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Shallow cable nets may be coupled into multi-layer configurations that are stiffer and stronger than
single-layer configurations. In a previous study, group theory was used to investigate double-layer cable
nets of Dy, symmetry by reference to a 32-node case study, revealing key insights on their vibration char-
acteristics. In this paper, and as an extension of the previous work, we present a rigorous group-theoretic
formulation for the computation of natural frequencies and mode shapes of double-layer cable nets of
Dy, symmetry, by reference to the same case study. The analysis reveals the existence of transverse-
extension modes that are unique to coupled cable-net configurations, at the same time demonstrating
the substantial computational benefits of the group-theoretic procedure. A numerical example is consid-
ered in order to illustrate how the eigenvalues and eigenmodes of the problem are actually calculated,
providing further insights on the vibration behaviour of the cable net.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Cable nets may be formed by prestressing a set of cables run-
ning in one direction against another set of cables running in
the perpendicular direction, with the two systems of cables being
curved in opposite directions. Such a system is very capable of re-
sisting external loads, with the stiffness of the structure being very
much a function of the tensile forces in the individual cables.

Cable nets find application as lightweight roofing systems for
long spans (Irvine, 1981; Szabo and Kollar, 1984; Vilnay, 1990).
They are usually shallow, with the vertical rise (or fall) of the net
being relatively small in comparison with the lateral dimensions
of the net. For present purposes, we will consider cable nets as
shallow if the rise-to-span ratio is less than 1/5. For such shal-
low nets, the reference plane for transverse motions may be taken
as horizontal. In the present study, which follows on earlier work
(Zingoni, 2018), we are interested in the small transverse motions
(i.e. vertical vibrations) of shallow cable nets, where one set of ca-
bles is assumed to run in the x coordinate direction and the other
set of cables is assumed to run in the y coordinate direction, with
the transverse direction being vertical and denoted by the z axis.

Following the assumptions of the earlier study (Zingoni, 2018),
the motion of the cable net is represented by discrete masses lo-
cated at the intersections of the cables, and the cables are assumed
to have tensile stiffness but no mass. All the mass of the cables
(and any additional mass due to fittings) is lumped at the nodes
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of the cable net. Lumped-parameter modelling is, of course, not as
exact as distributed-parameter modelling, but for the purposes of
gaining important insights on the key features of the vibration re-
sponse of the system, it is adequate. Other assumptions that we
will make are that the tensions in the cables are relatively large,
and the transverse displacements of the cable net remain relatively
small during vibration, so that the magnitudes of the tensile forces
in the cables do not change appreciably during the motion. More-
over, the friction between the cables at their intersections is con-
sidered to be negligible, so that the tensile force in a given cable
remains practically constant throughout its length. These linear as-
sumptions can be realised to a very good degree in many practical
situations.

Here, we are interested in cable nets that possess symme-
try properties, which are quite abundant in practice. Symmetry
has an influence on the static and kinematic behaviour of struc-
tures (Zingoni et al., 1995; Kangwai et al., 1999; Kangwai and
Guest, 1999, 2000; Fowler and Guest, 2000; Guest and Fowler,
2007; Chen et al., 2015), and special methods employed to anal-
yse this behaviour include those based on graph theory and its
variants (Kaveh and Rahami, 2004; Kaveh and Nikbakht, 2007;
Kaveh and Koohestani, 2008; Kaveh and Nikbakht, 2010; Chen
and Feng, 2016), and those based on group theory (Healey, 1988;
Zlokovic, 1989; Ikeda and Murota, 1991; Healey and Treacy, 1991;
Zingoni, 1996; Mohan and Pratap, 2004; Zingoni, 2005; Zingoni,
2008; Chen and Feng, 2012; Zingoni, 2012; Harth and Michel-
berger, 2016). Group theory is particularly suited to the study of
physical systems possessing multiple symmetry properties, and has
been particularly fruitful in physics and chemistry (Weyl, 1932;
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Wigner, 1959; Hamermesh, 1962; Schonland, 1965). Within engi-
neering mechanics, group theory has been extensively employed
to simply the analysis of problems of the statics, kinematics, vibra-
tion, stability and bifurcation of structures (Zingoni, 2009). Such
studies have included, among others, previous work of the au-
thor on the vibration of single-layer cable nets (Zingoni, 1996)
and double-layer space grids (Zingoni, 2005) of Cp, symmetry,
and on the determination of natural frequencies for rectilinear
spring-mass dynamic systems that can be transformed into equiv-
alent Cy,y systems (Zingoni, 2008). Group-theoretic ideas have been
exploited by other investigators to tackle the problem of the
forced vibration response of spring-mass models of C,, symmetry
(Kaveh and Jahanmohammadi, 2008), and the linear vibration anal-
ysis of shells with dihedral symmetry (Mohan and Pratap, 2002).
Group theory has also been shown to provide valuable insights
on structural behaviour (Zingoni, 2014; Chen et al., 2015), before
any numerical computations are performed. Furthermore, group-
theoretic formulations have been developed for numerical applica-
tions such as the finite-difference analysis of plates (Zingoni, 2012)
and the finite-element analysis of skeletal and continuum struc-
tures (Zingoni, 1996, 2005). Symmetry is not always easy to
identify in complex structures, so some studies have been directed
towards developing procedures for the automatic recognition of
symmetry (Suresh and Sirpotdar, 2006; Zingoni, 2012; Chen et al.,
2017, 2018).

Some remarks on the validity of the physical model adopted
here are in order. Although cable nets are generally considered
to be geometrically non-linear structures and usually analysed as
such (Siev, 1963; Otto, 1966; Buchholdt et al., 1968), their load-
deformation response may be nearly linear under certain condi-
tions, permitting a linear analysis. Even if this is not exactly the
case, essentially linear techniques may be used to overcome the
non-linear effects (Calladine, 1982; Pellegrino and Calladine, 1984;
Vilnay and Rogers, 1990). In our present treatment, the modelling
of cable-net behaviour has been kept very simple, even within the
context of linear theory itself, in order to keep the focus on sym-
metry and its effects. The intention is not to present a refined
model of cable-net behaviour; rather, it is to study the effects and
implications of symmetry, for which a simple physical model of
the cable net suffices. In any case, the cable net is assumed to be
shallow and highly tensioned, with the amplitude of the free verti-
cal vibrations remaining small throughout, conditions under which
the behaviour of the cable net is reasonably linear.

The vibration of single-layer cable nets with horizontal projec-
tions of G, and (4, symmetries (i.e. the symmetries of a rect-
angle and a square respectively) have been studied in a previ-
ous paper (Zingoni, 1996). Group theory enabled vibration modes
having coincident frequencies to be identified, and other predic-
tions (such as the existence of stationary nodes and nodal lines)
to be made. In the current work, we employ group theory to study
the vibration characteristics of double-layer cable nets belonging to
the symmetry group Dyj. Such cable nets may be formed by cou-
pling (in the vertical direction) two single-layer cable nets of Cy,
symmetry. Of interest here are extensible couplings whose axial
stiffness may be modelled by vertical springs. Coupling of shal-
low cable nets into double-layer configurations offers the possi-
bility of altering the load-carrying and dynamic characteristics of
single-layer systems in a beneficial way. However, the higher-order
symmetry of the Dy, configuration complicates the vibration re-
sponse of the cable net. Group theory becomes particularly useful
for unravelling the complexities and better understanding the dy-
namic response.

Like the vibrating particles of a layered crystal structure with
orthorhombic (D,y,), tetragonal (Dgy,) or cubic (O,) symmetry, lay-
ered cable nets of D,, symmetry exhibit transverse extensional
modes (i.e. expansion and contraction of the vertical distance be-

tween layers) which are irrelevant in the case of single-layer ca-
ble nets and other single-layer structures that have been studied in
the past. In the case of double-layer cable nets of present interest,
the spring-like coupling between the two layers permits the upper
and lower layers of the cable net to move independently of each
other, thus doubling the total number of system degrees of free-
dom, in comparison with single-layer cable nets (or rigidly con-
nected double-layer cable nets whose layers move up and down
together).

It is the occurrence of these additional extensional modes (or
“breathing” modes) that distinguishes the present study from the
previous one (Zingoni, 1996). Group theory is expected to reveal
new insights specific to D,, cable-net configurations. Indeed, for
the problem of the vibration of double-layer cable nets of D4, sym-
metry, such insights have already been reported in the first part
of the current work (Zingoni, 2018). These have included the type
of symmetries to be expected of the various vibration modes, the
number of modes that will exhibit a given type of symmetry,
the existence of pairs of modes of the same natural frequency, and
the nature of the symmetry associated with such paired modes.

The present paper is a continuation of the work on double-
layer cable nets of D4, symmetry. Having gained some qualita-
tive insights in the first paper (Zingoni, 2018), we will now turn
our attention to computational aspects. We will present the group-
theoretic formulation of the eigenvalue problem, and using the re-
sults for subspace basis vectors that were presented in the first
paper (Zingoni, 2018), we will show how symmetry-adapted flex-
ibility matrices for all ten subspaces are obtained, and how sub-
space eigenvalues (i.e. natural frequencies of the cable net) readily
follow.

The structure of the rest of the paper is as follows. In Section 2,
we outline the linear theory governing the response of the cable
net, and present the equations of motion for the upper and lower
layers of the net. In Section 3, we present a brief description of
the group-theoretic procedure as applied to vibration analysis. In
Section 4, after describing the layout and symmetry properties of
the double-layer cable net that will form the subject of the rest of
the paper, we summarise key results for symmetry-adapted free-
doms (basis vectors) for the various subspaces of the problem, as
derived in the companion paper (Zingoni, 2018). These are central
to the derivations in Section 5, where basis vectors are used to
generate the symmetry-adapted flexibility matrices for all ten sub-
spaces of the problem. Symmetry-adapted mass matrices are pre-
sented in Section 6. In Section 7, the general procedure for the
calculation of eigenvalues and eigenvectors is explained, and in
Section 8, a numerical example is considered, to illustrate how the
natural frequencies and mode shapes of the cable net are actually
calculated. The final section summarises the findings and conclu-
sions of the paper.

2. Conventional formulation of the problem

We assume the double-layer cable net lies in the xyz Cartesian-
coordinate reference system. For a given layer (top or bottom), let
us denote the constant horizontal component of the cable force in
the Ith cable of the x-orientated cables (numbering &) by H, j, the
constant horizontal component of the cable force in the jth cable
of the y-orientated cables (numbering n) by H, ;, the horizontal
spacing of the x-orientated cables by a, the horizontal spacing of
the y-orientated cables by b, the vertical coordinate of the equilib-
rium position of node {j, [} of the net by z; ;, the vertical load at
node {j, I} by P;;, and the concentrated mass at node {j, [} by m; ;.
Furthermore, let us distinguish the top and bottom layers of the
cable net by the superscripts t and b respectively. The stiffness of
the spring connecting the top and bottom nodes of the cable net
at the intersection {j, [} will be denoted by k; ;.
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Fig. 1. Forces at top and bottom nodes of cable-net intersection {j, [} when the
masses are in their equilibrium positions.

Fig. 1 is a view in the xz vertical plane, showing the forces at
the top and bottom nodes of cable intersection {j, [}. Notice that
for the top layer, the nodal displacements and nodal loads are con-
sidered positive when acting downwards, whereas for the bottom
layer, nodal displacements and nodal loads are considered posi-
tive when acting upwards. This convention is consistent with the
group-theoretic convention proposed by the author in some of his
earlier work (Zingoni, 2008, 1996, 2005), where the centre of
symmetry or plane of symmetry is taken as the origin or the refer-
ence plane, and displacements or forces are considered positive if
away or towards the centre of symmetry or plane of symmetry. In
the present problem, the reference plane for the system is the hor-
izontal xy plane of symmetry that lies midway between the two
cable-net layers. We take the direction towards the plane of sym-
metry as the positive direction (i.e. downwards for the top-layer
nodes, and upwards for the bottom-layer nodes). Applied to the
double-layer cable net, this novel convention allows us to take ad-
vantage of horizontal mirror symmetry more efficiently. The view
in the yz vertical plane would be similar, except that the cable
forces become H, ;, the z parameters assume the values for the y
direction, and the cable-spacing parameter becomes b.

By reference to the figure, the following relations, which are
statements of the condition of vertical equilibrium at nodes {j, [}

(G=1,2, ... n; 1=1,2, .., &) of the top and bottom layers of the
cable net, may be written down:
Ht | t
X, Y
(qu | _25'71 1~ j+1 1) + T(ZZI Zﬁ: -1 _Zs', 1+1)
+k1 (Z,+2))—-P =0 (1a)
b b

H Hb .
. (22 ~Ziaa =)+ 5 (28 =2 =7 )
+kj',(ij,+zj,,)—PJ?l:0 (1b)

Note that for the top node, we have resolved the forces in the up-
ward direction (i.e. we have taken “upwards” as positive), while for
the bottom node, we have resolved the forces in the downward di-
rection (i.e. we have taken “down” as positive). The two equations
are coupled through the k;; terms that contain displacements of
both layers.

Let us denote the small-amplitude vertical vibrations of the
cable-net nodes by v; ;. At node {j, I}, the displacement v; ; due to
vibration is measured from the equilibrium position of the node.
Similar to the convention adopted for z; ;, for the top layer of the
cable net, v; | is considered positive when acting downwards, while
for the bottom layer, v;; is considered positive when acting up-
wards. Consistent with the assumption of linear behaviour, the in-

tervals a and b do not change significantly during vibration, and,
as already stated, Hy; and H ; also remain practically constant.
Adapting Equations (1), the equations of motion for nodes {j, [}
of the top and bottom layers of the cable net may therefore be
written as

Ht
,1
. [2(25',1 FV ) = (2 + 7’5'_1. D= (2541, 1+ Vi l)]

t
y t t L t L
B [2(2 V) — (2 V) — (@ Y 1+1)]

+ki~1{(zj,l+”§.1)+(Z?.l+”?.l)} =P +mj, i, =0 (2a)

b b b b
[ Z +VJ ) - (2171.14"’171,1)_(Zj+1,1+”j+1,1)]

b b b b b
[2(2 TV ) =@+ ) = (Z Y 1+1)]

+k { () + (@ +08 ) P+ md i =0 (2b)
where for each layer, ¥; ; is the acceleration of mass m; ;, and the
last term on the left-hand side represents the inertial force acting
on the mass.

Making use of Egs. (1) to simplify Egs. (2), we obtain

H¢ Ht .
X, | Y. J
a (205 v~V ) + b (2v}

b
Hy
b

¢ ¢
1=V~ l+1)

k(08 ) +ml i =0 (3a)
HP, Hb .
X, » b Y. J (b b b
(2’/ l,l_vj+1<l)+T(2vj,l_vj, -1~V 1+1)
+k;j 1(1/]-_1 + 1/?, ,) + mﬁ lﬁ?‘l =0 (3b)

In our formulation of the vibration problem, we will use the
flexibility approach (rather than the stiffness method), in view of
its conceptual advantages. The cable-net system has a total of 2né
nodes (i.e. n& nodes per layer). The associated flexibility coeffi-
cients can readily be calculated on the basis of Equations (1), as
the deflections that ensue at each of the 21n& nodes of the cable
net, when a unit vertical load is applied at node {r, s} (r=1, 2,
o s=1,2, ..., &) of layer i (i=1, 2) while all other nodes are
unloaded.

We set up, using Egs. (1), a system of 2n& simultaneous equa-
tions in 2n& unknowns (i.e. the zj,. , and zﬁ ;)» whose right-hand
sides are all zeros except when j=r and [=s in the layer in which
the unit load is applied, where P{ = Pf ;=1 or P]’.?l =PP =1 (de-
pending on whether the unit load is placed in the top layer or the
bottom layer). This system is then solved for the z. o and z - The
procedure is repeated with the unit vertical load at another node
of the cable net, until all 2n&nodes of the layer have been sub-
jected, one node at a time, to the unit vertical load. In this way,
all the 4n 2¢ 2 flexibility coefficients of the linear-elastic net can
be generated. Unfortunately the procedure can be computationally
very challenging if the parameters 1 and & are very large. Hence
the need for computational simplifications.

The group-theoretic approach decomposes the vector space of
the cable-net problem into a number of independent subspaces
spanned by symmetry-adapted variables, within which flexibility
matrices are of dimensions much smaller than 2n& x 2né. This en-
ables us to obtain the natural frequencies of vibration and mode
shapes of the cable net much more conveniently.

3. The group-theoretic procedure in brief

The first step of a group-theoretic analysis consists in identify-
ing the symmetry elements, and hence the symmetry group G of
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Fig. 2. Plan view of 32-node double-layer cable net of Dy, symmetry.

a given physical problem. An idempotent P{) corresponding to a
given irreducible representation R() of the symmetry group, when
applied on arbitrary vectors of the space V of the problem, has
the property of nullifying every vector which does not belong to
the subspace S{) associated with R() (Zingoni et al., 1995; Zlokovic,
1989; Zingoni, 1996, 2005, 2015). Thus, the operator P{) selects
all vectors belonging to the subspace S, and therefore acts as a
projection operator (Hamermesh, 1962) of the subspace S, Idem-
potents of groups D,, and Dy, were given in the preceding paper
(Zingoni, 2018).

In vibration problems, applying an idempotent to each of the
arbitrary functions describing the motions of a system with n de-
grees of freedom gives the symmetry-adapted functions for the
corresponding subspace, from which a set of r (r<<n) indepen-
dent basis vectors spanning that subspace may readily be written
down. This procedure was illustrated in detail in the preceding pa-
per (Zingoni, 2018), where all subspace basis vectors for the Dy
cable net were derived.

For a given subspace of the decomposed problem, the basis vec-
tors take the place of the normal degrees of freedom in a con-
ventional vibration analysis, and are used to derive the symmetry-
adapted flexibility matrix for the subspace. The symmetry-adapted
mass matrix may also be readily written down, as this is simply
made up of the values of the masses at the locations of the basis
vectors. This allows a smaller eigenvalue problem to be set up for
each subspace.

Solving the eigenvalue problem for a given subpace (which is
of dimension r), we obtain the eigenvalues of the subspace which,
very importantly, are also the eigenvalues of the original problem
(Hamermesh, 1962). In this way, all the eigenvalues (or natural fre-
quencies) of the original problem are obtained by solving a series
of smaller eigenvalues problems, all independently of each other.
In this way, the group-theoretic approach affords a significant sav-
ing in computational effort.

4. The double-layer cable net of D, symmetry
4.1. Layout and symmetry properties

Let us consider the 32-node double-layer cable net that was in-
troduced in the earlier paper (Zingoni, 2018). For ease of reference,
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Fig. 3. Vertical sections of the 32-node double-layer cable net (refer to labels in
plan view of Fig. 2): (a) section A; (b) section B; (c) section C; (d) section D.

we will repeat the description of that cable net. Fig. 2 shows a hor-
izontal projection of the cable net, with the top-layer nodes num-
bered 1 to 16 and the bottom-layer nodes numbered 17 to 32. The
cable net is, of course, curved in 3-dimensional space, but being
very shallow, it may be approximated as two layers of cable nodes
in parallel horizontal planes, as shown in the vertical sections of
Fig. 3. The overall configuration belongs to symmetry group Dyy,.

In Fig. 2, the principal rotation axis G, is vertical and passes
through the centre of the diagram; it contains the centre of
symmetry of the whole configuration, which is located midway
between the two layers of the cable net. The vertical C, axis is as-
sociated with the rotation symmetry operations {Cy, C4‘1, G}. The
horizontal reflection plane associated with the symmetry opera-
tion o is located at the level of the centre of symmetry of the
configuration. The combination of rotations about the C, axis and
reflection in the horizontal central plane gives rise to the rotary-
reflection operations {Sy, Sj, S,}, the last of these being equiva-
lent to the inversion operation i.

The four vertical reflection planes associated with the sym-
metry operations {ox, 0y, 041,04} are indicated by the coordi-
nate axes {x, y} and the diagonal axes {dy,d,} as shown. These
four vertical planes also contain the nonprincipal C, rotation
axes {C, G, €41, €42} which are all horizontal and pass through
the centre of symmetry. For a more detailed description of the
symmetry elements of group Dy, reference may be made to the
preceding paper (Zingoni, 2018).

The cables are assumed to carry prestressing forces of magni-
tude T; or T,. In plan, the arrangement of cable forces conforms
to C4, symmetry (as is clear from Fig. 2). In elevation, pairs of ca-
bles lying in the same vertical plane have the same prestress force
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Fig. 4. Unit vertical forces applied in accordance with the coordinates of the basis vectors for subspace S(): (a) Set of unit forces associated with <I>§”: (b) Set of unit forces
associated with <I>§”; (c) Set of unit forces associated with <I>§”. (For interpretation of the references to color in this figure, the reader is referred to the web version of this

article.)

(see Fig. 3). Thus the overall pattern of prestressing also conforms
to the Dy, symmetry of the structural configuration. If group Dy
is to be applicable to the vibration analysis, then the pattern of
prestressing, which is an internal property of the cable net, must
have the full Dy, symmetry of the structural layout. However, ex-
ternal loads that are applied at the nodes do not have to conform
to any particular symmetry group, as any set of arbitrary exter-
nal loads can always be decomposed into symmetry-adapted loads,
and the components so obtained allocated to their respective sub-
spaces (Zingoni et al., 1995).

The symmetry operations of group Dg4,, when applied on the
nodal positions 1 to 32 of the double-layer cable net, yield three
permutation sets: corner nodes {1, 4, 13, 16, 17, 20, 29, 32},
mid-side nodes {2, 3, 5, 8, 9, 12, 14, 15, 18, 19, 21, 24, 25, 28,
30, 31}, and centre nodes {6, 7, 10, 11, 22, 23, 26, 27}. Consis-
tent with the requirements of Dy, symmetry, each node of a given
permutation set will be modelled with the same mass, and the ver-
tical members coupling the nodes of a given permutation set will
also be assigned the same stiffness. The masses and coupling stiff-
nesses for the three sets of nodes are denoted by {m, m,, m3} and
{kq, ky, k3} respectively, as illustrated in Fig. 3.

4.2. Symmetry-adapted freedoms

As shown in the preceding paper (Zingoni, 2018), application of
the idempotents of symmetry group Dy, to the vector space of the
32-node double-layer cable net (which is spanned by the degrees
of freedom vy, vy, ..., V3 representing the vertical motions of the
masses at the cable nodes) decomposes the vector space into 12
subspaces which are spanned by symmetry-adapted freedoms as
basis vectors. Here is a summary of the results, which form the
basis of the derivations in Section 5:

Basis vectors for subspace S(1)

D = vy + Vg + V13 + Vig + V17 + Vag + Vg + V32 (4a)
CI)SI) =Vy +V3+ Vs + Vg + Vg + V2 + V14 + V15 + V1g + V19

+ V21 + Vg4 + Vp5 + Vg + V30 + VU3 (4b)
L = U + V7 + V1o + Vpt + Vap + Va3 + Vg + Vg (4¢)

Basis vector for subspace S(2)
2
P = vy — V3 — Vs + Vg + Vg — U1y — V14 + V15 + V1 — V1o
— VU1 + V24 + V25 — Vg — V30 + V3g (5)
Basis vector for subspace 5¢)
d)?) =Vy+ V3 —VUs —Vg —Vg— Vi3 +Vig+ V15 +Vig + Vg
— V21 — Va4 — V25 — Vg + V30 + V31 (6)
Basis vectors for subspace S()
4
d>§ ) = V1 — V4 — V13 + V16 + V17 — Voo — V29 + V3 (7a)

4
<1>§) =V —V3+ V5 —Vg —Vg+ V12 —Vig +Vi5 +Vig — Vig + V21

— V24 — Vs + Vg — U3 + V31 (7b)
4
DY = v — V7 — V1o + Ui + Vap — Va3 — Vg + Uy (7c)
Basis vectors for subspace S©A)
5A 5
(bg )=¢§)=U]—U15—U]7+U32 (8a)
DO = OF) = v — V11 — Uyp + Va7 (8b)

<1>§5") = ¢§5) + q’és) =Vy+ Vs — V12 — V15 —V1g — V21 + Vag + U3
(8¢)

A
q)‘(f ) — Cbgs) - @és) =V3 — Vg + Vg — V14 — V19 + V4 — VUp5 + U3g

(8d)

Basis vectors for subspace S(°B)
OPP = P = vy — Vi3 — V39 + Va9 (9a)
PP = O =17 — 119 — V33 + V2 (9b)

B
PP = ) — O = vy — Vs + 1y — V15 — Vig + Va1 — Vag + U3y
(9¢)
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L _5

Fig. 5. Unit vertical forces applied in accordance with the coordinates of the basis
vector for subspace S@?): Set of unit forces associated with <I>§2’. (For interpretation
of the references to color in this figure, the reader is referred to the web version of
this article.)

q)§53) = (D§5) + q>£(§5) =V3 + Vg — Vg — Vg — V19 — Vg + V25 + VU3
(9d)
Basis vectors for subspace S(®)
6
<I>§ ) = Vy —V3 —Vs5 + Vg + Vg — V12 — V14 + V15 — Vig + Vig
+ Va1 — Vog — Va5 + Vg + V30 — U3y (10)

Basis vectors for subspace S(7)

7
O = vy + Vg + Vi3 + Vig — V17 — Vag — Vg — U3y (11a)
@;7) =V +V3+Vs5 4+ Vg + Vg + V12 + V14 + V15 — V1g — V19
— Va1 — Vag — Ups — Vag — V30 — U3y (11b)
7
cI)é) =Ug + V7 + V1o + V11 — VUpp — V33 — V26 — V27 (11c)
Basis vectors for subspace S(8)
8
d>§ ) = U1 — Vg — Vi3 + Vis — V7 + Va0 + V29 — U3 (12a)

8
cI>§) =V —=V3+ Vs —Vg —Vg+Vip —Vig + V15 — Vig + V1g — Upg
+Vaq + Vg5 — Vag + V30 — U3 (12b)

8
P = Vg — V7 — V1o + Uiy — Uap + Va3 + Vg — Uy (12c)
Basis vector for subspace S5
9
<I>§ ) = Vy +V3 = Vs —Vg — Vg — V12 + V14 + V15 — V1g — V19 + V21
+ V24 + V25 + Vog — V30 — U3 (13)
Basis vectors for subspace S(104)

dD?OA) = @510) =V1 —Vig + V17 — V32 (14)

Fig. 6. Unit vertical forces applied in accordance with the coordinates of the basis
vector for subspace S®): Set of unit forces associated with <I>§3). (For interpretation
of the references to color in this figure, the reader is referred to the web version of
this article.)

@;lOA) = CI)SO) = Vg — V11 + V2 — VUyp7 (14b)
q)§10A) _ q)gw) + cDélo) =1Vy + V5 — Vi3 — V15 + Vg
+ V1 — Vg — U3q (14c)

10A 10 10
(Dé(l ):Cl)g )_(I)é )=U3—Us+U9—U14+U19—U24+U25—U30

(14d)

Basis vectors for subspace S(198)
D1 — @1 — vy — V13 + 59 — Vg (15a)
OB — U0 — y; — 115+ 153 — V26 (15b)

108 10 10
‘bé )=¢£ )—‘Df—, ):UZ_U5+U12_V15+U18_U21+V28_V31
(15c¢)

10B 1 1
CDL(‘O):CD;O)—F(D;O):U3+U8—1/9—1)14+U19+U24—U25—1}30
(15d)

5. Symmetry-adapted flexibility matrices

Figs. 4 to 13 show, for subspace SV up to $19), unit vertical
forces applied upon the cable-net nodes in accordance with the
coordinates of the respective basis vectors. As explained previously
(Zingoni, 2018), consideration of either subspace S©4) or S(B) will
yield all the 8 natural frequencies of subspace S®), which occur as
four sets of repeated roots. Similarly, consideration of either sub-
space S(194) or S(10B) ]| yield all the 8 natural frequencies of sub-
space S(19 which also occur as four sets of repeated roots. We
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have chosen subspaces S©4) and $(1%4) as representative of sub-
spaces S®) and s(19),

In plotting the set of unit vertical forces for each basis vec-
tor, the top and bottom layers of the cable net are shown sepa-
rately (one below the other), for clarity. The sign (positive or neg-
ative) of the unit vertical force applied at a given node is given
by the sign of the corresponding basis-vector component. Consis-
tent with our convention for displacements, the positive direction
of the unit vertical forces is taken as the direction towards the
central horizontal plane of symmetry of the double-layer cable net
(i.e. downward for top-layer nodes, and upward for bottom-layer
nodes). To enhance clarity, positive unit forces are shown in black,
while negative unit forces are shown in red. As an example, the
basis vector d>§1) of subspace S(1) — refer to Eq. (4a) - has eight
components {vy, V4,V13,V16,V17,V20,V29,V32 }, Which are all positive. So
in plotting Fig. 4(a), unit vertical forces are shown pointing down-
wards at the top-layer nodes 1, 4, 13 and 16, and pointing up-
wards at the bottom-layer nodes 17, 20, 29 and 32, all being in
black.

For a given subspace spanned by r basis vectors, let d;; (i=1,
2, ..., 1r; j=1, 2, ..., r) be the vertical displacement at any of
the nodes of the basis vector ®;, due to unit vertical forces simul-
taneously applied at all the nodes of the basis vector ®;. At each
node of the cable net experiencing the vertical displacement dj,
the vertical resultants of the cable tensions will be in equilibrium
with the spring force, and any unit vertical force that may be act-
ing at that node. Setting a=b (equal cable spacing in both the x
and y directions), and using the values of cable forces and spring
stiffnesses applicable for the node in question (refer to Figs 2 and
3), we can make use of either of Eqs. (1) to write down the equi-
librium equation for the node. As a result of applying unit vertical
forces at all the nodes of the basis vector @, the condition of ver-
tical equilibrium at each of the r sets of nodes (corresponding to
the r basis vectors of the subspace) leads to r simultaneous equa-
tions in the r deflection unknowns {dyj, dyj,..., d;}, which may be
expressed as follows:

bﬂ b]2 blr dl] 81]
by by bar | ) dy; 82j (16)
brl br2 brr drj Srj

for j=1,2, .., 1 §;=1if i=j, §;=0if i # j. This equation can be
written as
{8}

(8 {d;}
where [B¥)] is the rx r equilibrium matrix corresponding to sub-
space S(#); {6;} is an rx 1 column vector consisting of a "1” at row
j and "zeros" everywhere else; and {d;} is the rx 1 column vec-
tor of deflections corresponding to the application of unit vertical
forces at each of the nodes of ®;. Thus the elements of {d;} are
the flexibility coefficients corresponding to the application of unit
vertical forces at the nodes of ®;.

Re-arranging Eq. (17), we obtain the solution for the {d;} as fol-
lows:

-1 .

{di} =[B™] {8} =12, ....r (18)
where the column vectors {§;} are as defined above. Putting to-
gether the solutions for the column vectors {d;} for all values of j
(ie.j=1, 2, ..., r), we obtain the assembled r x r flexibility matrix
for subspace S(*), which we will denote by [A(*)], as follows:

[AW]=[{d:}  {d2} {dr}]

Below, we derive the [B(#)] matrix for each of the ten subspaces
of the double-layer cable net. We first express, on the basis of Egs.
(1), the conditions of vertical equilibrium at the nodes of each ba-
sis vector of the subspace, and then collect these into the form
[BY)){d;}=8;]. This procedure for generating the [B(*)] matrices is
key to the group-theoretic computational scheme. With the [B(*)]
matrices known, the {d;} may then be evaluated from Eq. (18), and
put together in accordance with Eq. (19) to yield, for each subspace
S, the associated symmetry-adapted flexibility matrix [A(*)].

(17)

(19)

Subspace SO

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3) - refer to Fig. 4 - yields the
following equilibrium equations:

At nodesof @1 : %(zd]]‘*O*dzj)‘i’%(zd]j*()*dz]‘)

+kq (d]j + d]j) = 81]‘ (20a)

T; T;
AtnOdeSqu)2: El(Zde_d]j_de)+Ez(2d2j_0_d3j)

+ky (dzj + d2j> = 82j (20b)
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Atnodesof s :

+ k3 (d3j + d3j)

Writing these equations in matrix form (i.e. in the format of

Eq. (16)), we obtain

%(21131 — daj — dy;) + %(2‘131' — dy; — d3))
=68 (20c)

(3 +2ky) — 0 dij 81j

-4 (128 4 2k,) - dyj t = {8y

0 -2 (22 +2ks) | Uds; 33
(21)

e T,

T. , 5 6 7 8 ,
2/ /; f/ 7T,
T, s 9 10 12 P
7 11 7T,
13 14 15 16

Vo

T T, T, T

LT, T, 7
L T
T 17,18 19 20//1
T/z’ 21/{1/53 W 76
/2’ 25 26 21 28 T
VLV
T T T T
(b)
L L, I, T
e T
T, 3 ¢ Z/H//T '
T,, o 1w/ 1/ n i T/2
T//‘§/; 157 16 ,/2

(d)

where 3;;=1 if i=j; §;=0 if i # j. The required equilibrium ma-
trix for subspace S, that is [B(1)], is the 3 x 3 matrix in the above

equation.
Subspace S2)

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1) - refer to Fig. 5 - yields the following

equilibrium equation:

At nodesof ®; : %(Zdlj—0+d1j)+%(2d1j—0—0)

+k2(d1j+d1j) 281]‘

Writing this equation in matrix form (i.e. in the format of Eq. (16)),

we obtain

3T + 2T
(22 12k s} = fou)

75

(22)

(23)
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Fig. 9. Unit vertical forces applied in accordance with the coordinates of the basis
vector for subspace S©: Set of unit forces associated with d)f”. (For interpretation
of the references to color in this figure, the reader is referred to the web version of
this article.)

where, in this case, {d;;}={dy;} and {§;}={11}=1. The equilib-
rium matrix for subspace $2), that is [B(?)], is the 1 x 1 matrix in
the above equation. In this very simple case, the subspace flexibil-
ity matrix [A®)] is a 1x 1 matrix, and immediately follows from

Egs. (19) and (23):
! } (24)

3T +2T,
- —+ 2k2

[A®] = [{di}] = [du] = [

Subspace SG)

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1) - refer to Fig. 6 - yields the following
equilibrium equation:

At nodesof ®; : %(zdu—O—dU) + %(Zd”—O—O)
+k2(d1j+d1j) =51j (25)

Writing this equation in matrix form (i.e. in the format of Eq. (16)),
we obtain

T + 2T,
[ s +21<2]{d]j} = {81 (26)
where, in this case, {dy;}={d;} and {§;}={811}=1. The equilib-
rium matrix for subspace $), that is [B®)], is the 1 x 1 matrix in
the above equation. In this very simple case, the subspace flexibil-
ity matrix [A®)] is a 1 x 1 matrix, and immediately follows from
Egs. (19) and (26):
1
i| (27)

T1+2T,
1T + 2’(2

[49)] = [{di)] = [du] = [

Subspace S

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3) - refer to Fig. 7 - yields the

following equilibrium equations:
T T
AtnOdeSOfCI)l. E(Zd]j—O—dzj)‘i‘E(Zd]j—O—dzj)
+kq (dlj +d1j> = 81_,' (28a)
. h L
At nodesof @, : E(Zdzj_d]j+d2j)+z(2d2j_0_d3j)
+ky (dzj + dzj) = 82]‘ (28b)
. b L
Atnodesof @3 : i (2d3j - dzj + d3j) + E(2d3j — dzj + d3j)
+ks(ds; + dsj) = 83; (28¢)

Writing these equations in matrix form (i.e. in the format of
Eq. (16)), we obtain

(% + 2k1) -4 0 dyj 81j

*% (737—1221-2 + 2’(2) — %2 de = 821‘

0 -2 (%2 +2ks) | Uds; 33
(29)

where 8;;=1 if i=j; §;=0 if i # j. The required equilibrium ma-
trix for subspace S, that is [B()], is the 3 x 3 matrix in the above
equation.

Subspace SGA)

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3, 4) - refer to Fig. 8 - yields the
following equilibrium equations:

At nodes of ®; : %(Zdlj —0—dsj) + %(Zdw —0—ds)

+ k1 (d]j —d1j) 28]]‘ (30a)
T T

At nodes of @, : E(Zdzj —d3;—0) + E(Zdzj —ds; —0)

+k3(d2j —dzj) 282]' (3Ob)

AandESqu)g : %(2(13]‘—(1]]'—(14]’)+%(2d3]’—0—d2]’)

+ky (d3j - d3j) = 83]' (30c)
T T,
AtnOdeSOfCI)4: E(zd‘”_d3"_0)+z(2d4j_0_0)
+k2 (d4] - d4]) = 84]' (30d)

Writing these equations in matrix form (i.e. in the format of
Eq. (16)), we obtain

i % 0 _% 0 7 d]j 81]'
0 & - 0 ||dy| |5y
_%1 _% 2(71;7'2) _%1 d3j - 53],
L O 0 -4 20T | | dy; 8aj
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where 8; =1 if i=j; §;;=0if i # j. The required equilibrium matrix
for subspace S(*4), that is [B®4)], is the 4 x 4 matrix in the above
equation.
Subspace S(©
Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1) - refer to Fig. 9 - yields the following
equilibrium equation:
Atnodesof @, 1 1(2dy; —0+dyj) + 2 (2dy;— 0~ 0
t no eSOf 1: E( 1j — + ]J)—FE( 1j—0— )
+ka(dij —dyj) = 8y

Writing this equation in matrix form (i.e. in the format of Eq. (16)),
we obtain

3Ty +2T;
[ (0 = (o) )

(32)

where, in this case, {dy;}={d;1} and {§;}={811}=1. The equilib-
rium matrix for subspace S5, that is [B(®)], is the 1 x 1 matrix in
the above equation. In this very simple case, the subspace flexibil-
ity matrix [A®)] is a 1 x 1 matrix, and immediately follows from
Egs. (19) and (33):

[A©] = [{di}] = [du] = [arlzr]

Subspace S(7)

(34)

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3) - refer to Fig. 10 - yields the
following equilibrium equations:

At nodesof ®; : %(zd]jfofdzj)“l’%(zd]]‘*O*dz]’)

+kq (d]j - du) = 81]' (35a)
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Fig. 12. Unit vertical forces applied in accordance with the coordinates of the basis
vector for subspace S): Set of unit forces associated with CD(19). (For interpretation
of the references to color in this figure, the reader is referred to the web version of
this article.)

At nodesof @, : %(Zdzj—d”‘—dzj)+%(2d2]‘—0—d3]‘)
+k2(d2j —dzj) :82j (35b)

T T
At nodesof @3 : HZ(ZdBJ — dzj — d3j) + 5(2(13] - dzj — dgj)
+k3(d3j —d3j) =83j (35¢)

Writing these equations in matrix form (i.e. in the format of
Eq. (16)), we obtain

4T, 2T,
a 0 0 dij 81j
T; T, +2T; T N i
-7 Tt % |y =1%i (36)
2L 2L . .
0 — m d3] 83]

where 8;;=1 if i=j; §;=0 if i # j. The required equilibrium ma-
trix for subspace S(7), that is [B{7)], is the 3 x 3 matrix in the above
equation.

Subspace S(®

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3) - refer to Fig. 11 - yields the
following equilibrium equations:

At nodesof ®; : %(Zdu —0—dyj) + %(Zdu —0—dyj)

+k1 (d]j — d]j) = (S]j (373)

At nodesof @, : %(2d2j7d1j+d2j)+%(2d2]‘707d3]‘)
+k2(d2j —dzj) :82]‘ (37b)

T T
Atnodesof (ORI 5(2(13] — de +d3]) + 52(2(13_, - d2j + d3_,)

+ k3 (d3] — d3]) = 83]' (37C)

Writing these equations in matrix form (i.e. in the format of
Eq. (16)), we obtain

44 _2h . .

a a 0 dl] 511

T 3N1+2T T B .
e e R LT R T (38)

_25 6L : .

0 a a d3] 63]

where 8;;=1 if i=j; ;=0 if i # j. The required equilibrium ma-
trix for subspace 5, that is [B(®)], is the 3 x 3 matrix in the above
equation.

Subspace S

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1) - refer to Fig. 12 - yields the following
equilibrium equation:

Atnodesof ®;: L(2dy; —0—dy;) + 2 (2dy,— 0—0
t nodesof ®; : E( 1j—0— ]j)+E( 1j—0-0)
+k; (d]j - d]j) = 81]' (39)

Writing this equation in matrix form (i.e. in the format of Eq. (16)),
we obtain

[T] -ZZTZ:I{CI”}:{(S”} (40)

where, in this case, {dy;}={dy;} and {§;}={811}=1. The equilib-
rium matrix for subspace S, that is [B®)], is the 1 x 1 matrix in
the above equation. In this very simple case, the subspace flexibil-
ity matrix [A(®] is a 1 x 1 matrix, and immediately follows from
Eqgs. (19) and (40):

[A©] = [{d}] = [dn] = [TIZT] (41)

Subspace S(104)

Simultaneous application of unit vertical forces at all the nodes
of the basis vector ®; (j=1, 2, 3, 4) - refer to Fig. 13 - yields the
following equilibrium equations:

At nodesof ®; : %(zdlj—o—d:;]’)+%(2d]]’—0—d3]’)

+kq (d]j + dlj) = 81]' (42&)
Ib I
At nodes of @, : E(Zdzj —ds;—0) + E(Zde —ds; - 0)
+ kg (d2j + dzj) = 82j (42]))
T L
At nodesof &3 : E(2d3j_d]j_d4j)+z(2d3j_0_d2j)
+ kz (d31 + d3j) = 83]' (42C)
T T
AtnOdeSOfCI)4: E(2d4j—d3j—0)+z(2d4j—0—0)
+ky (d4j + d4j) = 84j (42d)

Writing these equations in matrix form (i.e. in the format of
Eq. (16)), we obtain
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Table 1

Degrees of characteristic equa-
tions of subspaces of the 32-
node double-layer cable net.

7. Eigenvalues and eigenvectors

Eigenvalues A (= 1/w?, where w is a natural circular frequency
of the system) for each subspace are obtained from the vanishing

Subspace x(=n condition of the determinant:
S 3 _
5o : [[a9] - a[mo] | = 0 (47)
5@ 1
52:) 3 where [A(W)], the subspace flexibility matrix, consists of elements
2(53) j dj (i=1, 2, ..., r;j=1, 2, ..., r) as obtained in Section 5, and
56 1 [M(®)], the subspace mass matrix, consists of non-zero diagonal el-
57 3 ements m;; (i=1, 2, ..., r) as obtained in Section 6. Written in
gg; ? expanded form, the above determinant becomes
S(IOA) 4
<10 4 (din — (A/mn)) di; : dir
Full Space 32 dy (dp — (A/mp)) . dyr -0
dr dr (dir — (A/myy))
(48)
(4T, 2T 7]
(%0 +2k) 0 - 0 d] (8
4T, 2T,
0 (TZ + 2k3) -3 0 dy; Y
= (43)
_%1 _% (z(ﬂaﬂz) +2k2) _% ds; 83;
i 0 0 _TE] (2(Tla+Tz) +2,<2)_ d4j 84j

where 8;; =1 if i=j; §;;=0if i # j. The required equilibrium matrix
for subspace S(104), that is [B(194)], is the 4 x 4 matrix in the above
equation.

6. Subspace mass matrices

As already pointed out in Section 4.1, the distribution of con-
centrated masses at the nodes of the double-layer cable net is con-
sistent with the overall D4, symmetry of the net. Nodes belonging
to the same permutation set under the operation of the elements
of group D, have the same values of mass, designated as follows
(see Fig. 3):

- corner nodes {1, 4, 13, 16, 17, 20, 29, 32}: m,

- mid-side nodes {2, 3, 5, 8, 9, 12, 14, 15, 18, 19, 21, 24, 25,
28, 30, 31}: my

- centre nodes {6, 7, 10, 11, 22, 23, 26, 27}: m3

The symmetry-adapted diagonal mass matrix [M(*)] for a given
subspace S(%) consists of non-zero diagonal elements m; (i=1, 2,
..., ), which are the values of the mass at each of the nodes of
basis vector ®;. Thus for the ten subspaces of our problem, the
results for symmetry-adapted mass matrices are as follows:

m 0 0
)= @] = M) = (O] = [0 0| ()
0 0 ms
(] =[] = [M©] = [M] = [ (5
m 0 0 0
[MED] = [MoN] = g TT(1)3 n(1)2 8 (46)
0 0 0 m

which may be expanded into an rth-degree polynomial (character-
istic equation) in A, and solved for the r roots that are associated
with the subspace in question. For the 32-node double-layer cable
net, the degrees « of the characteristic equations of the various
subspaces, which are equal to the dimensions r of the respective
subspaces, are summarised in Table 1.

Between them, the ten subspaces of our 32-node double-layer
cable net yield a total of 32 eigenvalues (bearing in mind that the
solutions for subspaces 534 and S(194) are doubly repeating roots).
These are, in fact, the actual eigenvalues of the original problem,
which completes the determination of all 32 natural frequencies
of vibration of the cable net. For a formal proof that eigenvalues
yielded by the various symmetry subspaces are also eigenvalues
of the full space of the original problem, reference may be made
to any of the well-known classical texts on physical applications
of group theory (see, for example, references (Weyl, 1932; Wigner,
1959; Hamermesh, 1962; Schonland, 1965)).

From the above, it can be seen how effectively the group-
theoretic procedure has simplified the determination of eigenval-
ues (natural frequencies) of the cable net. Instead of tackling a 32
d.o.f. system and eventually having to solve a polynomial equa-
tion of degree 32, the group-theoretic approach has decomposed
the problem into ten subspaces of smaller dimensions (the high-
est subspace dimension being only 4), which yield ten polynomial
equations of smaller degree (the highest degree being only 4). This
clearly represents a considerable reduction in computational effort.
It is a quantitative benefit that is additional to the qualitative in-
sights that were gained (Zingoni, 2018) prior to the start of the
eigenvalue computations.

The eigenvectors {W} for each subspace are obtained by substi-
tuting the r eigenvalues of the subspace, one at a time, into the
subspace eigenvalue equation

[[Aw] _ A[Mw]*l]{\p} — {0} (49)
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Fig. 13. Unit vertical forces applied in accordance with the coordinates of the basis vectors for subspace S(94): (a) Set of unit forces associated with <I>(lm’”; (b) Set of unit
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figure, the reader is referred to the web version of this article.)

Writing this in expanded form, we obtain

(dun — (A/mp)) dp . dir
dy (dyp — (A/mp)) . dor
drl dr2 (drr - ()\/mrr))
Y 0
V2l _JO (50)
v] o

So, by substituting a given eigenvalue of the subspace into Eq. (50),
and solving for the components 1, V5, ..., ¥, we obtain the
eigenvector { V; Y Y }T corresponding to that eigen-
value. We repeat the process for all the r eigenvalues of the sub-

space, in this way generating the r eigenvectors of the subspace.
Unlike the r subspace eigenvalues which are also eigenvalues of
the original problem, these r eigenvectors are eigenvectors in the r-
dimensional subspace, not in the (n-dimensional) full space of the
original problem.

We note that the r components ¥ 1, {5, .., ¥, of a subspace
eigenvector correspond to the basis vectors ®;, ®,, ..., D, respec-
tively, of the subspace in question. Therefore to obtain the eigen-
vector {U} in the original n-dimensional vector space of the problem,
we simply allocate the calculated value of a subspace-eigenvector
component to all the cable nodes associated with the basis vector,
with the signs (positive or negative) of the allocations being in ac-
cordance with those of the basis-vector terms (as appear in Egs.
(4) to (15)).
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The n deflection components hy, hy, ..., h, of the mode shape
{H;} corresponding to the system eigenvector {U;} are finally ob-
tained through the well-known relationship

{H} = [M7']{u} (51)

where [M] is the conventional diagonal mass matrix of the n
degree-of-freedom system. This would then complete the free-
vibration analysis of the cable net. To illustrate the full group-
theoretic computational procedure, we will consider a numerical
example, and present results for natural frequencies and mode
shapes.

8. Numerical example

Let us consider a double-layer cable net with the following
structural and dynamic parameters:

T1:T2:101<N;a:2m; k1:k2:k3:1OkN/m;

my; = my =ms3 =10 kg

First, and using the above parameters, we evaluate the [B(*)] ma-
trices of subspaces S*) from Eqs. (21), (23), (26), (29), (31), (33),
(36), (38), (40) and (43). Next, the inverses of the [B(*)] matrices
are evaluated, and used in Eq. (18) to generate the column vectors
{d;}. The subspace flexibility matrices [A(M)] are then assembled by
putting together the {d;} column vectors as shown by Eq. (19). The
results for the ten subspaces are as follows (with the elements of
[AM)] having units of m/kN):

2 3 1
77 385 770
(1>] - | 2 12 2 |- [ (2)] — [L]
[A — | 770 385 385 | A — L4
1 4 27
77 385 770
22 1 1
855 171 1710
()0 I I 4) 1 4 2
[A ] - [35] [A ] 342 171 855
1 4 7
1710 855 342
[ 13 1 2 1
220 110 55 110
1 13 2 1
(SA)] _ | 110 220 55 110 | . [ (5)] _ [L]
[A T L 1 4 I A YR
55 55 55 55
1 1 1 3
| 220 22! 55 55
1L 1 1
15 15 30
(7)] = | L 2 1
[A — | 30 15 15
1 2 1
30 15 6
r.Z 3 1

,_.
|
.
‘mw
wl
‘m
- G
<
Il

G-

)= T8

)= | 2

—_|
N
[
|
N
&

1 2 9
L250 125 250
re 1 2 1
2360 1180 295  TI80
1 61 2 1
[ A(lOA)] _ | TI80 2360 295  Ti80
- 1 1 8 1
295 295 295 295
1 1 1 3
2360 2360 295 T8
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Table 2
Deflection ordinates of the three mode shapes of subspace S(") of the numerical example.
Node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
uH 1.00 050 0.50 1.00 050 -1.00 -1.00 0.0 0.50 -1.00 -1.00 0.50 1.00 050 050 1.00
ulV 100 -062 -062 100 -0.62 038 0.38 -062 -062 038 0.38 -062 100 -062 -062 100
u 100 162 1.62 1.00 162 2.62 2.62 1.62 1.62 2.62 2.62 1.62 100 162 1.62 1.00
Node 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
Ug” 1.00 0.50 0.50 1.00 0.50 -1.00 -1.00 0.50 0.50 -1.00 -1.00 050 1.00 0.50 0.50 1.00
ulV 100 -062 -062 100 -0.62 0.38 0.38 -062 -062 038 0.38 -062 100 -062 -062 100
u 100 162 1.62 100 162 2.62 2.62 1.62 1.62 2.62 2.62 1.62 100 162 1.62 1.00
Table 3
Deflection ordinates of the mode shape of subspace S? of the numerical example.
Node 1 2 3 4 5 6 7 8 9 0 1 12 13 14 15 16
u®@ 0 +100 -100 O -100 O O 4100 +100 0 0 -100 O -100 +100 0
Node 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
u® 0 +100 -100 O -1.00 0 0 +1.00 +100 0 0 -1.00 0 -100 +100 0
The subspace mass matrices are written down from Egs. (44) to Subspace S
46) as follows (with the elements of [M(#)] having units of kg):
(46) ( (M) & g) A = 0.2222 A2 = 0.1780 A3 = 0.2957
f1 =0.338 Hz f>=0.377 Hz f3=0.293 Hz
o @ o © 10 0 0 1.000 1.000 1.000
[MD] = [MP]=[MP]=[M®P]=]0 10 0 W, =|-0500| w,—|-1618] w;=]o0618
0 0 10 ~1.000 2.618 0.382

(M) ] = (4] = (] = 10

0 0 0 0O
[M(SA)] _ [M(IOA)] _ 8 1(§) 1% g
0 0 0 10

The eigenvalues A of each subspace are obtained by solving
Eq. (48), which yields r roots of the characteristic equation, where
r is the dimension of the subspace. Now A=1/w?, and the nat-
ural frequency of vibration f (cycles per second) is related to the
circular frequency w (radians per second) through the usual rela-
tionship w =27 f. Therefore, f = 1/(2+/A). For each subspace, the
eigenvector W; corresponding to the eigenvalue A; is obtained by
solving Eq. (50). For our numerical example, results for subspace
eigenvalues X; (i=1, 2, ..., r), natural frequencies f; and eigenvec-
tors W; are as follows:

Subspace S()

A1 = 0.2857 A2 = 0.2165 A3 = 0.4198
fi=0208Hz  f,=0342Hz f;=0.246Hz

1.000 1.000 1.000
¥, =] 0.500 Y, = | —-0.618 V3 =| 1.618
—1.000 0.382 2.618
Subspace S
A =02222 f;=0338Hz WY¥;=1.000

Subspace SG)

A1 =0.2857 f;=0298Hz Y;=1.000

Subspace S®Aand S©B) (these have identical solutions)

A =1.1338 Ay =0.5000 A3 =0.5000 Aq =0.3207
fi=0149Hz  f, =0225Hz f; = 0.225 Hz fy = 0.281 Hz
1.000 1.000 1.000 1.000
1.000 0 —1.000 1.000
Yi=1 118 Yo = 0 s = 0 Ya=1 9118
0.500 -1.000 0 0.500
Subspace S(®)
A1 =04000 f;=0.252Hz V¥;=1.000
Subspace S(7)
A1 = 0.6667 Ay =0.3820 A3 =2.6180
fi=0195Hz  f,=0258Hz  f; =0.0984 Hz
1.000 1.000 1.000
¥, =] 0.500 v, = | -0.618 Y3 =| 1.618
-1.000 0.382 2.618
Subspace S(®)
A1 =0.4000 Xy =0.2764 A3 =0.7236
fi=0252Hz  f,=0303Hz  f;=0.187 Hz
1.000 1.000 1.000
¥, =] -0.500 v, =|-1.618 Y3 = 0.618
-1.000 2.618 0.382

Subspace S

A =0.6667 f;=0.195Hz WY, =1.000

Subspace S(1%4) and S(198) (these have identical solutions)

A1 = 0.3470

fi = 0.270 Hz
1.000
1.000

Yi=\11
0.500

A2 = 0.2500
f, =0.318 Hz
1.000
0
\Ijz = 0
~1.000

A3 = 0.2500
f; =0.318 Hz
1.000
~1.000
\113 = 0
0

s = 0.1954

fa = 0.360 Hz
1.000
1.000

Ya=1_1118
0.500
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(c)

(d)

Fig. 16. Vibration modes of subspace S° of numerical example: (a) U{'™; (b) US™; (c) UY'™; (d) U{™. (For interpretation of the references to color in this figure, the

reader is referred to the web version of this article.)

To illustrate how mode shapes in the full space of the prob-
lem are generated, let us consider subspaces S(1), $(2)and S§(104),
which are representative of 3-dimensional, 1-dimensional and 4-
dimensional subspaces, and which also belong to the extensional
vibration modes whose natural frequencies depend on the spring
stiffness parameter k. As explained in Section 7, eigenvectors {U;}
in the 32-dimensional vector space of the original problem are
obtained by simply allocating the values of subspace eigenvector
components to every cable node that is associated with the ba-
sis vector in question, taking into account the correct signs of the
basis-vector components as given by Egs. (4) to (15). Since the con-
ventional diagonal mass matrix [M] consists of identical elements
m;; (=10 kg), it means the {H;} and {U;} vectors in Eq. (51) are of
identical form (except for a scalar multiplier), and so the system
eigenvectors {U;} may be taken as the actual deflection ordinates
of the cable net.

Table 2 gives the 32 deflection ordinates of the three mode
shapes of subspace SV in the full space of the problem, the modes
being denoted by Ugl), U;l) and Ugl). Ordinates of nodes of the
top layer (1 to 16) appear in the upper part of the table; ordinates
of nodes of the bottom layer (17 to 32) appear in the lower part.
Positive values denote displacement towards the horizontal plane

of symmetry of the cable net (i.e. downwards for top-layer nodes,
and upwards for bottom-layer nodes). Table 3 gives the 32 deflec-
tion ordinates of the one mode shape of subspace $2) in the full
space of the problem, the mode being denoted by ng). These are
either+1 or —1, depending on the sign of the basis-vector com-
ponent of the node in question as given by Eq. (5); zero values
denote nodes that do not participate in the motion (i.e. station-
ary nodes). Table 4 gives the 32 deflection ordinates of the four
mode shapes of subspace S(194) in the full space of the problem,
the modes being denoted by U§]0A), USOA), USOA) and USOA). The
results in Tables 2-4 are plotted in Figs. 14-16 respectively, where
the displaced profiles of the cables are shown in red, and the ver-
tical displacements of the nodes are shown by the blue lines. The
plots allow visualisation of the vibration pattern of the modes; in
regions where the position of the displaced cable net is not too
clear, reference should be made to the values in the tables.

The results of this numerical study show that the 32 natu-
ral frequencies of the cable net occur in a relatively narrow band
(from f=0.098 Hz to f=0.377 Hz). If external excitation forces also
lie within this range, resonance may be avoided by increasing the
tension in the cables or the stiffness of the inter-layer coupling,
to increase the natural frequencies of the cable net beyond the
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Table 4
Deflection ordinates of the four mode shapes of subspace S of the numerical example.
Node 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16
u™ 100 112 0.50 0 112 1.00 0 -050 050 0 -100 -112 0 -050 -112 -1.00
ul®™ 100 o0 -100 0 0 0 0 100 -100 0 0 0 0 100 0O -1.00
U™ 100 0 0 0 o -100 0 0 0 0 100 0 0 0 0 -1.00
ul®™ 100 -112 050 0 -112 100 0 -050 050 0 -1.00 112 0 -050 112 -1.00
Node 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
u™ 100 112 0.50 0 112 1.00 0 -050  0.50 0 -100 -112 0 -050 -112  -1.00
™ 100 0O -100 0 0 0 0 100 -100 0 O 0 0 100 0 -1.00
U™ 100 0 0 0 o -100 0 0 0 0 100 O 0 o0 0 -1.00
U™ 100 -112 050 0 -112 100 0 -050  0.50 0 -1.00 112 0 -050 112 -1.00

excitable range. Inter-layer damping may also be installed to con-
trol the vibrations. The numerical results also reveal the existence
of modes of different symmetry type but having the same natu-
ral frequencies (compare: f; of subspace S(!) with f; of subspace
SG3): f; of subspace S with f; of subspace S®; f; of subspace S
with f; of subspace S(; f; of subspace S8 with f; of subspace S(6))
and modes of the same symmetry type having coincident natural
frequencies (compare: f, and f; for subspaces S©°4) and S(104)), All
these phenomena are consequencies of symmetry.

9. Summary and conclusions

The group-theoretic study of the vibration characteristics of
double-layer cable nets of Dy, symmetry, commenced in a previ-
ous paper (Zingoni, 2018), has now been concluded. The first paper
focussed on qualitative aspects of the problem, while the present
paper has considered computational aspects. In the first paper, we
used group theory to predict the type of symmetries which the vi-
bration modes are going to have, the number of modes that will
exhibit a given type of symmetry, the existence of pairs of modes
of the same natural frequency, and the nature of the symmetry as-
sociated with such paired modes. By examining the dimensions of
the various subspaces into which the original vector space of the
problem decomposes, we also obtained a very good sense of the
reduction in computational effort to be expected in performing the
vibration analysis via the vector-space decomposition afforded by
group theory.

In the present paper, we have presented the complete group-
theoretic formulation of the vibration problem of the D, double-
layer cable net. On the basis of the subspace basis vectors that
were derived in the first paper, we have derived the equilibrium
matrices for each subspace (i.e. the B{*) matrices) in explicit form,
and shown how the symmetry-adapted flexibility matrices for the
subspaces (i.e. the A(*) matrices) are obtained from the B(*) ma-
trices. The assembly of the symmetry-adapted mass matrix for
each subspace has also been explained. This has been followed by
the formulation of the eigenvalue problem within the independent
subspaces. The roots of the characteristic equation for a given sub-
space yields the eigenvalues of that subspace, which are a subset
of the real eigenvalues of the original problem. Finally, the proce-
dure for obtaining eigenvectors within the subspaces, and convert-
ing these into eigenvectors in the full vector space of the problem
(i.e. actual mode shapes of the cable net), has been explained. The
full computational procedure has been illustrated by consideration
of a numerical example.

For the double-layer cable net of Dy, symmetry, the present
study has revealed further insights on transverse-extension modes
which do not exist in the case of a single-layer cable net of Cg4,
symmetry (Zingoni, 1996). The spring-like coupling between the
two layers of the cable net permits the layers to move indepen-

dently of each other, thus doubling the total number of system de-
grees of freedom, in comparison with single-layer cable nets. It is
the occurrence of these additional transverse-extension modes (or
“breathing” modes) that has distinguished the present study from
previous work (Zingoni, 1996).

Thus, and by examination of the results of Section 5, we see
that the B(*) matrices for subspaces S(1), §2), §B3), s(4) and s(104)
feature the stiffness parameter k; (i being 1, 2 or 3) associated with
the coupling between the two layers of the cable net, and hence
represent the transverse-extension modes of the cable net. On the
other hand, the B(*) matrices for subspaces 54, S(6) S(7), §(8) and
5 are independent of k;, showing that the two layers move to-
gether in the same direction without relative separation, as if they
were one layer. Thus these subspaces have modes (and natural fre-
quencies) which are identical to those of the single-layer cable net.

Detailed consideration of a numerical example has illustrated
the procedure for the calculation of eigenvalues and eigenvectors
of the problem, hence natural frequencies and mode shapes of
the cable net. The numerical results have revealed the existence
of modes of different symmetry type that have the same natu-
ral frequencies, as well as modes of the same symmetry type that
have coincident natural frequencies; all these phenomena are con-
sequencies of symmetry.

For the problem in question, it has been shown how the group-
theoretic procedure simplifies the determination of eigenvalues. In-
stead of tackling a 32 d.o.f. system and eventually having to solve
a polynomial equation of degree 32, the group-theoretic approach
has decomposed the problem into ten subspaces of smaller dimen-
sions (the highest subspace dimension being only 4), which yield
ten polynomial equations of smaller degree (the highest degree be-
ing only 4). This simplification represents a drastic reduction in
computational effort. For double-layer cable nets that may be en-
visaged as long-span roofing solutions, or as deployable mesh re-
flector antennas for space applications (Li et al., 2013) (where the
symmetry group Dy, is of higher order than Dg,, and the cable
arrangement is more complex), the total number of nodes may
be very large, making it more worthwhile to take advantage of a
group-theoretic computational strategy.
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