% confidence interval is in a similar
range as the threshold, instead of below it. The poor performance of the generated Log-Normal
distribution is also evident from Figure 89. Roughly half of the y’ tests performed between
0.03 Fs and 0.25 Fs failed to reject the generated Log-Normal PDF.

Figure 90 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples are increased. There appear to be no
increase in the variance of the results obtained for a stronger correlation. It is interesting to note that

the KL divergence values for the Log-Normal distribution is smaller than that of both the Gaussian

and the Rayleigh distributions. This is an interesting results given than the y’ test showed poorer
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performance. Figure 91 and Figure 92 show the number of samples in the tail of the Log-Normal
distribution. For Figure 91 0.01% of the tail is summed to give a value out of 100, and for Figure 92
0.001% of the tail is summed to give a value out of 10. There is no clear trend, and the number of
samples in the tails appear to be constant irrespective of the normalised bandwidth setting. There is
however an increase in variability of the result as seen by the variance shown on the plot by the blue
lines, and the increase in maximum and minimum outliers shown on the plot by the red lines
respectively. So even though the mean number of samples in the tail is accurate, the result from a

single experiment is less accurate as as the correlation is increased.
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Figure 88: Plot of the outcome from a chi squared test. Figure 89: Number chi squared tests that were unable
to reject the PDF.
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Figure 93 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. All size the measured moments have the same trend with an error
varying around zero percent irrespective of the bandwidth setting. The larger the order of the
moment the larger the percentage error. The only visible trend is in the varying size of the errors
which increases for smaller bandwidth settings, which was also observed with the KL divergence

value.
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distribution.

This experiment has shown that the generated distribution struggles to be matched to the analytical
Log-Normal distribution. There is a deviation from the ideal Log-Normal PDF for all bandwidth
settings, and this deviation increases when the normalised bandwidths are set to small values. The
trend in deviation from the ideal PDF stems from the underlying Gaussian random sequences used
in the generation of the Log-Normal random sequence. All the tests except the KL divergence test
showed poorer performance for the Log-Normal distribution than the others previously examined.
The reason for the overall poor performance is unknown, and presumably stems from the usual
problem of sparse sampling in the tails, the effect of which is exaggerated due to the relatively long

tails of the Log-Normal PDF.

3.6.4 Experiment 4: Trend with varying Log-Normal scale parameter

This experiment was performed with two independent sequences of Gaussian random numbers as
described in the previous two experiments. For this experiment the value of the Log-Normal scale
parameter 0 was varied between 0.05 and 1 in steps of 0.05. Even though © is known as the scale
parameter for the Log-Normal distribution, it also affects the shape of the distribution. The
bandwidth of the signal was set to 0.025 Fs. One million correlated samples were generated for
each of the Gaussian distributed inputs to the algorithm of Figure 71, to give one million correlated

Log-Normal distributed samples.

Figure 94 shows the trend of the average %’ value calculated from the error of the Log-Normal
distribution. The scale of Figure 94 does not allow for a thorough inspection of the result but it is
clear that between 0=0.5 and 0=0.6 the performance of the PDF shape formed from the

generated samples degrades drastically. Figure 95 is a zoomed in plot of Figure 94. From this figure

it can be observed that the y* test fails to reject the PDF of the generated Log-Normal random
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sequence for values of sigma between 0.05 and 0.5, but from there onward all the way up to o=1
the 7 test rejects the generated PDF. The value of 6=0.5 is the crossover point. This explains the
marginal performance observed for experiment 3 since ¢ was held constant at 0.5 to measure the

performance of the bandwidth.
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Figure 94: Plot of the outcome from a chi squared test. Figure 95: Plot zoomed in version of Figure 94
focusing on the trend of the chi-squared test rejection
value.

From Figure 96 it can be seen that after 6=0.5 the %’ tests start to reject the generated samples as
a Log-Normal PDF. Just over 50 tests were not rejected between 0=0.05 and 0=0.45 as can be
seen from the histogram, and on average the %’ test value exceeded the > rejection threshold.

The %> rejection threshold level decreases with an increase in o . This is due to the number of bins
in the measured histogram of the PDF. The Log-Normal distribution's tails becomes longer with
respect to the body of the distribution as O increases. This influences the ratio between the number
of bins that capture the samples in the body, and the number of bins that capture the samples in the
tails. The total number of bins decreases because samples in the tail of the distribution are summed
to minimise the effect of their relatively large error on the 7” test outcome (as discussed in

Section 3.2 on page 30 [30]). This strategy has not worked for this experiment.

Figure 97 shows the KL divergence value with varying values of the Log-Normal distribution scale
parameter. There is a trend indicating improved performance for larger values of the scale
parameter. The largest outlier, smallest outlier and variance show a slight increase in variability of

the data as the scale parameter is increased.

Figure 98 and Figure 99 show the number of samples in the tail of the Log-Normal distribution. For
Figure 98 0.01% of the tail is summed to give a value out of 100, and for Figure 99 0.001% of the
tail is summed to give a value out of 10. There is no clear trend, and the number of samples in the

tails appear to be constant irrespective of the Log-Normal scale parameter setting.
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Figure 98: Number of samples in 0.01% of the tail. Figure 99: Number of samples in 0.001% of the tail.

The full scale of the percentage error for the higher order moments are shown in Figure 100 and a
zoomed in version between -1% and 1% error is shown in Figure 101. The percentage error
increases as O increases. At approximately 0=0.7 the 6th order moment percentage error declines
sharply and continues to do so all the way to 0=1 . The percentage error in the moments does not
show the same sharp switch between acceptable and poor performance that the * test has. The *
test showed a clear change in performance at approximately ©=0.5, where as the same
degradation is observed at 0=0.7 with the higher order moments. The percentage error of the
moments do however indicate that the tail of the generated Log-Normal distribution is the source of
the problems regarding the accuracy of the distribution, since the 5th and 6th order moments have

shown the largest errors.

Figures 102, 103 and 104 show histograms of the generated samples with the analytical Log-
Normal distribution plotted over them for comparison. Figure 102 was generated with 0=0.1,
Figure 103 with 0=0.6 and Figure 104 with 6=0.9 . The higher the value for o the larger the

tail of the Log-Normal distribution becomes. For 0=0.1 there are no significant tails on either side
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of the distribution, but as 0 increases to 0=0.6 the tail starts to become significant, stretching

over a range from 0 to approximately 18. When 0=0.9 the tail has increased to include the entire

range up to 137, which is extreme.
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One million samples were generated, but only 10 of those fall between 45 and 100 as shown in
Figure 105, the other 999990 fall between 0 and 45. Substituting o equation (14) with 0.9 one

obtains equation (46). Integrating from 45 to infinity produces the result in equation (47).

1 " 2(09)
P(x,;09,0)=—F ,x=0 (46)
(x;090) =55 T3¢ ¥
© 1 _(h'(l(x)))z
2(0.9)
—F¢ =0.0000117041 47
4'[50.9x\/2rt @7

The area of the histogram is equal to one million because each sample has an area of 1. The result
from equation (47) has to be multiplied by this area of one million so a comparison of the actual
area and the required area for that part of the tail can be made. When this multiplication is
performed the result is 11.7 samples, which is only 1.7 samples larger than the 10 generated for the
tail. The main problem thus does not necessarily lie with the number of samples in the tail, but the
positioning and fidelity of those samples. It is highly unlikely for the randomly generated samples
to lie at exactly the correct position to produce an accurate moment result. The samples themselves
have a fixed area of 1, which has to be placed at a single position, even though ideally that area has
to be spread out over a larger area. Increasing the number of generated samples can solve this
problem, but increasing the number of samples by a factor of 100 will require the generation of
more than a hundred million samples. This will result in the use of approximately 3 Gigabytes of
memory just to store the samples, ignoring the memory required to run any form of analysis, and
ignoring the memory overhead required for the operating system and the program. This is a
somewhat impractical requirement for today's desktop computers. But even if this tasks was

performed the problem will only be shifted further into the tails, not resolved.

Figure 106 shows the variation in bandwidth as a function © . The bandwidth was set to 0.025 F’s
for all values of 0. The bandwidth measured here shows a trend where the measured bandwidth
increases, nearing the set bandwidth of 0.025 Fs as o becomes larger. The narrowest bandwidth
measured was 0.0158 Fs at 0=0.05 and the widest bandwidth measured was 0.0223 Fis at
o0=1. These values are more than ten times less than the required bandwidth, and it seems that the
shape of the Log-Normal distribution has very little effect on the accuracy of the bandwidth with

the clutter generation algorithm implemented from [38].
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Figure 105: A zoomed version on the tail of the Log- Figure 106: Measured -3 dB bandwidth of the
Normal histogram for sigma equal to 0.9. correlated Rayleigh random number.

From these results it can be seen that the Log-Normal distributed random sequence generated by the
method described in [38] performs reasonably well, but does suffer from sparse sampling effects in
the tails. This is not a problem of the method but rather a problem which highlights the difficulty of
accurately evaluating a distribution with long tails. This random sequence generation method is
complex and would require a large implementation effort for use on an FPGA based hardware
clutter simulation system. The method described in [38] can be modified to produce Weibull
distributed clutter, but due to the complexity of the algorithm, an alternative and less complex

algorithm from [42] was investigated.

3.7 Weibull clutter

The generation of Weibull clutter is less complicated than the method used for the Log-Normal
distribution in the previous section, but more complicated than the method used for the Rayleigh
distributed samples. The Weibull distribution, equation (19) from Section 2.3.7 repeated here as

equation (48), has been fitted to recorded clutter data measured with high resolution radars.

k—1 Cxy

P(x;k,k)Z%(%) ef‘x),xZO (48)

An MNLT is performed on Gaussian distributed samples to obtain Weibull distributed samples.
Unlike the Log-Normal and Gaussian distributions the Weibull distribution does not have a
parameter to change its position. The parameters of the Weibull distribution are known as the scale

and shape parameters, denoted by A and k& respectively.

First an uncorrelated Weibull distributed random sequence was generated, analysed and compared
with the uncorrelated results from previously analysed distributions. A correlated Weibull

distribution random sequence was then generated from correlated Gaussian variables, by applying
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an MNLT. The PDF error, KL divergence value, frequency spectrum, phase distribution,
autocorrelation function, * error and percentage error of the higher order moments of the resulting

random sequences was then analysed.

The method described by [42] was used to generate the Weibull random variable. This method is
less complex than the one in [38] which was used to generate the Log-Normal variable discussed in

the previous section. Figure 107 shows the block diagram of the method described in [42].
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GRNG 1 —P» Square
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Figure 107: Flow diagram of method proposed in [42] for the generation of a correlated Weibull distributed
random sequence.

In mathematical terms the flow diagram of Figure 107 can be translated to the following sequence
of calculations:
1. Generate 2 independent normalised Gaussian random variables, and multiply them with
12
2. Calculate R=x"+y".
3. Calculate the parameter a using a=(1/k—1/2).
4. The I and Q components of the resulting Weibull random sequence are simply xR and yR

respectively.

3.7.1 Experiment 1: Generation of the Weibull distribution using uncorrelated Gaussian
random variables

This experiment serves as the baseline against which the experiments that follow related to the
Weibull distribution will be compared. To accomplish this a well behaved Weibull random number
sequence has been generated, with a value of 1.5 for the shape parameter k. The Weibull

distribution reduces to the Rayleigh distribution for the shape parameter & set equal to 2. Since it
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was observed with the Rayleigh distribution that the scale parameter does not affect the results, the
Weibull scale parameter A was kept at 1 for all the experiments that follow. One million
uncorrelated samples generated for each Gaussian distribution, which resulted in one million

uncorrelated Weibull distributed samples after applying the algorithm from [42].

Figure 108 shows the analytical PDF of the Weibull distribution plotted against the histogram of the
distribution. There is a visual match between the histogram of the generated samples and the
analytical PDF. There is no significant deviation from the analytical PDF by the generated PDF up
to about x=3.5. At this point there are less than 250 samples in a bin and this number decreases
drastically to less than 15 samples in a bin by x=4.5 as can be seen in Figure 109. These results
are similar to the uncorrelated Log-Normal and uncorrelated Rayleigh distribution, with a

degradation in performance of the PDF shape in the tails.
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Figure 108: Normalised histogram of the uncorrelated Figure 109: A zoomed version on the tail of the
Weibull random variable. generated histogram.

Performing the KL divergence test on the uncorrelated Weibull random samples averaged over 30
experiments resulted in a value of 0.00009757. This value is 3,84% less than that of the

uncorrelated Gaussian distribution generated in Section 3.4.1.

The moments of order 1 to 6 were calculated and compared to the same order moments measured
from the generated data. Figure 110 shows the theoretical higher order moments of the analytical
Weibull distribution plotted against the measured higher order moments from the data. The
comparison was accomplished by calculating the percentage error between the measured and
calculated moments. The higher order moments are tabulated in Table 15. This small percentage
error is an excellent result since even the error in the 6th order moment (which is the most sensitive
moment) was very close to 1%. The percentage error for the generated Weibull moments are much
smaller than those of the uncorrelated Log-Normal distribution but larger than the percentage error

for the uncorrelated Rayleigh and the uncorrelated Gaussian distributions.
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Table 15: Table 15: Percentage error of the higher order moments for the uncorrelated Weibull distribution.

Moment order st 2nd 3rd 4th 5th 6th
Percentage error |0.0088% 0.0527% 0.1794% 0.3765% 0.6569% 1.0700%

Figure 111 shows the frequency spectrum of the Weibull distributed random sequence. The
spectrum is normalised to sampling frequency with the magnitudes taken relative to the largest
frequency component. The FFT is generated from the complex signal, not from the absolute value
of the random number sequence. A white spectrum is expected for uncorrelated samples and this is

indeed the result observed.
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Figure 110: Measured moments from the generated Figure 111: Frequency spectrum of the uncorrelated
uncorrelated Weibull distribution. Weibull random variable.

Figure 112 shows the result from autocorrelation. There is a spike at the 0 lag sample of the auto
correlation, one sample wide, and the spike goes all the way down to approximately 0. This
confirms the fact that the consecutive samples of the Weibull distribution generated by two

independent uncorrelated Gaussian random numbers is also uncorrelated.

The histogram of the phase of the uncorrelated Weibull random number sequence in Figure 113
shows a uniform distribution from —m to . This is the desired result for the phase distribution. A
uniformly distributed phase is required for a clutter signal and the method used in this section

adheres to this requirement.

Figure 114 shows the PDF of the I channel, and Figure 115 shows the PDF of the Q channel of the
Weibull random sequence. Both the I and the Q channels have positive and negative values, and

they are symmetrical about 0. The I and Q channels also have similar shapes.
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Repeating the experiment 30 times and performing a > test provides a measure of how well the

PDF of the generated Weibull distribution fits to the required Weibull PDF. The %> test was not
rejected 22 times out of the 30 and on average the test result was not rejected with a confidence of

more than 99%.

The baseline Weibull distribution analysed in this experiment performed well, and performed on the
same level as that of the Rayleigh and Gaussian distributions. This hints that the results that follow
may be favourable, since the results for the Rayleigh and Gaussian distributions were positive. The
next step is to add a correlation to the random number sequence to analyse its effects on the

performance of the generation technique.
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3.7.2 Experiment 2: Generation of the Weibull distribution using two independent time
correlated Gaussian random variables

This experiment was performed with two independent sequences of correlated Gaussian random
numbers as described with equation (9). Each of the sequences were time correlated with the
method discussed in Section 3.2. Each of the Gaussian sequences was transformed with the process
described by the flow diagram in Figure 107 from the start of Section 3.7. For this experiment one
million samples were generated from each of the correlated Gaussian random number generators.
Although there was correlation in the sequences with themselves there was no correlation between
the two random number sequences, in other words the I and Q sequences were independent. After
the non-linear transformation has been applied from [42] this translated the one million real and one
million imaginary samples, into a complex number sequence of one million samples. For this

experiment Fs was setto 0.01 and k& was setto 1.5.

Figure 116 shows the analytical PDF of the Weibull distribution plotted over the correlated random
samples generated as described in the previous paragraph. The analytical Weibull PDF matches
closely to that of the generated samples by means of visual inspection. The KL divergence value
obtained when averaging over 30 experiments was 0.00011313. This value is 11.49% greater than
that of the uncorrelated case obtained for the previous experiment. Because a smaller value is better,
this is an indication that when correlation is added to the random sequence the performance could
be degraded. A more through investigation of this result is required before a valid conclusion can be

made.

Figure 117 shows the measured bandwidth of the correlated Weibull sequence. The frequency
spectrum is normalised to sampling frequency with the magnitudes taken relative to the largest
frequency component. The value measured at -3 dB was equal to 0.01217, an error of 0.00217, or
21.7%. This result is similar to that observed for the previous methods and even the underlying
Gaussian distribution. The bandwidth was set to a relatively narrow value resulting in very strong

correlation, so it was expected for this result to be somewhat inaccurate.

The autocorrelation function in Figure 118 shows that there is correlation between the samples. The
correlation times were measured as 10.9 samples for T, and 15.8 samples for T,,.. The signal
was a maximum at 0 samples and was completely decorrelated after approximately 100 samples.
These results are very similar to the results of the underlying correlated Gaussian sequence shown
in Figure 33, discussed in Section 3.4.2. Figure 119 shows that the phase of the correlated Weibull

sequence is uniform between —m and 7.
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The higher order moments were recorded for the correlated Weibull experiment. The higher order
moments are tabulated in Table 16. The percentage error for the correlated Weibull distribution is
larger than that of the uncorrelated case. The higher the order the larger the percentage error
became, which hints that there are inaccuracies in the tails of the distribution, but not to the extent

that was seen with the Log-Normal distribution.

Figure 120 shows the recorded moments plotted against the analytical ones. The figure shows that
the measured 6th order moment is slightly smaller than the analytically calculated 6th order
moment, which confirms that the samples in the tail are less than they should be. There is also a
deviation from the analytical distribution from the 2nd order moment onward which indicates that

the body of the distribution showed problems.
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Table 16: Percentage error of the higher order moments for the correlated Weibull distribution.

Moment order st 2nd 3rd 4th 5th 6th
Percentage error |-0.2814% |-0.8312% | -1.6515% |-2.7721% |-4.2244% |-6.0263%

Log-Normal Distribution Moments

+ Generated data
O Log-Normal Distribution

Moment value
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Moment order (n)

Figure 120: Measured moments from the generated
correlated Weibull distribution.

2

Repeating the experiment 30 times and performing a %~ test provides a measure of how well the

PDF of the generated Weibull distribution fits to the required Weibull PDF. The %’ test was
rejected for each of the 30 experiments. The y%° mean rejection threshold was 102.2. The mean test
outcome was 239.8 with 99% confidence band from 210.0 to 269.6. This shows that the according
to the 7’ test the generated Weibull PDF is not close enough to the analytical Weibull PDF to the

specified level of confidence.

The performance of the correlated Weibull distribution was only recorded at a single bandwidth
setting for this experiment. The next experiment will investigate the performance across a wide

range of bandwidth settings.

3.7.3 Experiment 3: Trends with varying correlation

From the previous experiment it was observed that there is a degradation in performance between
the uncorrelated and the correlated Weibull random sequence. This degradation was observed in the
accuracy of the PDF and the accuracy of the higher order moments. This experiment investigates
the trends in degradation in performance, by varying how strongly correlated the generated samples
are. The desired bandwidth is stepped from 0.01 Fs in steps of 0.01 to 0.25 Fs, with all other

variables kept constant.
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Figure 121 shows the difference between the set -3 dB bandwidths and the actual measured -3 dB
bandwidths. Figure 122 shows a zoomed in version of Figure 121 for narrow bandwidths. It is
clearly visible that for the narrow bandwidths there is about an absolute error of 0.002, which
translates to an error of 20% between the narrowest -3 dB bandwidth value and the narrowest
desired -3 dB bandwidth value. As the -3 dB bandwidth becomes wider, the absolute error reduces.
At the larger -3 dB bandwidths the mean of the measured -3 dB bandwidth has an absolute error of
less than 0.001, which translates to an error of 0.1%. The 99% confidence intervals for the mean at
the large -3 dB includes the desired -3 dB bandwidth values. The generated samples thus have the
required bandwidth at wide bandwidth settings with 99% confidence.
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Figure 121: Measured -3 dB bandwidth of the Figure 122: A zoomed in version of the graph of
correlated Rayleigh random number. Figure 121 showing small bandwidth settings.

Figure 123 shows the result of <’ tests, averaging over 100 experiments for each value of -3 dB
bandwidth. Figure 124 shows the number of * tests out of a 100 that were not rejected for each of
the -3 dB bandwidth settings. From Figures 123 and 124 it can be seen that the y’ test rejects the

majority of the generated Weibull PDFs for all correlation settings. The 7’ test stays flatter for
wider bandwidths, and starts to deteriorate with increasing rate as the bandwidth narrows. This
result is very similar to the results observed for the underlying Gaussian distribution, as well as the

previously discussed Rayleigh and Log-Normal distributed samples.

Figure 125 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples are increased. There appears to be no
increase in the variance of the results obtained. The largest outlier worsens as the correlation is
increased indicated by the red shot dashed line in the plot. The average result is roughly the same to
that of the similar experiment performed on the correlated Gaussian distribution from Section 3.4.4,
but as the correlation increases the Weibull distribution performs better than that of the Gaussian

distribution. Figure 126 shows the number of samples in the tail of the Weibull distribution,
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summed to give a value out of 100. There is no clear trend, and the number of samples in the tails

appear to be constant irrespective of the normalised bandwidth setting. There is however an

increase in variability of the result as seen by the variance shown on the plot by the blue lines, and

the increase in maximum and minimum outliers shown on the plot by the red lines at the top and the

bottom of the graph respectively.
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Figure 123: Plot of the outcome from a chi squared
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Figure 127 shows the results from of the percentage error between the measured higher order

moments and the calculated ones. All size the measured moments have the same trend with an error

varying around zero percent irrespective of the bandwidth setting. The larger the order of the

moment the larger the percentage error.
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Figure 127: Percentage error of the measured
moments from the generated correlated Weibull
distribution.

This experiment has shown that there is a deviation from the ideal Weibull PDF for all normalised
bandwidth settings. This deviation is related to the deviation trend observed in the underlying
Gaussian random sequences used in the generation of the Weibull random sequence. Both the ’
test and the KL divergence value showed poorer performance for smaller bandwidth settings. The
correlation properties were within the required bounds and showed no sign of problems. Next the
performance of the Weibull generation algorithm will be analysed with the variation of the shape

parameter.

3.7.4 Experiment 4: Trend with varying Weibull shape parameter

This experiment was performed with two independent sequences of Gaussian random numbers as
described in the previous two experiments. For this experiment the value of the Weibull shape
parameter k& was varied between 1 and 5. This test was performed at a small bandwidth setting of
0.025 Fs. One million correlated samples were generated for each of the Gaussian distributed

inputs to the algorithm of Figure 107, to give one million correlated Weibull distributed samples.

Figure 128 shows the result of the -3 dB bandwidth of the generated Weibull sequence as a function
of the shape parameter k. The error between the desired -3 dB bandwidth and the measured
bandwidth starts off at about 12% for k=1 and gradually decreases to 7% for k=2.5 where after

the error increases slightly to 8% at k=5 . Figure 129 and Figure 130 shows the results from the

¥” tests. On average not a single value for k had a successful average y’ test outcome. The

histogram in Figure 130 shows that out of 100 the less than 30 Weibull PDFs were rejected by the
%’ test for most values of k. The only exception to this was between k=1 and k=1.8 where

almost all the generated Weibull PDFs were rejected. The Weibull random sequence generator PDF
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performed worse at k=1.2 and k=1.4, only improving slightly at k=1.6. For k=1 and £k
larger than 1.8 the performance was better, and roughly the same. The degradation in performance
between k=1 and k=2 could be attributed to the longer tails of the Weibull distribution in this
range. This suggests that the method to group samples in the tails of the distribution to minimise the

effect of sparse sampling in this region has not worked as effectively as was hoped.

Figure 131 shows the KL divergence value with varying values of the Weibull distribution scale
parameter. There is no trend in the performance as the shape parameter k is varied. The largest
outlier, smallest outlier and variance show no observable trend in the KL divergence value.
Figure 132 shows the number of samples in the tail of the Weibull distribution, summed to give a
value out of 100. There is again no trend, and the number of samples in the tails appear to be
constant irrespective scale parameter setting. Unlike for the previous experiment where the
correlation was varied, there is no change in variability of the result as seen by the variance shown

on the plot by the blue lines.
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unable to reject the PDF.
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The percentage error of the higher order moments is shown in Figure 133. The higher order
moments show a trend of improvement with an increase in the shape parameter k. The
improvement can mostly be noticed in the variation of the result. The 6th order moment always

showed the largest error.
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Figure 132: Number of samples in 0.01% of the tail.

From these results it can be seen that the Weibull distributed signal does not performs well.
Although using this method to generate Weibull distributed numbers is less complex than the
method used to generate Log-Normal distributed numbers, the method used for the Log-Normal

distributed numbers performed better.

3.8 Conclusion

Three distributions commonly used with clutter modelling were investigated for the simulation of
ground clutter. The three distributions were the Rayleigh, Log-Normal and Weibull distributions.
The Gaussian distribution formed the basis for all the methods used to simulate the more complex
distributions. The Gaussian distribution is unique in the sense that correlation can be added to the
samples within the distribution by filtering the sequence while the resultant distribution remains
Gaussian. The correlated Gaussian samples can then be manipulated to generate the required

distributions for clutter simulation.

The Rayleigh distribution is the simplest to simulate, by creating a complex signal with a Gaussian
distributed I and an independent Gaussian distributed Q channel. The methods to simulate the Log-
Normal and Weibull distributions were more complicated than that of the Rayleigh. Both methods
made use of an MNLT to transform Gaussian distributions to those of the required Log-Normal or

Weibull distributions.
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The PDF of the Gaussian distribution was verified by means of the % test, and the KL divergence
value. The distribution of the generated uncorrelated samples were unable to be rejected by the 7’

test as Gaussian. Multiple y” tests were performed in conjunction with confidence intervals, and a
confidence factor of more than 99% was obtained. There was thus a high confidence in the result
that the generated samples matched the analytical Gaussian PDF and that the error between the
generated PDF and the analytical PDF was negligibly small. The KL divergence produced a very
small value, an indication that the generated PDF is close to that of a Gaussian. All the following
experiments used the KL divergence value as the basis for further comparisons. The uncorrelated
Gaussian samples showed a white frequency spectrum and an impulse in the auto correlation

function as expected from signal theory. The measured moments also matched the theoretical ones.

By adding correlation to the Gaussian samples, the frequency spectrum was shaped to have a
specific -3 dB bandwidth. The autocorrelation function widened from an impulse to a function with
gradual decay. For the first test case the samples were weakly correlated. The added correlation
degraded the performance of the PDF somewhat. The KL divergence value was slightly larger than
for the uncorrelated case and the %’ test showed that there was still a 99% confidence that the
generated distribution was Gaussian. An increase in correlation narrowed the frequency spectrum
and widened the autocorrelation function even more, as expected, resulting in strongly correlated
samples. The moments remained unchanged, which is also consistent with the expected behaviour.
The increase in correlation exhibited poorer performance for the accuracy of the bandwidth and the
PDF shape. The KL divergence value was larger than for the weakly correlated samples. The ¥’
test no longer had a 99% confidence level that the generated distribution was Gaussian. This
variation in performance with variation in correlation strength indicated that there might be a

negative trend in PDF quality as the correlation is increased.

Varying the correlation by changing the bandwidth, allowed the performance trends of the PDF and
bandwidth to be recorded for the Gaussian distribution. The measured bandwidth matched closely
that of the desired setting except for narrow bandwidths. The performance for the PDF measured
with the * test was relatively unchanged across most of the bandwidth settings, but degraded for
smaller bandwidths. The KL divergence value, and the higher order moments showed the same
trend as the ” test, except the degradation in performance was more gradual as the bandwidth was
reduced. Overall the Gaussian distribution has been found to perform well. The knowledge obtained
regarding its performance allowed for an informed investigation into the more complex Rayleigh,

Log-Normal and Weibull distributions.
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For all the tested distributions, when correlation was added to the generated PDF, an increase in
error relative to the analytical PDF was observed, as compared to the uncorrelated case. By
increasing the correlation (reducing the bandwidth) there was an increase in error observed for the
generated PDF from the analytical PDF. This was true for the underlying Gaussian as discussed in
the previous paragraph, but also true for the generated Rayleigh, Log-Normal and Weibull
distributions. All the generated distributions degraded gracefully, by slowly deviating from the
analytical PDF as the correlation was increased. The y” test showed that the generated Rayleigh
distribution was the closest fit to its analytical distribution followed by the Log-Normal and then the
Weibull distribution. The y” test failed to reject on average 90% of the Rayleigh distribution, 50%
of the Log-Normal and only 10% of the Weibull distribution. The KL divergence values showed

nearly identical results for all three distributions.

The -3 dB bandwidth of the frequency spectrum for the generated PDFs was controlled by the -3 dB
bandwidth of the underlying correlated Gaussian random sequence as this is a property of an
MNLT. The measured -3 dB bandwidths were in general very close to the desired -3 dB bandwidth
values. As discussed above, the Gaussian distribution had a small error between the measured -3 dB
bandwidth and the desired -3 dB bandwidth for wide bandwidth settings and the error became larger
as the desired -3 dB bandwidth decreased. This same trend was visible for the Rayleigh
Log-Normal and Weibull distributions. The autocorrelation function was well behaved for the
simulated Rayleigh, Log-Normal and Weibull clutter, and exhibited similar results to those of the

underlying Gaussian random number generator.

By varying the input parameters, o for the Rayleigh distribution, o for the Log-Normal
distribution, and & for the Weibull distribution, trends in the 7> test outcomes could be observed
as a function of the controlling parameters of the individual PDFs. For each of these tests the
correlation was held constant by setting the bandwidth of the generated random numbers to
Fs=0.025 . The Rayleigh distribution did not show any trend in > value or KL divergence value
when O was varied. The y’ test failed to reject the generated Rayleigh PDF on average. This is a
positive result as it means the performance of the Rayleigh distributed samples are independent of
the scale parameter. The Log-Normal distribution behaved well for values of o below 0.5, and
very poorly for values of o larger than 0.5. The change between acceptable and poor performance
was near instantaneous. The KL divergence value showed a slight decease in size contradicting the
results of the x> test. The apparent improvement in performance shown by the KL divergence

value might be due to the fact that the KL divergence does not count empty histogram bins. Both
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tests indicated that the performance of the Log-Normal distributed samples were not independent of
its scale parameter. This could be due to the fact that the “scale parameter” of the Log-Normal
distribution is not an accurate description since it also alters the shape of the distribution, while the
scale parameter for the Rayleigh distribution only affects the scale. The Weibull distribution was not
rejected by the %* test for almost every value of k. The outcomes of the 7’ test were constant for
most values of k& except k=14 where the observed performance was much worse. The
performance of the Weibull distributed samples was fairly flat except for the outlier at k=1.4

which means the performance observed was relatively unchanged by the shape parameter. The
outlier at k=1.4 can be attributed to the longer tails exhibited by the Weibull distribution shape for
this setting.

At no point during any of the experiments did measuring the number of samples in the tail and
comparing it to the expected number of samples for that section of the tail, show a trend indicative
of a change in performance of the generated distributions. Even distributions with extremely long
tails such as the Log-Normal, measured over the very end of the tails (last 10 samples or 0.001% of

all generated samples), showed no deviation from the expected number of samples.

The moments did not show any clear trend in performance of the generated distribution when the
average values were used. The only real difference was that the results varied more drastically when

the samples were more strong correlated.

A uniform phase between -180° to 180° is a requirement for radar clutter simulation at high RF
frequencies. Each of the respective methods tested for the Rayleigh distributed, Log-Normal
distributed or the Weibull distributed clutter produced a uniform phase from -180° to 180° which

meets the requirement for the phase distribution.

The poor performance observed for narrow bandwidth settings for the Gaussian, Rayleigh, Log-
Normal and Weibull distributions could possibly be caused by the behaviour of a correlated signal.
Since correlated samples are limited by the size of the amplitude step which can be taken from one
sample to the next, this could cause an even lower probability of samples to be generated in the
tails, similarly to the case where too few samples of a given distribution are generated. This lack of
samples in the tails becomes more severe as the correlation is increased. An investigation into the
behaviour of these generated distributions by varying the number of samples when sequences with

narrow bandwidths are generated, will be worthwhile. Additionally an experiment to determine if a
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plateau is reached in the accuracy of the generated distributions versus the number of samples will
also be beneficial. This approach could better answer the question as to whether a distribution is

generated poorly, but it will require more computational resources.

Of the methods identified as suitable for implementation on an FPGA both the Log-Normal and
Weibull distributions exhibited good performance. Unfortunately for both the Log-Normal
distribution and the Weibull distribution, the complexity of the method will be the main drawback
to FPGA implementation. Both these methods had many processing steps, some of them
mathematically intensive, which is also not ideal. A different approach is thus required, starting
from the ground up, if the eventual implementation is to be on an FPGA based platform. What are
the difficulties of simulating a complex signal with a certain phase and magnitude, by starting from
exactly that? Could this lead to an approach that has low complexity and is more suited to
implementation on an FPGA? An investigation into a method that is more optimal for
implementation on an FPGA was developed next to test its performance and to place the strengths

of the methods from literature in perspective.
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4 SIMULATION OF CLUTTER, A
NUMERICAL APPROACH

Since the methods to simulate clutter that were identified in the literature were found to be lacking
simplicity, a different approach was developed and investigated to identify the weaknesses of the
techniques, and determine whether these techniques can be improved upon. The approach starts
from the radar, where the distribution of the detected energy in the environment is the result of
taking the magnitude of a complex signal. This complex signal also has a uniform phase, and a

specific Doppler bandwidth depending on the motion of both the platform and the environment.

A uniform PDF is evenly distributed between 0 and 1. The x -axis of a CDF for any distribution
can span from —oo to +oo. Since the CDF is the integral of the distribution, it can never have a
values less than 0, or have values of greater than 1. This flows from the definition of a PDF, where
the surface area underneath the curve is equal to unity. A CDF is also a monotonically increasing
function. These properties can be exploited to generate a specified PDF using a technique called
CDF inversion. CDF inversion is a technique that can generate a random number with any
distribution that can be described numerically [43]. The inverse of the CDF lies between 0 and 1,
and is also a one-to-one function in the sense that there is only one value for y for each value of
x. When random values from a uniform PDF are transformed through the inverse cumulative
distribution function (ICDF) the resulting distribution is that of the PDF which corresponds to the
ICDF. This property is very attractive since it is relatively easy to generate a uniformly distributed
random variable digitally. The inverse is also true for the CDF. When values of a certain distribution
is transformed through that specific distribution's CDF, the resulting PDF is uniformly distributed
between 0 and 1. These two directions to the same concept (as illustrated in Figure 134) are used

with this method to generate a correlated clutter variable.

Generating a correlated Gaussian random variable has been discussed in Section 3.2. This method is
used in conjunction with the Gaussian CDF to produce a correlated uniform random variable. The
correlated uniform random variable is generated by the ICDF technique to form a uniformly
distributed RV, which is then used as the phase ¢ of the random number sequence. Another
independent correlated uniform random variable is generated with the same method in parallel with
the first. This correlated uniform random variable is passed through an inverted CDF to obtain the

magnitude R which has the desired amplitude PDF. Together the magnitude and phase produces a
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correlated random number sequence. The complex envelope representation is converted into the

real and imaginary parts of a signal using equations (49) and (50). Figure 135 illustrates this

process.

xq=R.cos(o)

Xx=

R.sin(¢)

(49)
(50)

The method described here will be referred to as the CDF transformation method to distinguish it

from the CDF inversion method. The CDF transformation method will be investigated to determine

its performance relative to the methods implemented from literature in Section 3.
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Figure 134: An illustration showing the relationships between a PDF, CDF and ICDF.
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4.1 Correlated uniformly distributed phase

This section describes the steps that are independent of the chosen distribution. The most important
of these steps is the generation of uniformly distributed phase variables. This is achieved by
generating a correlated uniformly distributed random sequence. The correlated uniform random
variable is created by generating a correlated Gaussian distribution, and then passing the generated
values through the equation of the Gaussian CDF given in equation (51). Each sample of the
Gaussian distribution is used as the input x to create a new value y. A histogram of the
transformed values has the required uniform distribution. The parameters w and O of the
transformation function are the mean and standard deviation of the generated samples. Ideally these
should be constant and independent of the bandwidth of the correlated Gaussian distribution. The
method used to generate the correlated Gaussian random numbers is the same method of single pole

filtering described in Section 3.2 and analysed in Section 3.4.2.

1
=1+
y=7|1+erf

X—u

\/2—(;2 ) ] (51)
Figure 136 shows the resultant distribution after passing the Gaussian distributed samples through
equation (51), shifting with -0.5, and multiplying by 27 to obtain a uniform distribution in the
range of —m to 7. This uniform distribution acts as the phase for the correlated clutter variables
generated with equations (49) and (50). Figure 137 shows the frequency spectrum of the correlated
uniformly distributed random variable plotted over that of the correlated Gaussian distributed
random variable. The -3 dB bandwidth setting was chosen to be 0.01 Fs , after the transformation
from Gaussian to uniform the -3 dB bandwidth was 0.0146 Fs . There difference observed in the
-3 dB bandwidth between the Gaussian and uniform distributed random variables were close
enough. The correlated Gaussian distribution used as input for the transformation had shallow
(approximately 1 dB) notches in the frequency spectrum at 0.5 Fs (shown in Figure 137 as well as
Figure 32 on page 39 of Section 3.4.3). After the transformation the notch at 0.5 Fis is still present.
The only noticeable difference is the slightly elevated noise floor of the frequency spectrum, which
is related to the bandwidth. This aspect of the figure suggests that when the variable is transformed
from a Gaussian distributed to a uniform distributed sequence that some decorrelation occurs. This
decorrelation in the sequence of random samples is expected. The methods from literature
(Section 3) aim to preserve the correlation after transformation, and no such attempt has been made

with the algorithm discussed here.
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Figure 138 shows a comparison of the measured -3 dB bandwidths of both the uniform and
Gaussian distributed sequences, plotted against the desired -3 dB bandwidths used as input. The
normalised bandwidth was varied from 0.01 Fs to 0.25 Fs . A total 30 measurements were made
and averaged for each step in Fs in the plots. Figure 139 shows the error between the set -3 dB
bandwidths and the actual measured -3 dB bandwidths for the uniform distributed sequence and the
Gaussian distributed sequence it was transformed from. The Gaussian distributed sequence initially
started with a relatively large error but as the bandwidth increases, it tends to the desired -3 dB
bandwidth. The uniformly distributed sequence starts off the same, but does not tend to go to the
input -3 dB bandwidth as the Gaussian distributed sequence did, and instead the error increases
gradually. There is thus some error introduced when the random sequence is transformed from the

Gaussian distribution to the uniform distribution, but this error is negligibly small.

Figure 140 shows the autocorrelation functions of the uniform distributed sequence and the
Gaussian distributed sequence. The autocorrelation function shows that there is a similar correlation
between the two sequences, and that it dies out to approximately zero after 90 samples. The
decorrelation values for the uniform distributed sequence was 10.5 samples for Ty,, and 15.4
samples for T;,. The values for the -3 dB bandwidth, T,, and T,, are comparable to those

measured before the transformation was applied as seen in Figures 32 and 33 in Section 3.4.2.

The same transformation without the multiplication and shifting as done here for the phase is used
to obtain a uniform distribution in the range of 0 to 1 as an intermediary step between the correlated
Gaussian and the distribution for the magnitude of the clutter. The Rayleigh, Log-Normal and
Weibull distributions have been investigated as magnitudes for direct comparison to the results

obtained in Section 3.
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4.2 Rayleigh distributed clutter

The Rayleigh distribution was generated with the CDF transformation method as the magnitude of
the clutter. An uncorrelated uniform variable is generated with the range 0 to 1. The resulting
random values are then passed through the inverted CDF of the Rayleigh distribution. The CDF of
the Rayleigh distribution is shown in equation (52) and the inverse CDF in equation (53).

e (52)

x=\/—2azln(1—y) (53)
For brevity only the results that capture the overall performance, or highlight certain differences

between this method and the previous methods from literature have been analysed.
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4.2.1 Random sample generation

This experiment serves to show the performance of a single simulation run. The PDF, moments,
frequency spectrum and autocorrelation function are analysed to ensure the correct behaviour is
expressed. This was done to confirm that the CDF transformation method produces a PDF that has
the correct shape, moments that agree with the theoretically calculated ones, a smooth
monotonically decreasing frequency spectrum without large deviations from the theoretical shape,
and an autocorrelation function that shows decorrelation to the extent that the result decays to zero.

This experiment is an initial check before the more rigorous experiments are performed.

For this experiment a Rayleigh random number sequence has been generated, with a value for
set to 1 and the bandwidth set to 0.025 Fis . The CDF transformation method discussed at the start
of this section was used to generate a correlated phase, and a correlated magnitude to the shape of a

Rayleigh PDF. A total of one million correlated samples were generated.

Figure 141 shows the analytical PDF plotted against the histogram of the generated samples. There
is a close fit between the analytical PDF and the measured samples. Figure 142 shows the measured
moments obtained from the generated data, compared to the theoretical moments for the Rayleigh
distribution. There is a close fit for the moments of lower order, and a small but negligible deviation

is noticeable for the 5th and the 6th order moments.

Performing the KL divergence test on the correlated Rayleigh random samples averaged over 30
experiments resulted in a value of 0.00011265. This value is 2.11% less than that of the correlated
Rayleigh distribution generated in Section 3.5.2. The main reason for the improved performance
could be that the correlation for the original Rayleigh distributed samples in Section 3.5.2 was set to
0.01 Fs, where for this experiment with the CDF transformation method the correlation is 0.025
Fs . Previous results have shown that the performance tends to decrease as the correlation is

increased.

Figure 143 shows the frequency spectrum of the correlated Rayleigh distributed samples generated
with the CDF transformation method. The frequency spectrum is normalised to sampling frequency
with the magnitudes taken relative to the largest frequency component. The frequency spectrum
shows that there is correlation, but the measured bandwidth is somewhat larger than expected. The
bandwidth was set to 0.025 Fs, but 0.04878 Fs, a value closer to twice the desired one was

measured. Figure 144 shows the autocorrelation function for the generated sequence. The sequence
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is a maximum at a delay of zero samples. The sequence decorrelates completely at around 30

samples, which is much less than seen in Figure 140, which is expected due to the larger bandwidth

observed. The correlation times were measured as 1.48 samples for T,, and 2.23 samples for T, .
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Figure 141: Normalised histogram of the time
correlated Rayleigh random variable.

Spectrum of random number generator output

0 1 2 3 4 5 6

X: 0.04898

2k 4

Y:-3
[ ]

Magnitude (dB)

-10} 4

12k 4

14
0
Normalized frequency (Hz/Fs)

Figure 143: Frequency spectrum of the correlated
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This experiment has shown that the correlated Rayleigh sequence generated with the CDF

transformation method produces valid results. The Rayleigh PDF was visually accurate, and the

measured moments matched that of the theoretical ones. There are some inaccuracies observed in

the bandwidth of the sequence, and thus due to the duality between the time and frequency domain,

the decorrelation times were less than expected. The experiments that follow will investigate this

deviation from the desired bandwidth further.
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4.2.2 Trend with varying correlation
This experiment investigates the trends in degradation in performance, by varying how strongly
correlated the generated samples are. The desired bandwidth is stepped from 0.01 Fs to 0.25 Fis,

with all other variables held constant.

From the equivalent experiment in Section 3.5.3 excellent performance was observed. The
measured -3 dB bandwidth was closely matched to the desired -3 dB bandwidth, with a small error
for small normalised bandwidth settings, which improved with an increase in the normalised
bandwidth setting. The quality of the PDF shape was also favourable with the 7 test not being
able to reject the PDF upward of 0.025 Fis . The percentage error of the higher order moments were
less than 1% across the entire range of bandwidths, only increasing for normalised bandwidth

values of less than 0.05 Fs .

Figure 145 shows the error between the set -3 dB bandwidths and the measured -3 dB bandwidths.
The trend observed here is different to that observed from the MNLT methods described in
Section 3, where the measured normalised bandwidth closely matched the desired normalised
bandwidth. With the CDF transformation method there is a large and non-constant error between
the desired normalised bandwidth and the measured normalised bandwidth. The error at 0.01 F¥s is
0.112 compared to 0.002 for the previous method. The error becomes larger as the normalised
bandwidth setting increases. Before the desired normalised bandwidth reaches 0.1 Fs the measured
normalised bandwidth had already exceeded 0.25 Fs . We can conclude that this new method does

not preserve the bandwidth of the Gaussian random number sequence used in the transformation.

Figure 146 shows the result of y* tests, averaging over 100 experiments for each value of -3 dB
bandwidth. It can be seen that the 7 test on average does not reject the generated Rayleigh PDF.
The performance for this method is slightly less than that observed in the previous section. The
normalised bandwidth point below which the %’ rejects the PDF is on average is slightly larger
than that observed previously. The threshold for the %> test still lies just below 110, and the

asymptotic region still lies between 80 and 90.

Figure 147 shows the number of % tests out of a 100 that were not rejected for each of the -3 dB
bandwidth settings. The same trend observed with the 7> average is also observed here. When

compared to the same result from Section 3.5.3 it can be seen that the * test rejected a few more

PDFs in the region above 0.05 Fs but the performance is still favourable. The point where the
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PDFs rejected started to noticeably increase moved up from 0.04 Fs to 0.11 Fs. The worst

performance was at the lowest normalised bandwidth setting of 0.01 Fs where only 10 PDFs were

not rejected by the y* test.
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Figure 145: Measured -3 dB bandwidth of the Figure 146: Plot of the outcome from a chi squared

correlated Rayleigh random number. test.

Figure 148 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation is increased. There appears to be no increase in the
variance of the results obtained except for the largest correlation at 0.01 Fs . The largest outlier
worsens as the correlation is increased indicated by the red dashed line in the plot. Figure 149
shows the number of samples in the tail of the Rayleigh distribution, summed to give a value out of
100. There is no clear trend, and the number of samples in the tail appears to be constant
irrespective of the normalised bandwidth setting. There is however an increase in variability of the
result as seen by the variance shown on the plot by the blue lines, and the increase in maximum and
minimum outliers shown on the plot by the red lines at the top and the bottom of the graph

respectively.

Figure 150 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. The trend observed for the ” in Figure 146 is not visible for the
higher order moments. All six the moments have the same trend, but there is no clear variation
connected with the bandwidth of the generated correlated Rayleigh samples. The larger the order of
the moment the larger the percentage error, and the sooner the increase in percentage error due to
the smaller bandwidth can be observed. The 6th order moment stayed within the +0.15% error level
for almost all the bandwidth settings between 0.01 Fs and 0.25 Fs . This is slightly worse than for

the corresponding experiment performed in Section 3.5.3.
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This experiment has shown that except for the normalised bandwidth the performance of the CDF
transformation method to generate samples with a specified PDF and uniform phase distribution
performed well. The performance was slightly worse than that of the method described in
Section 3.5.3 when comparing the 7’ test, KL divergence value and the percentage error of the
higher order moments. The bandwidth performance was much worse but since the relationship
between the desired -3 dB normalised bandwidth and the measured -3 dB normalised bandwidth is

that of a monotonic function it does not render this method completely useless.

4.2.3 Trend with varying Rayleigh scale parameter
This experiment investigates the trends in degradation in performance, by varying the Rayleigh
scale parameter o . For this experiment the value of the Rayleigh scale parameter was varied

between 0.5 and 3. The bandwidth of the signal was set to 0.025 Fis .
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From the equivalent experiment in Section 3.5.4 excellent performance was observed. The
measured -3 dB bandwidth did not show any trend for a change in the Rayleigh scale parameter o
across the entire range tested. The quality of the PDF shape was also favourable with the x* test
not being able to reject the PDF over the same range of values for o . The percentage error of the

higher order moments was less than 1% across the entire range o values.

The -3 dB accuracy is shown in Figure 151 for values of o between 0.5 and 3. The trend observed
is the same as the one observed previously. The measured -3 dB bandwidth is constant across the
entire range of values for the Rayleigh scale parameter o , the main difference being that the error
between the desired normalised bandwidth and the measured normalised bandwidth is large. This
can be expected from the results obtained in the previous experiment. Although this large error
exists, this result is acceptable because it means that when the error in the bandwidth is

compensated for, any value of o can be used for the Rayleigh distribution without any changes to

the bandwidth.

Figure 152 shows the result of y” tests, averaged over 100 experiments for each value of o . Both
the 99% confidence interval and the average y’ test result is slightly higher than the threshold for

all values of o . There is some variation which can be attributed to noise in the %’ test due to the
variation of the random samples, but there is no trend in the results. There was also no trend
observed for the previous test in Section 3.5.4 The main difference is for the shape Rayleigh PDF,

which was better than with this new method.

Figure 153 shows the number of ” tests out of a 100 that were not rejected for each of the values
for a . The average number of tests not rejected averages to 45, compared to 75 for that of the
experiment in Section 3.5.4. Similarly to the Rayleigh distribution from Section 3.5.4 there is also

no clear trend visible from this result.

Figure 154 shows the KL divergence value with varying values of the Rayleigh distribution scale
parameter. There is no trend in the performance as the scale parameter o is varied. The largest
outlier, smallest outlier and variance show no observable trend in the KL divergence value. The
average KL divergence value is slightly larger than the corresponding test performed on the

Rayleigh distribution from Section 3.5.4.
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unable to reject the PDF.

Figure 155 shows the number of samples in the tail of the Rayleigh distribution, summed to give a
value out of 100. There is again no trend, and the number of samples in the tails appear to be
constant irrespective scale parameter setting. Unlike the previous experiment where the correlation
was varied, there is no change in variability of the result as seen by the variance shown on the plot
by the blue lines. Figure 156 shows the results from of the percentage error between the measured
higher order moments and the calculated ones. Similarly to the %’ test, the moments reveal no
trend in the performance of the generated Rayleigh distribution for all values of o tested. The 6th
order moment stayed below the 0.25% error level for the entire range of values for o . Compared to
the results in Section 3.5.4 there was a slight increase in the average percentage error but this

increase is less than 0.05%.
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The results obtained from this experiment show that there is still no measurable variation in the
performance of the Rayleigh distributed correlated random sequence when the scale parameter o is
varied. Some performance degradation is noticeable, but this poorer performance is aligned with the
results from the previous experiment in this section. A noticeable drawback is that since the
measured normalised bandwidth is much higher than the desired normalised bandwidth, the
measured performance is somewhat worse than indicated here. If the desired bandwidth is set to
0.05 Fs right where the degradation in performance was noticed, then the measured -3 dB
bandwidth is closer to 0.1 Fs . Thus the poor performance is at a much wider bandwidth than the
results indicate, since the results are plotted against the desired bandwidth, and not the actual

measured bandwidth.

4.3 Log-Normal distributed clutter

The Log-Normal distribution was generated to serve as the magnitude of the clutter. An
uncorrelated uniform variable is generated in the range between 0 and 1. The resulting random
values are then passed through the inverted CDF of the Log-Normal distribution. The CDF of the

Log-Normal distribution is shown in equation (54) and the inverse CDF in equation (55).

1,1 In(x)—u
Y—§+§erfli ng] (54)
X=e€ﬁerfﬂ2y—1)+u (55)

For brevity only the results that capture the overall performance, or highlight certain differences

between this method and the previous methods from literature will be analysed.
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4.3.1 Random sample generation

This experiment serves to show the performance of a single simulation run. The PDF, moments
frequency spectrum and autocorrelation function are analysed to ensure the correct behaviour is
expressed. This is done to confirm that the CDF transformation method produces a PDF that has the
correct shape, moments that agree with the theoretically calculated ones, a smooth monotonically
decreasing frequency spectrum without large deviations from the theoretical shape, and an
autocorrelation function that shows decorrelation to the extent that the result decays to zero. This

experiment is a check before the more rigorous experiments are performed.

For this experiment a Log-Normal random number sequence has been generated, with the parameter
o setto 0.5, w set to 0, and the bandwidth set to 0.025 Fs . The CDF transformation method
discussed in this section was used to generate a correlated phase, and a correlated magnitude to the

shape of a Log-Normal PDF. A total of one million correlated samples were generated.

Figure 157 shows the analytical PDF plotted against the histogram of the generated samples. There
is a close fit between the analytical PDF and the measured samples. Figure 158 shows the measured
moments obtained from the generated data, compared to the theoretical moments for the
Log-Normal distribution. There is a close fit for the moments of lower order, and a small but

negligible deviation is noticeable for the 6th order moment.

Performing the KL divergence test on the correlated Log-Normal random samples averaged over 30
experiments resulted in a value of 0.00010970. This value is 0.72% less than that of the correlated
Log-Normal distribution generated in Section 3.6.2. This result is also less than that of both the
Rayleigh distribution generated with the CDF transformation method, and the baseline method in

Section 3.5.2.
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correlated Log-Normal random variable. correlated Log-Normal distribution.
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Figure 159 shows the frequency spectrum of the correlated Log-Normal distributed samples
generated with the CDF transformation method. The frequency spectrum is normalised to sampling
frequency with the magnitudes taken relative to the largest frequency component. The frequency
spectrum shows that there is correlation, but the measured bandwidth is larger than expected. The
bandwidth was set to 0.025 Fs, but a value closer to twice that was measured. The frequency
spectrum is smooth without a notch at 0.5 Fs . Figure 160 shows the autocorrelation function for
the generated sequence. The sequence decorrelates completely at around 30 samples, which is much

less than seen previously in Section 3.6.2.
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Figure 159: Frequency spectrum of the correlated Figure 160: The autocorrelation function of the
Log-Normal random variable. correlated random variable.

This experiment has shown that the correlated Log-Normal sequence generated with the CDF
transformation method produces valid results. The Log-Normal PDF was visually accurate, and
performed well when measured with the KL divergence method. The measured moments matched
that of the theoretical ones. There are some inaccuracies observed in the bandwidth of the sequence
where a larger value was observed with regards to the desired one, but the frequency spectrum
shape was correct. Due to the duality between the time and frequency domain, the decorrelation

times were less than expected. The experiments that follow will investigate this trend further.

4.3.2 Trend with varying correlation
This experiment investigates the trends in degradation in performance, by varying how strongly
correlated the generated samples are. The desired bandwidth is stepped from 0.01 Fs to 0.25 Fs,

with all other variables kept constant.

From the equivalent experiment in Section 3.6.3 the observed performance was favourable. The
measured -3 dB bandwidth was very close to the desired -3 dB bandwidth, with a small error for

small normalised bandwidth settings, which improved with an increase in the normalised bandwidth
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setting. The quality of the PDF shape was also not acceptable with the < test rejecting the Log-
Normal PDF just more than half of the time. The percentage error of the higher order moments were
less than 6% across the entire range of bandwidths except for the degradation in performance for

low bandwidth settings as was observed with the underlying Gaussian distribution.

Figure 161 shows the error between the set -3 dB bandwidths and the measured -3 dB bandwidths.
Similarly to the Rayleigh distributed case implemented with the CDF method the measured
normalised bandwidth has a large and non-constant error. As the normalised bandwidth setting
increases the error becomes larger. Before the desired normalised bandwidth reaches 0.1 Fs the
measured normalised bandwidth already crossed the 0.25 Fis mark. The results for the Log-Normal
distributed samples are not much different to those of the Rayleigh distributed samples generated

with the CDF transformation method.

Figure 162 shows the result of %’ tests, averaging over 100 experiments for each value of -3 dB
bandwidth. It can be seen that the %> test on average rejects the generated Log-Normal PDF. The
performance for this method is very poor. Where previously the threshold of the %’ test and the
average outcome was in the same range, there is now a factor 5 difference between the two. There is
no trend in the data. Every single %’ test rejected the generated Log-Normal PDF. This

performance is much worse than that of the equivalent experiment in Section 3.6.3.
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Figure 163 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples are increased. There appears to be no
increase in the variance of the results obtained except for the largest correlation at 0.01 Fs . The
largest outlier worsens as the correlation is increased indicated by the red shot dashed line in the

plot. Figure 164 shows the number of samples in the tail of the Log-Normal distribution, summed to
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give a value out of 100 and Figure 165 shows the number of samples in the tail of the Log-Normal
distribution, summed to give a value out of 10. There is no clear trend, and the number of samples
in the tails appear to be constant irrespective of the normalised bandwidth setting. There is however
an increase in variability of the result as seen by the variance shown on the plot by the blue lines,
and the increase in maximum and minimum outliers shown on the plot by the red lines at the top
and the bottom of the graph respectively. The KL divergence value for both the Rayleigh and the
Log-Normal distributed samples generated with the CDF transformation method appears to be very
similar. The only noticeable difference between the Rayleigh and the Log-Normal disturbed

samples performed slightly worse for the strong correlation case at Fs equal to 0.01.

x10° Kullback-Leibler Divergence Trends Trends of samples in tails

35

Mean Mean
— —— Variance B — —— Variance
1 Outliers H K S Outliers H

8

25

8
‘
\

-

%

Kullback-Leibler Divergence Value
N
Number of samples in 0.01% of tails

1.5 80F 7 N T T L et
1 60
05 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
Chosen 3dB frequency (normalized to Fs) Chosen 3dB frequency (normalized to Fs)
Figure 163: Kullback-Leibler divergence value. Figure 164: Number of samples in 0.01% of the tails.

Figure 166 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. All size the measured moments have the same trend with an error
varying around zero percent irrespective of the bandwidth setting. The larger the order of the
moment the larger the percentage error. The only visible trend is in the varying size of the errors
which increases for smaller bandwidth settings, and smaller bandwidth settings. This increase at
smaller bandwidth settings could be attributed to coincidence since none of the other tests showed
this type of behaviour, and nothing in the CDF transformation method would cause this effect. The
results here performed worse than that of the similar experiment in Section 3.6.3. These results are
also approximately 10 times worse than the CDF transformation experiment performed with the

Rayleigh distribution.
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Figure 165: Number of samples in 0.001% of the tail.  Figure 166: Percentage error of the measured
moments from the generated correlated Weibull
distribution.

This experiment has shown that the performance of the Log-Normal distributed samples generated
with the CDF transformation method was similar to that of the Rayleigh distributed samples
generated with the same method. The normalised bandwidth behaved in the same manner for both
cases, and the higher order moments have shown the same trend, except for poorer performance for
the Log-Normal than the Rayleigh. The KL divergence values were almost identical to that of the
Rayleigh distributed samples. The y* test however rejected the generated Log-Normal PDF

outright without any indication of a trend in performance related to the normalised bandwidth.

4.3.3 Trend with varying Log-Normal scale parameter
This experiment investigates the trends in degradation in performance, by varying the Log-Normal
scale parameter O . For this experiment the value of the Log-Normal scale parameter was varied

between 0.05 and 1 in steps of 0.05. The bandwidth of the signal was set to 0.025 Fs .

From the equivalent experiment in Section 3.6.4 a mixture between favourable and bad
performance was observed. For small values of the Log-Normal scale parameter o the
performance was satisfactory, with the ” test barely able to reject 10 out of 100 PDFs. As the
Log-Normal scale parameter increased this performance remained relatively constant up to 0=0.4
where after a sharp drop in performance was observed. After 0=0.55 every PDF was rejected by
the y’ test. The percentage error of the higher order moments showed the same trend, albeit with a

more gradual degradation in performance.

The -3 dB accuracy is shown in Figure 167 for values of o between 0.05 and 1. The trend observed
is different from that observed for the Rayleigh distribution where the bandwidth was unaffected by

the scale parameter. The result also does not show a similar trend to that of the equivalent
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experiment in Section 3.6.4. For small values of the Log-Normal scale parameter o the difference
between the desired normalised bandwidth and the measured normalised bandwidth was less than
that of larger values. The input bandwidth setting was kept constant at 0.025 Fs. At 0=0.1 the
normalised bandwidth was measured as 0.045 Fs , and this value increases all the way up to o=1
where the normalised bandwidth was measured as 0.064 Fs. There is a large error in the
bandwidth, and more worryingly the error is non constant for different values of o . Larger values
of O corresponds to a longer tail, and thus as the tail of the Log-Normal distribution becomes

larger there is a larger decorrelation in the samples.

Figure 168 shows the result of  tests, averaged over 100 experiments for each value of o . This
result is similar to that obtained with the method from literature in Section 3.6.4 (Figure 94). It is
clear that between 0=0.4 and 0=0.5 the performance of the distribution from the generated

samples degrades drastically.
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Figure 167: Measured -3 dB bandwidth of the Figure 168: Plot of the outcome from a chi squared
correlated Log-Normal random number. test.

Figure 169 is a zoomed in plot of Figure 168. From this figure it can be observed that the 7* test
on average rejects the PDF of the generated Log-Normal random sequence for all values of sigma.
This is poorer performance than that of the results in Section 3.6.4 where the performance only
started to degrade for values of o larger than 0.5. For that case the %’ test could not reject the
PDF for values of o less than 0.5. The sharp decrease in performance moved from 0.5 to 0.4 for
the CDF transformation method, which is another indication of poorer performance with this

method besides the overall poorer performance.
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Figure 170 shows the number of %” tests out of a 100 that were not rejected for each of the tested
values of o . The same trend is visible from this figure as from the previous two. There were at best
more than 50 PDFs rejected for the best performing case at 0=0.1 . From there on an increasing
number of PDFs were rejected until ultimately at 0=0.5 all the PDFs were rejected. This

performance is worse than that observed with the similar experiment in Section 3.6.4.
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Figure 169: Plot zoomed in version of Figure 168 Figure 170: Number of the chi squared tests that were

focusing on the trend of the chi-squared test threshold. unable to reject the PDF.

Figure 171 shows the KL divergence value with varying values of the Log-Normal distribution
scale parameter. There is a trend indicating improved performance for larger values of the scale
parameter. The largest outlier, smallest outlier and variance show a slight increase in variability of
the data as the scale parameter is increased. The same downward trend with increasing size of the
scale parameter is seen with the Log-Normal distributed samples generated with the CDF
transformation method than with the Log-Normal distributed samples generated with the method
from literature in Section 3.6.4. The CDF transformation method however performs slightly worse

than the method from literature.

Figure 172 and Figure 173 show the number of samples in the tail of the Log-Normal distribution.
For Figure 172 0.01% of the tail is summed to give a value out of 100, and for Figure 173 0.001%
of the tail is summed to give a value out of 10. There is no clear trend, and the number of samples in
the tails appear to be constant irrespective of the Log-Normal scale parameter setting. The Log-
normal distributed samples generated with the CDF transformation method had more variation in
the results when compared to the method from literature in Section 3.6.4 for both the 100 sample

and 10 sample cases.
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Figure 171: Kullback-Leibler divergence value. Figure 172: Number of samples in 0.01% of the tail.
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Figure 173: Number of samples in 0.001% of the tail.
The full scale of the percentage error for the higher order moments are shown in Figure 174 and a
zoomed in version between -1% and 1% error is shown in Figure 175. The percentage error
increases as O increases. At approximately 0=0.6 the 6th order moment percentage error declines
sharply and continues to do so all the way to 0=1. The percentage error in the moments does not
show the same sharp switch between acceptable and poor performance that the ” test has. The *
test showed a clear change in performance at approximately 0=0.4, where as the same
degradation is observed at 0=0.6 with the higher order moments. The percentage error of the
moments do however indicate that the tail of the generated Log-Normal distribution is the source of
the problems regarding the accuracy of the distribution, since the 5th and 6th order moments have
shown the largest errors. The performance is worse for the CDF transformation method than the

corresponding method from literature.
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Figure 174: Percentage error of the measured Figure 175: A zoomed version of the percentage error
moments from the generated correlated Log-Normal  of the measured moments from the generated
distribution. correlated Log-Normal distribution.

Similarly to the Rayleigh distribution generated with the CDF transformation method, the Log-
Normal generated with the CDF transformation method showed poorer performance than that of the

method in literature.

4.4 Weibull distributed cutter

The Weibull distribution was generated to serve as the magnitude of the clutter. An uncorrelated
uniform variable is generated in the range between 0 and 1. The resulting random values are then
passed through the inverted CDF of the Weibull distribution. The CDF of the Weibull distribution is
shown in equation (56) and the inverse CDF in equation (57).

y=1 W (56)

x|

x=h(—In(1-y)) (57)

For brevity only the results that capture the overall performance, or highlights certain differences

between this method and the previous methods from literature will be analysed.

4.4.1 Random sample generation

This experiment serves to show the performance of a single simulation run. The PDF, moments
frequency spectrum and autocorrelation function analysed to ensure the correct behaviour is
expressed. This is done to confirm that the CDF transformation method produces a PDF that has the
correct shape, moments that agree with the theoretically calculated ones, a smooth monotonically
decreasing frequency spectrum without large deviations from the theoretical shape, and an
autocorrelation function that shows decorrelation to the extent that the result decays to zero. This

experiment is a check before the more rigorous experiments are performed.
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For this experiment a Weibull random number sequence has been generated, with the value & set to
1.5, A set to 0, and the bandwidth set to 0.001 Fs . The CDF transformation method discussed in
this section was used to generate a correlated phase, and a correlated magnitude to the shape of a

Weibull PDF. A total of one million correlated samples were generated.

Figure 176 shows the analytical PDF plotted against the histogram of the generated samples. There
is a close fit between the analytical PDF and the measured samples. Figure 177 shows the measured
moments obtained from the generated data, compared to the theoretical moments for the Weibull

distribution. There is a close fit for the moments of all tested orders.

The KL divergence value obtained when averaging over 30 experiments was 0.00011384 which is
nearly identical to the corresponding experiment performed in Section 3.7.2. This value is 0.63%
greater than that of the similar experiment performed with the method from literature. This is an
indication that the CDF transformation method performs very well when only the KL divergence

value is considered.
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Figure 176: Normalised histogram of the time Figure 177: Measured moments from the generated
correlated Weibull random variable. correlated Weibull distribution.

Figure 178 shows the frequency spectrum of the correlated Weibull distributed samples generated
with the CDF transformation method. The frequency spectrum is normalised to sampling frequency
with the magnitudes taken relative to the largest frequency component. The frequency spectrum
shows that there is correlation, but the measured bandwidth is larger than expected. The bandwidth
was set to 0.01 Fs, but a value closer to twice that was measured. Figure 179 shows the
autocorrelation function for the generated sequence. The correlation times were measured as 3.427
samples for T, and 5.295 samples for T,,. The sequence decorrelates completely at more than

30 samples, which is much less than seen previously.
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Figure 178: Frequency spectrum of the correlated Figure 179: The autocorrelation function of the
Weibull random variable. random variable.

This experiment has shown that the correlated Weibull sequence generated with the CDF
transformation method produces valid results. The Weibull PDF was visually accurate, and the
measured moments matched those of the theoretical ones. There are some inaccuracies observed in
the bandwidth of the sequence, and thus due to the duality between the time and frequency domain,
the decorrelation times were less than expected. The experiments that follow will investigate this

trend further.

4.4.2 Trend with varying correlation
This experiment investigates the trends in degradation in performance, by varying how strongly
correlated the generated samples are. The desired bandwidth is stepped from 0.01 Fs to 0.25 Fs,

with all other variables kept constant.

From the equivalent experiment in Section 3.7.3 the performance observed was not satisfactory.
Although the measured normalised bandwidth very closely matched that of the desired normalised
bandwidth, the %’ test rejected all generated of the Weibull PDFs, and the average ¥’ outcome
was much larger than the threshold. The percentage error of the higher order moments were best for
small bandwidth settings and increased quickly for larger bandwidth settings. The reason for the
poor performance was failure of the method to generate a PDF that resembles that of a Weibull

distribution, and increasingly so for larger values of bandwidth.

Figure 180 shows the difference between the set -3 dB bandwidths and the actual measured -3 dB
bandwidths. Similarly to both the Rayleigh and Log-Normal distributed cases implemented with the
CDF transformation method the measured normalised bandwidth has a large and non-constant error.

As the normalised bandwidth setting increases the error becomes larger. Before the desired
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normalised bandwidth reaches 0.1 Fs the measured normalised bandwidth had exceeded 0.25 Fs .
The results for the Weibull distributed samples are not much different to those of the Rayleigh and
Log-Normal distributed samples generated with the CDF transformation method.

Figure 181 shows the result of y* tests, averaging over 100 experiments for each value of -3 dB
bandwidth. It can be seen that the %’ test on average rejects the generated Weibull PDF. The
performance for this method is different to that observed in Section 3.7.3 and similar to the
performance trend of the Rayleigh distributed samples generated with the CDF transformation
method. There is a decrease in performance when the desired bandwidth is set lower than 0.05 Fs,

but remains relatively constant for all bandwidth settings larger than this value.
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Figure 180: Measured -3 dB bandwidth of the Figure 181: Plot of the outcome from a chi squared
correlated Weibull random number. test.

Figure 182 shows the number of y” tests out of a 100 that were not rejected across the normalised
bandwidth range tested. The average number of tests not rejected were never more than 10. There is

no clear trend visible from this result. This confirms the poor result seen in Figure 181.

Figure 183 shows the KL divergence value with varying degrees of correlation. There is a trend of
worsening performance as the correlation in the samples are increased. There appears to be no
increase in the variance of the results obtained. The largest outlier worsens as the correlation is
increased indicated by the red shot dashed line in the plot. The average result is roughly the same to
that of the similar experiment performed on the Weibull distributed sample generation method from

literate from Section 3.7.3.
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Figure 182: Number of chi squared tests that were Figure 183: Kullback-Leibler divergence value.

unable to reject the PDF.

Figure 184 shows the number of samples in the tail of the Weibull distribution, summed to give a
value out of 100. There is no clear trend, and the number of samples in the tails appear to be
constant irrespective of the normalised bandwidth setting. There is however an increase in
variability of the result as seen by the variance shown on the plot by the blue lines, and the increase
in maximum and minimum outliers shown on the plot by the red lines at the top and the bottom of

the graph respectively.

Figure 185 shows the results from of the percentage error between the measured higher order
moments and the calculated ones. All size the measured moments have the same trend with an error
varying around zero percent irrespective of the bandwidth setting. The larger the order of the
moment the larger the percentage error. This result as obtained with the CDF transformation
method compares favourably to the similar result obtained with the method from literature. This
result is also better than the results obtained with from the Log-Normal samples generated with the

CDF transformation method.

This experiment has shown that the performance of the Weibull distributed samples generated with
the CDF transformation method was similar to that of the Rayleigh and Log-Normal distributed
samples generated with the same method. The normalised bandwidth behaved the same manner for
all three cases, and the higher order moments has shown the same trend, except for poorer
performance for the Weibull than the Rayleigh. The x> test however rejected the generated Weibull
PDF outright and the same trend in performance related to the normalised bandwidth was observed

here as was observed for the Rayleigh distribution.
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moments from the generated correlated Weibull
distribution.

4.4.3 Trend with varying Weibull shape parameter
This experiment investigates the trends in degradation in performance, by varying the Weibull
shape parameter k. For this experiment the value of the Weibull scale parameter was varied

between 1 and 5. The bandwidth of the signal was set to 0.01 Fs .

From the equivalent experiment in Section 3.7.4 the performance was relatively poor. For small
values of the Weibull shape parameter & there was a larger decorrelation between samples and thus

a larger normalised bandwidth measured at the smaller values than measured for the larger values.
The %’ test on average rejected the Weibull PDF for all values of k showing a sharp peak where
k is close to 1.2. Besides the peak the performance of the 7’ test did not indicate any trend.

Overall more than 90 out of the 100 7* tests rejected the Weibull PDF. The Higher order moments
showed worse performance for small values of &k than for large values. The degradation in

performance was gradual with no clear trend.

Figure 186 shows the result of the -3 dB bandwidth of the generated Weibull sequence as a function
of the k parameter. The trend observed is different from that observed for the Rayleigh distribution
where the bandwidth was unaffected by the scale parameter. The result shows a similar trend to that
of the equivalent experiment in Section 3.7.4. The only difference is that the measured normalised
bandwidth is much larger for the CDF transformation method than for the method from the
literature. This result has been analysed in the previous experiment. For small values of the Weibull
shape parameter & the difference between the desired normalised bandwidth and the measured
normalised bandwidth was greater than that of the larger values. The input bandwidth setting was

kept constant at 0.01 Fs. At k=1 the normalised bandwidth was measured as 0.0245 Fs, and
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this value decreases all the way to k=5 where the normalised bandwidth was measured as 0.0195
Fs . There is a large error in the bandwidth, and more worryingly the error is not constant for
different values of k. Smaller values of k& corresponds to a longer tail, and thus as the tail of the
Weibull distribution becomes larger there is a larger decorrelation in the samples. This same result

was observed for the Log-Normal distribution.

Figure 187 shows the result from the y” tests. On average not a single value for & had a successful

average %’ test outcome. The Weibull random sequence generator PDF performed worse at
k=1.2 , only improving slightly at k=1.4 . For k=1 and k larger than 1.6 the performance was
better, and roughly the same, but sill not below the required threshold. This result is strikingly
similar to that of the corresponding experiment in Section 3.7.4. This could indicate that the shape
of the PDF has a large influence on the outcome of the 7’ test with respect to the threshold value

obtain for the distribution.
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Figure 186: Measured -3 dB bandwidth of the Figure 187: Plot of the outcome from a chi squared
correlated Weibull random number. test.

Figure 188 shows the histogram of the result from the %’ tests. Out of 100 the more than 90

Weibull PDFs were rejected by the ¥ test for most of the values of & . The performance is slightly

better than that of the equivalent experiment in Section 3.7.4 but still poor.

Figure 189 shows the KL divergence value with varying values of the Weibull distribution scale
parameter. There is no trend in the performance as the shape parameter k is varied. The largest

outlier, smallest outlier and variance show no observable trend in the KL divergence value.
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Figure 188: Number of chi squared tests that were Figure 189: Kullback-Leibler divergence value.

unable to reject the PDF.

Figure 190 shows the number of samples in the tail of the Weibull distribution, summed to give a
value out of 100. There is again no trend, and the number of samples in the tails appear to be
constant irrespective scale parameter setting. Unlike for the previous experiment where the
correlation was varied, there is no change in variability of the result as seen by the variance shown

on the plot by the blue lines.

The percentage error of the higher order moments is shown in Figure 191. The higher order
moments show a trend of improvement with an increase in the shape parameter k. The
improvement can mostly be noticed in the variation of the result. The 6th order moment always
showed the largest error, except for the case where & is equal to 1, where all the moment errors
were positive, and the 6th order moment negative. This could be due to the fact that the Weibull

distribution loses samples in its tail.
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Figure 190: Number of samples in 0.01% of the tail. Figure 191: Percentage error of the measured
moments from the generated correlated Weibull
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The Weibull distributed samples generated with the CDF transformation method showed similar
performance for the y” test, and improved performance for the higher order moments. The
normalised bandwidth was worse but similar to the observed with the Rayleigh and Log-Normal

distributed samples.

4.5 Conclusion

The three distributions commonly used for ground clutter modelling were investigated in Section 3
and were again analysed here for the new CDF transformation method for clutter simulation. The
three distributions were the Rayleigh, Log-Normal and Weibull distributions. The CDF
transformation method uses a combination of CDF and ICDF transformations to obtain a correlated
uniform phase and a correlated magnitude with the desired PDF. The CDF transformation method
starts off with two correlated Gaussian distributed sequences, both with the same bandwidth setting.
The two sequences with Gaussian distributed samples were then transformed to two sequences with
uniformly distributed samples by feeding the values through the Gaussian CDF. One of the
correlated uniformly distributed sequences is then used for the phase after shifting and scaling,
while the other is transformed to the required magnitude distribution through the corresponding
ICDF of that distribution. This represents a signal in polar coordinates. The last step is the

conversion to Cartesian co-ordinates which produces the I and Q channel signals.

The method used to generate the Gaussian distributions was the same method as discussed in
Section 3.2. The phase made use of a uniform distribution transformation, and it showed
performance that matched closely the performance of the Gaussian distribution used as input. The
distribution was flat, and the frequency spectrum and autocorrelation function showed near identical
results to that of the Gaussian distribution. Measuring the performance for varying degrees of
correlation showed that for narrow bandwidth settings the error for the Gaussian and uniformly
distributed signals were the same. As the bandwidth increases the error for the Gaussian distribution
becomes smaller but the error for the uniform distribution increases slightly. The error is still very
small for either case. There is thus a negligible difference between the Gaussian and uniformly
distributed correlated sequences, which is a positive result. This behaviour was not observed when

the uniformly distributed samples were further transformed to other distributions.

The transformation of the uniform distribution to the Rayleigh, Log-Normal and Weibull
distributions added decorrelation in the generated sequences. The experiments showed large errors
between the desired bandwidth and the actual bandwidth. Settings between 0.01 Fs and 0.1 Fis

resulted in bandwidths between 0.02 Fs and 0.25 Fs. The error was not a straight line, indicating
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that addition or multiplication by a constant factor alone would not be able to completely remove it.
The solution is thus more involved and requires more attention. All three distributions exhibited the
same trend, but these did not match exactly and thus the decorrelation was found to be dependent on
the distribution of choice. This was confirmed when the scale parameter of the Log-Normal and
shape parameter of the Weibull distribution were varied (the scale parameter of the Log-Normal
also changes its shape). As the tails of a distribution become larger relative to the body of the
distribution, the decorrelation increases. It makes sense then, when varying the scale parameter of
the Rayleigh distribution, no effect on the decorrelation was measured, because the underlying
shape is not altered, it is merely scaled. There was however a one-to-one relationship with the CDF
transformation method, where a single input bandwidth produced a single output bandwidth, which

means it could potentially be corrected for with curve fitting.

The 7* test did not reject the Rayleigh PDF generated with the CDF transformation method for
most bandwidth settings. The performance was relatively flat and started to degrade for bandwidth
settings less than 0.1 Fs . The generated Log-Normal distributions were rejected by the y” test for
every experiment performed. The generated Weibull distributions were rejected by the «* test in

more than 90% of the experiments. The Log-Normal did not show any trend in the 7* test results
by varying the bandwidth, and the Weibull distribution showed the same trend as the Rayleigh
distribution, with degradation in performance for narrower bandwidth settings. The KL divergence
value showed very similar results for the CDF transformation method, when compared to the
methods analysed from literature in Section 3. This is an indication that the KL divergence value,
although useful for the comparison of a method with itself with varying parameters, it is not as
useful when comparing distributions generated with different methods. The y° test provided much

more useful results than the KL divergence value.

The percentage error for the higher order moments showed the same trend for all three distributions,
with a larger variation in error for narrow bandwidth settings and a relatively unchanged error from
0.1 Fs upward. The Rayleigh distribution performed the best with its largest percentage error of
0.15% for the 6th order moment. The Weibull distribution performed very similarly but slightly
worse with its largest percentage error around 0.4% for the 6th order moment. The Log-Normal
distribution performed very badly compared to the other two. The percentage error of the 6th order

moment averaged around 2.5% at its worst.
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Keeping the bandwidth constant to measure the effect of the shape parameter of a distribution on
the accuracy of its PDF had no unexpected results. There was no variation in the higher order
moments by varying the Rayleigh scale parameter. The 6th order moment remained below a 0.25%
error. The Log-Normal distribution showed poorer performance for larger values of the Log-Normal
scale parameter. The performance was relatively constant for values less than 0.4 of the scale
parameter, but after this point the performance degraded drastically and continued to do so all the
way to the largest value tested for the scale parameter of 1. The performance of the percentage error
for the higher order moments was relatively positive when the Weibull shape parameter was varied.
The worst performance observed was just above a 0.7% error for the shape parameter value of 1.4.
The percentage error remained below 0.2% for values of the shape parameter between 2 and 5. Both
the Log-Normal and Weibull distributions showed poorer performance when the distributions had

longer tails.

The %> test did not show any trend when the scale parameter of the Rayleigh distribution was
varied, but the tests did reject more than 50% of the generated distributions. The Log-Normal
generated samples showed the same curve where the % test showed better performance for small
values of the scale parameter, and poorer performance for larger values of the scale parameter. At
best the % test rejected 50% of the generated Log-Normal distributed samples, and after a value of
0.4 for the scale parameter, all the distributions generated with the CDF transformation method
were rejected. For the generated Weibull distribution the 7 test showed the same performance
except for an anomaly at values of 1.2 for its shape parameter. These results match closely those
from the previous section, although the performance from the CDF transformation method was
worse. This indicates that most of the performance variation observed with the x> test might be

due to the actual shape of the distribution at this setting, and a difficulty for the x> test to measure

these shapes, rather than poor performance for those specific generated distribution shapes.

The performance was unfortunate though, since the poorest performance for all the generated
distribution shapes was observed for narrow bandwidths, and to correct for the error in the
bandwidth, the input setting will have to be adjusted further into the region of smaller bandwidths.
This is not as much of a problem with the methods from literature as seen in Section 3, because a

negligible bandwidth error exists for those cases.

The distributions however, did not suffer any of the drawbacks that were noticed from the methods
implemented in Section 3. The Log-Normal and Weibull distribution were much easier to generate

with the CDF transformation method than the methods from literature. The shapes of the

120



distributions held up fairly well, even though the 7’ tests rejected most of them. This can be
attributed to an overly high confidence level chosen for these experiments. Since clutter is only

modelled by these distributions, a very accurate distribution cannot be a strict requirement.

The results from the CDF transformation method were thus mixed. The problems observed for the
methods from literature were not evident with this approach, but predictability and control over the
bandwidths of the final distribution have been sacrificed. The performance of the shape of the PDF
was also worse than with the methods from literature. The CDF transformation method thus traded
better accuracy for less complexity. There is still further research to be performed to enhance and

optimise the CDF transformation approach for clutter simulation on a FPGA based platform.
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S CONCLUSION

The literature survey in Section 2 highlighted 8 different properties of radar clutter that have to be
taken into account when clutter is simulated. The 8 different properties of clutter were:
1. RCS,
number of discrete scatterers,
spatial extent,

velocity extent,

2

3

4

5. wavelength,
6. amplitude distribution,
7. spatial correlation, and
8

polarization.

The clutter RCS scales the mean magnitude of the return and is derived from the geometry of the
simulated scenario (angle, distance and reflectivity of the scatterer), while the number of discrete
scatters is captured within the amplitude distribution of the clutter. When the behaviour of clutter is
analysed over an entire range line, or for a scanning radar, the spatial extent of the clutter is
important, but it does not play a role within the simulation of a single patch of clutter, which was
the focus of this project. The velocity extent of clutter is mostly affected by the movement of a
radar, but if the radar and its antenna are stationary, the movement of the clutter itself (for example
wind blown trees) is the dominant effect. The correlation properties of clutter are strongly related to
the velocity (spectral) extent of the clutter. The wavelength of radar clutter mostly influences the
magnitude of the clutter return, and the behaviour of clutter, which is also captured by the amplitude

statistics of the simulation.

To evaluate the simulated clutter, various tests were performed. To evaluate the amplitude statistics
of the simulated clutter, the generated PDFs were measured, and plotted against their analytical
equivalents. The error measured between the two was also plotted. In addition to those two
measures the %> test was used in combination with confidence intervals to evaluate the accuracy of
the generated distributions. The KL divergence method was used as a statistically valid distance
measure between the analytical and simulated distributions. It was however only useful when
comparing the accuracy of a distribution with itself, and at times showed results that contradicted
the results from the % test (for example when the tails of the Log-Normal distribution were much
larger than the body of the distribution). An FFT was performed to evaluate the frequency spectrum

of the simulated data, and the autocorrelation function was used to evaluate the correlation of the
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simulated clutter. The higher order moments of distributions are often used to evaluate the accuracy
of the tail regions of PDFs. For radar clutter the tail of the distribution is very important, and the
higher order moments (up to the 6th order) have been included as a measure of the accuracy of the

simulated clutter distributions.

Three distributions were identified as the most commonly used for ground clutter simulation. These
distributions were the Rayleigh, Log-Normal and Weibull distributions. In Section 3 these
distributions were simulated with methods found in literature that could potentially be implemented
on to an FPGA with little modification. The MNLT methods were chosen because they produce
samples sequentially, rather than in batches as is the case with the SIRV type methods. The MNLT
methods use a correlated Gaussian distribution, and transform it to the required distribution. The
Gaussian distribution thus formed the basis of all the tested distributions and its performance was

evaluated first.

The correlated Gaussian distribution performed well. The shape of the distribution was measured to
be accurate and the measured correlation was very close the chosen values. For narrow bandwidth
settings the Gaussian distribution did show signs of a degradation in performance. The PDF
accuracy declined and the measured bandwidth were larger than the chosen value. These
discrepancies however were negligibly small. The shape of the frequency spectrum and the shape of

the autocorrelation function did not show any unexpected behaviour.

The MNLT method was not used for the generation of the Rayleigh distribution, instead the
correlated Gaussian distributed samples were used as is for the I and Q channel. The magnitude of
the two Gaussian distributions produced the correlated Rayleigh distribution. The resultant Rayleigh
distribution performed better than the two underlying Gaussian distributions. The frequency
spectrum showed the expected shape. The autocorrelation function decayed all the way down to
zero as it should. The phase of the generated samples was within the correct range and uniformly
distributed. The PDF was more accurate and the percentage error in the higher order moments was
very small. The error for small bandwidth values was still present, and the performance of the PDF
still degraded for the small bandwidth settings. The scale parameter of the Rayleigh distribution had

no detrimental effects on the performance of the distribution.

The Log-Normal distributed clutter was generated with an MNLT method. The MNLT method used
two correlated but independent Gaussian sequences as input, and transformed them to the required
Log-Normal distribution. The resultant Log-Normal distribution performed well. The method from
[38] was implemented because it was an improvement on the method of [39] which had a Gaussian

phase distribution instead of the required uniform phase distribution. The frequency spectrum
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showed the expected shape. The autocorrelation function decayed all the way down to zero as it
should. The phase of the generated samples was within the correct range and uniformly distributed.
The Log-Normal PDF was found to be less accurate than the Rayleigh distributed samples, and the
percentage error in the higher order moments was much larger. The error for narrow bandwidth
values was still present, and the performance of the PDF still degraded for the small bandwidth
settings. The scale parameter for the Log-Normal distribution affects the shape of the distribution,
and had a large effect on the performance of the distribution. For small values of the scale
parameter the performance of the Log-Normal distributed samples passed the PDF shape tests, but
for larger values it failed drastically. This failure was attributed to the size of the tails of the
distribution caused by the scale parameter. This method to generate Log-Normal samples was found
to be more complex than the method chosen for Weibull distributed clutter generation, and would
be difficult to implement on a hardware platform because of the many mathematically complex

operations required.

For the Weibull distribution the method from [42] was implemented. This method did not suffer as
much from the computational complexity drawbacks as much as the one in [38]. The frequency
spectrum was clean and showed the expected shape. The autocorrelation function decayed all the
way down to zero as it should. The phase of the generated samples was within the correct range and
uniformly distributed. Variation in the correlation for the distribution had the same results as was
observed for the Gaussian and Rayleigh distribution, with little error for wider bandwidth settings

and a small but negligible error when the bandwidth settings became narrow. The %> error and the

higher order moments which tested the PDF shape, showed poor performance. The 7> test rejected
almost every generated PDF. The higher order moments did not show large errors however. These

two tests also showed a degradation in performance as the bandwidth was decreased.

Because of the complexity of the Log-Normal distribution generation algorithm, and the poor PDF
performance of the Weibull distribution generation algorithm, neither of the methods chosen would
be usable on an FPGA platform. This prompted the question as to weather there was a different
method that could be designed, that from the start would map easily onto an FPGA. Why is clutter
not simulated by creating a uniform phase, and the required magnitude as the radar would observe
it? A new method using the CDF and ICDF of a distribution was designed and tested to answer this

question in Section 4.

The CDF transformation method used a combination of CDF and ICDF transformations to obtain a
correlated uniform phase and a correlated magnitude with the desired PDF. The CDF transformation

method starts off with two correlated Gaussian distributed sequences, both with the same bandwidth
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setting. The two sequences of Gaussian distributed samples were then transformed to two sequences
with uniform distributed samples by passing the values through the Gaussian CDF. One of the
correlated uniformly distributed sequences is then used for the phase after scaling, while the other is
transformed to the required magnitude distribution by passing the values through the corresponding
ICDF of that distribution. This represents a signal in polar coordinates. The last step is a conversion

to Cartesian co-ordinates which produces the I and Q channel signals.

The CDF transformation method resolved some of the problems observed with the PDF of the
generated samples for the Weibull distribution. The frequency spectrum was clean exhibiting the
correct shape, for all three the tested distributions. The generated PDFs did not degrade in
performance as was observed with the methods [42] and is much more compatible with FPGA
implementation than the method form [38]. These improvements did come with some drawbacks
though. The bandwidth of the correlated samples was no longer easily controllable because the
input bandwidth set-point for the Gaussian distributions did not match the measured bandwidth of
the generated samples with the transformed distributions. The trends in performance of the PDF
shape for the CDF transformation method were similar to the methods from Section 3 but the
overall performance measured was worse. The performance for all the distributions however
showed the same trends, with worse performance for longer tails, and narrower bandwidth settings.
This consistency in the results across different distributions is a favourable property to have for a

method destined for FPGA implementation.

This new CDF transformation method thus had mixed results. Although the complexity problems
observed using the methods in Section 3 were resolved additional problems were introduced with
regards to the accuracy of the results. There is still room for further investigation into this method,
to determine whether these problems can be solved. The transformation to the uniform distribution
has little effect on the correlation, but the additional step from the uniform distribution to the
desired magnitude distribution has severe loss in sample to sample correlation. How would the
-3 dB bandwidth of the spectrum be affected if the correlation of the magnitude is adjusted
separately from the phase, to match that of the required correlation? Would this eliminate the
problem altogether? There is also the question regarding the effect of the size of the correlation of
the magnitude. Some experiments during the development of the simulations showed to a certain
extent, that correlation in the magnitude is not always required, which could mean that the

correlation of the magnitude is not responsible for the loss in the correlation observed for this
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method, but rather the shape of the magnitude. Exactly what the conditions for this are, has not been
investigated. Additionally, it might be possible to control the shape of the spectrum and the PDF
with different bandwidths for the magnitude and phase.

Further research is required to determine if the extent of the decorrelation can be determined
beforehand. It was observed that the larger the tails of the distribution, the larger the decorrelation.
If the value of the higher order moments, or position of a certain carefully chosen combination of
percentiles of a PDF can be used to predict the expected decorrelation, one could possibly correct
for it given any distribution, allowing the user more freedom in the choice of clutter statistics. Pre-
calculation of the decorrelation is also an option but this can be time consuming due to the large
number of experiments that has to be completed to reduce the inaccuracy of finite random sample
sets sufficiently. The pre-calculation step is a brute force approach, and if a mathematically derived

relationship for certain distributions can be found it would be of great value.

The attractive aspect of the CDF transformation method is that a single input passed through the
correct transformation function produces the required output. This transformation function is a
small piece of the algorithm that has to be changed when different distributions are to be simulated.
The CDF transformation method can be implemented numerically which has certain advantages.
The benefit of this is that any conceivable distribution can be simulated with this method. If a user
would like to simulate non-standard clutter amplitude statistics observed during radar operation,
that cannot be captured with an analytical function, it would be entirely possible. The fact that there
already exists an implementable solution to solve the bandwidth problem, even if at this stage it is
still very crude, means that the CDF transformation method is useful for FPGA implementation. A
lookup table can correct the bandwidth problems when the required distribution is loaded and
configured, and the behaviour of the frequency spectrum, autocorrelation function and PDF shape is

within acceptable ranges.

To measure the accuracy of a PDF is a standard problem in statistics. The 7’ test is just one of the
methods used to measure the accuracy of a PDF. The main problem with the 7’ test that was
observed for the experiments performed here was that the result is very sensitive to the choice of the
number of bins for the test. At the one end the * test allows one to use a single bin, which would

not be rejected because the normalised number of samples will have the same area as the PDF. At

the other end the bins can be chosen as fine as a single sample, that creates very large errors in the
tails of the distributions. If the %’ test is to be used for measuring the accuracy of a PDF all the

parameters have to be stated explicitly.
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For this document the % test was sometimes performed on 100, or even 200 bins, and this has
been found to be too many bins. This many bins allows for fine resolution in the body of the
distribution, but this causes large errors in the tails. The errors in the tails can be reduced if larger
bins are used but this reduces the resolution in the body. The advice from [30] was to merge bins to
have at least 5 samples in a bin, but this has been found not to work well for the extremely long tails
exhibited by some of the distributions analysed in the experiments. Sometimes single samples were
separated by values of as much as 10 to 20. An improvement on the advice to merge the bins, could
be to make the number of samples sum up to be dependent on the number of samples generated.
Although it has not been investigated it might also be beneficial to investigate an approach where
the bins are divided according to the theoretical percentiles, chosen to the required accuracy (say 1,
2 or 5 percent steps), because the percentiles will automatically scale the bin sizes with the shape of
the distribution. For one million samples as was used for the experiments in this project, a 1%
percentile division would result in ten thousand samples in a bin. For many cases this would not
produce the fidelity required to accurately evaluate the tails. Further investigation into an approach

to solve this problem is still required.

The addition of confidence intervals to the 7 test did provide better insight into the behaviour of
the generated distributions. Confidence intervals meant that although the mean value seemed stable
with change in distribution parameters, an increased variation in the results could be observed from
the trends of the confidence intervals. Larger confidence intervals relate to more variation in the
results, while narrow confidence intervals means there is little variation. A value of 99% confidence
was chosen, which was too strict. A value of 95% would have sufficed, since actual measured
clutter is very rarely an exact match to any model, be that model Weibull, Log-normal or Rayleigh

distributed.

The KL divergence value was implemented as a statistical distance measure between the analytical
and generated distributions. The actual size of the KL divergence value in itself did not provide
meaningful insight. There is no indication if a value of 0.1 is close match to a distribution, or if it is
a poor match. The KL divergence value however becomes useful when comparing it to other
previously calculated values. This allows one to compare how well a certain aspect of a distribution
is performing relative to itself, for example when the scale parameter is varied, or the correlation is
increased. The KL divergence value is not perfect, since it ignores places in the measured histogram
where no samples are generated, which causes unrealiable results. This was noticed for the Log-

Normal distribution, where the KL divergence value showed improved performance for larger tails,

even though the > showed otherwise, and the sampling in the tails became very sparse.
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Measuring the higher order moments of the distributions and comparing them to the theoretical ones
provided additional information that was not present when considering the results from the y” tests
alone. Although the measurement of all six moments from 1 to 6 seemed unnecessary because they
appear to follow scaled versions of the same trend, it would still be useful to include them all in
future research since they can alert one to other problems which were not encountered during this
project. The higher the order of the moment the more relevant it is to the tail of the distribution, and
this moment often signalled a lack samples in the tail region of the generated distributions. The
degradation of the higher order moments were also more gradual than was observed with the ¥’

test, which is more in line with what one would expect.

Considering all the information presented in this document, many relevant results were obtained.
The importance of well chosen PDF shape tests has been discussed and the relevance of the higher
order moments was confirmed. This project highlighted certain problems with clutter simulation
methods and proposed an alternative method to solve those problems. Although the alternate
method introduced other problems, the method is not thoroughly understood yet and will require
additional research to improve its performance, it exhibited relatively low complexity and good
performance. The method is not thoroughly understood yet and will require additional research to
improve its performance. The alternate method is more suitable for FPGA implementation, and
since hardware in the loop radar environment simulation is the eventual goal for the work, this
method might be more useful than those techniques in literature which focus purely on

mathematical tractability and software simulation.
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