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A linear-elastic theoretical formulation is presented for the complete determination of the state of stress
in large thin-walled liquid-filled vessels in the form of multi-segmented spherical shells. The transfer of
membrane forces between adjacent shell segments is such that only vertical equilibrium of stress resul-
tants needs to be preserved. The edge effect in the vicinity of the shell junctions is quantified on the basis

of an approximate but accurate bending theory for spherical shells. The effectiveness of the developed
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formulation is demonstrated by consideration of a numerical example. Agreement with the results of
finite-element modelling is excellent, showing that the presented theoretical formulation is a reliable,
computationally efficient and accurate means of obtaining stresses in large multi-segmented spherical

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Thin synclastic shells of revolution find widespread application
in the storage of liquids [1], on account of the structural efficiency
of shells of double curvature, which allows very thin shells to resist
relatively large hydrostatic pressures without rupture. Contain-
ment shells of double curvature come in a variety of shapes, from
spherical, ellipsoidal, toroidal and other basic mathematical pro-
files, to combinations of these profiles, giving an almost limitless
range of possibilities. The construction may be in thin metal, or
in prestressed concrete. However, where compressive stresses
exist, these structures are vulnerable to local buckling on account
of the thin-ness of the shell, particularly in the case of metal con-
struction. The thickness of the shell may be enhanced in such zones
to counter any tendencies for local buckling, or stiffeners may be
added to the basic shell.

Fig. 1 shows a novel form of construction for high-capacity
liquid-storage vessels. The construction consists of an assembly
of spherical shell segments of different radii, whose centres of cur-
vatures all lie on the axis of revolution of the vessel taken as a
whole. Thus the segments are axisymmetric in shape, where the
uppermost segment is actually a cap, and successive lower
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segments are typically spherical frusta. Let us denote the various
shells regions or segments, from top to bottom, by S1,S2,S3 and
so forth. The junctions between these shell segments are denoted
by J1,J2,]3 and so forth. The radii of shell S1,S2,S3, etc. are
denoted by a;,a,,a; and so forth. As is usual for shells of revolu-
tion, the angular coordinate ¢ (which is the angle between the nor-
mal to the shell midsurface at any given point, and the axis of
revolution of the shell assembly) is used to define the position
of any point on the shell. For the shell cap S1 (uppermost portion
of the assembly), the angular coordinate of the edge of the cap is
denoted by ¢,,. For all other segments Si (i=2, 3, 4, etc.) below
this, the upper and lower edges of segment Si are defined by the
coordinates ¢;; and ¢;, respectively.

Starting from the central segment (S4 in our illustration), the
addition of segments S3,S2 and S1, with slope enhancements of
($32 — Pa1)s (¢22 — d31) and (¢yo — ¢21) at junctions J3,J2 and J1
respectively, adds height and additional storage capacity to the
basic spherical vessel of radius a4. Similar enhancements in capac-
ity are also achieved by the addition of segments S5,S6 and S7 in
the lower part of the vessel. The overall result is a spherical assem-
bly of relatively large storage capacity. It is interesting to note that
if this was a pressure vessel, to achieve the same storage capacity
while keeping the vessel of constant radius would require a sphere
of radius bigger than a4, which would attract higher shell stresses
(these are proportional to the radius), but in the present case of
liquid containment, the stress-reducing benefit of radius limitation
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through segmental construction is offset by the higher hydrostatic
pressures associated with the taller segmented vessel.

The slope and curvature discontinuities at the shell junctions
attract bending disturbances [2-5], but the inward pointing kinks
in the profile could have the effect of stiffening the shell response
there, resulting in a beneficial lowering of hoop stresses. From an
aesthetics point of view, the “lobed” or segmented geometry of
the storage vessel has a pleasing appearance, which might favour
the adoption of this type of vessel in locations where appearance
is a major consideration.

The membrane theory of axisymmetrically loaded shells of rev-
olution is quite appropriate for the calculation of the linear elastic
response of the shell under internal hydrostatic pressure. This the-
ory assumes there is no bending in the shell. However, and as is
well-known [2-5], the membrane theory becomes inadequate in
the vicinity of geometric discontinuities of the type J1,]2,]3, etc.,
and the more comprehensive bending theory of shells must be
invoked.

A useful approach is to regard the membrane solution (for the
applied surface loading on the shell) as an approximate particular
solution of the differential equations describing the behaviour of
the shell, and a bending correction (system of axisymmetric bend-
ing moments and shearing forces applied along the shell edge) as
the homogeneous solution [2-5]; the net response of the shell is
then obtained as the sum of the membrane solution and the bend-
ing correction (or edge effect). Several bending theories of varying
degrees of complexity have been proposed for determining the
state of stress in shells of revolution [2,3]. However, it is important
to select an approach that is amenable to practical computations,
and that is sufficiently accurate.

(b)

Fig. 1. Multi-segmented spherical vessel: (a) shell segments, junctions and
corresponding geometric parameters; (b) external appearance of the vessel.

Not many analytical studies on the stress and deformation
behaviour of liquid-containment shells of revolution are being
reported in the literature nowadays, largely due to the fact that
the Finite Element Method (FEM) has become the preferred
method for investigating shell behaviour [6-8], owing to its versa-
tility in handling irregular features of the structure, and in model-
ling non-linear behaviour. However, the analytical approach can
still be extremely useful in those instances where the behaviour
of the shell is essentially linear, and convenient mathematical solu-
tions of the differential equations (governing shell behaviour)
exist. The analytical approach, where possible, has the advantage
of providing stress information without the need for potentially
expensive numerical modelling, and shedding deeper insights into
the behaviour of the shell simply by studying the form of the math-
ematical solutions. Once the analytical results are there, they may
be treated as formulae, ready to be directly applied to other similar
problems. Analytical solutions are also vital in checking FEM
results.

Where smoothness conditions prevail, the membrane solution
on its own can be a very useful tool for exploring the state of stress
in liquid containment vessels in the form of arbitrary shells of rev-
olution [9], or unusual shapes such as the triaxial ellipsoid [10].
However, where the shell geometry features discontinuities, such
as sudden changes in shell thickness [11,12], a more general
formulation accounting for bending effects clearly has to be
employed.

Looking at the more recent literature on liquid-containment
vessels, we find that cylindrical steel tanks have been studied the
most. Wind-induced buckling of cylindrical tanks has received a
considerable amount of attention [13,14]; such tanks are particu-
larly vulnerable when they are empty (the presence of liquid tends
to stabilise the shell against the effects of the wind). Tanks that are
in close proximity of each other attract additional problems of
wind interference, a phenomenon that has been the subject of
some very recent studies [15,16]. Other studies have considered
the response of liquid-storage cylindrical tanks to seismic excita-
tion [17-19]. The collapse behaviour of large cylindrical steel tanks
has also received attention [20], to provide a better understanding
of ultimate limit-state design of such vessels. Much of the research
on metal containment shells has now been codified [21,22].

At wastewater treatment works, egg-shaped digesters (with
their smoothly varying geometry) offer a solution that is superior
to cylindrical tanks and more conducive to the efficient mixing of
sludge. The stresses and deformations in egg-shaped vessels have
been investigated on the basis of the membrane theory and a sim-
plified bending theory for shells of revolution [23,24]. A novel form
of sludge digester in the form of a parabolic ogival shell has also
been proposed [25], and investigated on the basis of a membrane-
theory formulation, leading to some interesting insights on the
behaviour of this shell form, and a set of design recommendations.

After cylindrical steel tanks, conical steel tanks come second in
having been studied the most, on account of their ease of fabrica-
tion. Most previous studies on conical tanks have either sought to
understand stability behaviour [26], or to develop appropriate
design procedures [27]. Other studies have concentrated on under-
standing shell-junction effects [28,29], or the effects of external
pressure [30]. The stability of vessels in the form of conical-cylin-
drical assemblies is a subject that has also received a considerable
amount of attention [31,32].

For horizontal tanks, deviations from the normal cylindrical
shape have been shown to offer enhanced structural efficiencies
in comparison with conventional profiles [33]. Another class of
vessel that has been studied, albeit to a lesser extent, is that of
toroidal tanks [34], which find application for the storage of lique-
fied petroleum gas (LPG), among others. Depending on the type of
cross-section chosen for the toroid, the stress distribution and
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stability behaviour can differ quite markedly from one toroidal
form to another. For a general appreciation of the great diversity
of shell forms that are available for liquid-storage purposes, the
reader is referred to the excellent survey of Tooth [1]. A general
review of shell buckling has also been conducted by Teng [35].

In this paper, we will focus on large liquid containment shell
structures of the type depicted in Fig. 1, and develop an analytical
formulation for the complete stress determination in such vessels.
The considerations only apply to the behaviour of the shell assem-
bly within the linear elastic range. This is justified since linear elas-
tic response is often used as a basis of preliminary design and
compliance with serviceability requirements, with non-linear sim-
ulations being reserved for investigating large displacements,
buckling and collapse behaviour of the shell.

It is worth pointing out that the presented general solution
strategy for liquid containment vessels of the type in question is
also applicable for other multi-segmented shell structures such
as roof domes, the only difference being the loading to which the
shells are subjected.

2. Loading preliminaries

Assuming the vessel is completely filled with liquid of weight y
per unit volume, the hydrostatic pressure p, on the inside surface
of the shell at a depth h from the top (refer to Fig. 1) is given by

p,=7h (1)

Let us denote by h;(¢) the depth of liquid at the coordinate ¢ of
shell Si. For the very top shell (S1), which has a radius a;, the depth
of liquid at any given point is given by

hi(¢) = a1 (1 - cos¢) [0 < ¢ < ¢y (2a)
At ¢ = ¢4, We have
hio = a1 (1 — cos¢y) (2b)

For shell S2, which has a radius of a,, the depth of liquid at the
coordinate ¢ of this shell (notice that each shell has its own range
of ¢ values) is given by

hy(¢) = hio + az(cos¢,, — cos¢)
At ¢ = ¢y, we have
hyz = hig + a2(COS$y; — COSPy,) (3b)

For shell S3, which has a radius of as, the depth of liquid at the
coordinate ¢ of this shell is given by

h3(¢) = haz + a3 (cosgs; — €os¢)  [h31 < ¢ < ¢ (4a)
At ¢ = ¢5,, we have
hsa = hyy + as(coseps; — CoSehs,) (4b)

In general, for shell Si (i > 2), which has a radius of a;, the depth
of liquid at the coordinate ¢ of this shell is given by

[21 < ¢ < by (33)

hi(¢) = hii-1)2 + ai(cosgy — cos¢) [y < ¢ < Pio (5a)
At ¢ = ¢, we have
hiy = hi_1)2 + ai(cosd;; — cosgyy) (5b)

A more general way of expressing the results for all shell
regions Si, where this time i = 1,2,...,I (I being the total number
of shell segments, e.g. [ =7 for the vessel in Fig. 1), is achieved
by writing h;(¢) as follows:

hi(¢) = ki — aicos¢ (6)

where the parameter k; is a constant defined differently for the var-
ious regions as follows:

fori=1: ki=k =a (7a)
fori=2: ki =ky=hio+ aycos¢,, (7b)
for2 <i<I: ki=Hhgy+aicose; (7¢)
fori=1I: ki=k =hy 1+ acosgy (7d)

Substituting the above generalised expression for h;(¢) in Eq.
(1), the hydrostatic pressure p, at any given point of any given shell
Si(i=1,2,...,I) becomes

p;(¢) = yhi($) = yki — yaicos¢ 8)
3. Membrane stress resultants

For axisymmetrically loaded shells of revolution, the meridional
and hoop membrane stress resultants (forces per unit length of the

shell, considered positive when tensile) are given by the well-
known general solutions [3-5]

— /rlrz(p,cosd)fp(p sin ¢) sin gdg + A 9)
rysin” ¢

N{f) N(}i

F*‘E*Pr (10)

where r; and r, are principal radii of curvature of the shell midsur-
face at the point in question, p, and p, are loading components
(forces per unit area of the shell surface) normal to the shell midsur-
face and tangential to the shell meridian respectively, and A is a
constant of integration.

For a spherical shell, r; = r, = a (radius of the spherical shell). If
hydrostatic pressure is the only loading applied, then p, = 0. Eq.
(9) simplifies to

B 1
a;sin® ¢

N, {af /p, cos ¢ sin ¢dep +B,} (11)
for every spherical shell region Si of the vessel in Fig. 1. Substituting
the expression for p, (Eq. (8)) into this equation and evaluating the
integral, we obtain

_1 g
* " 6sin’ ¢

<2cos3¢—3§c0524)+0> (12)

where the constant of integration C; has to be evaluated from a suit-
able boundary condition.

The constant of integration C; for the end shells (shell S1 and
shell SI) may be evaluated from the finiteness condition for N, in
these regions. For shell S1 (top of the vessel),

1 ya?
N(l) _ 1
¢ 6sin’ ¢

(2cos® ¢ —3cos? ¢ + C1) (13a)

(the notation Nf;) denoting N, for shell S1). The finiteness condition
for N, at ¢ = 0 (apex of the vessel) gives C; = 1, so that

a ﬁ 1—cos¢
Ny’ = 5 (71+cos¢> (1+2cos¢) (13b)
The hoop stress resultant follows from Eq. (10):
O ﬁ 1—cos¢
N, = 3 <71 T cosg (5+4cos¢) (13¢)

These are well-known results for spherical tanks [3,5].
For shell SI (bottom of the vessel), with the parameter k; as
defined by expression (7d), Eq. (12) may be written as

o _1 ya
)

<2 cos® ¢ — 35—: cos? ¢ + C,) (14a)

- 6sin*¢
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The finiteness condition for N, at ¢ = 7 (the zenith of the ves-
sel) gives

ki

G=2+3, (14b)

The merldlonal and hoop stress resultants in this part of the
vessel (shell SI) are therefore:

1 ya? ki
NO =2 <2+3 sin® ¢ + 2 cos® ) 14c
? " 6sin’¢ ’ ’ 149
Nm:lya 3"’+ 2 (2cos’>p —2cos¢p— 1) (14d)
b T el 1-cos¢

Consider the interface of shell S1 and shell S2 (that is, junction
J1in Fig. 1). For shell S1, the value of N,, at junction J1 (where ¢ for
this shell is equal to ¢,,) is given by:

1 ya?
N vl v g
( ¢ >¢:¢1o ¢ 6 sin2 b10 (

—3cos? g + 208> dyg)  (15)

For shell S2, the value of N, at junction J1 (where ¢ for this shell
is equal to ¢,;) is given by:

1 ya3
N(z) :N(Z) - 2
( ¢ )¢—¢21 1" 6 sin? gy,

<2cos3 n —3fl—zcos2 b +C2> (16)

Fig. 2 shows the forces acting upon the portion of the vessel
above a horizontal cross-section Y-Y located at an arbitrary depth
y below the apex of the vessel and within the domain of shell S2.
We will refer to such a single-edged portion of the vessel as a
cap. Let the radius of the circular edge of the cap be denoted by
R. The force W(y) represents the vertical resultant of the hydro-
static pressure acting over the entire surface of the cap. Treating
the cap as a free-body diagram, we see that W(y) is balanced by
the vertical component of the stress resultants N,;(y) acting along
the circular edge of the cap. We may therefore write:

W(y) = Ny(y) sin ¢(27R) (17)

Let the vertical resultant on the portion of the vessel above
junction J1 (that is, on shell S1) be denoted by W,. Let the value
of R at junction J1 be denoted by R;. At junction J1, just within shell
S1, we may write

W, N 51n¢10(2nR1) (18a)
and just within shell S2, we may write
W, = N%sing,, (27Ry) (18b)
From these two expressions for W,, we deduce that
@ _ (singio) yo)

W(y)

N,(¥) |

N,(v)
\‘\ﬁ /’/ !

Fig. 2. Forces acting upon a spherical cap above a horizontal section Y-Y.

which is the condition of vertical equilibrium at junction J1. Substi-
tuting the expressions for Nf;l) and Nszl) (Egs. (15) and (16)) into Eq.
(19a), we obtain

1 a3

k
65 ¢ (2 cos® ¢yy — 3‘;—2 cos? ¢y + C2>
21

_<5in¢10>1 yai (1
= (2 7

sin¢,;/ 6 sin” ¢y

—3cos? ¢y + 2€0S° ¢yg) (19b)

giving the solution
_aj (singy,
T @2 \singy,
Using this result in Eq. (12) (to eliminate C; for i = 2), we can
write N, for shell S2 in explicit form, and in turn using the ensuing
expression for N,, in Eq. (10), we also obtain the hoop stress resul-
tant N, in explicit form. The results are:

1 ya’ k, k

N@ - 172 {(Zcos 3 cos ) <2cos3 —3-2¢os? )
¢ “Bsintg ¢— ¢ b1 o $21
+a1 <51n¢21

a \singy,

> (1-3c0s? g +2€0S° 1) — 208> ¢y +3% cos? ¢y, (20)

)(1—3c052¢10+2cos3¢m)} (21a)

= @ 6 (ﬁ — cos ¢>> 1
6 | \@ sin” ¢

{ <2 cos® ¢ — 3 cos2 ¢> - <2 cos® ¢yq — 3’(;—2 cos? ¢21)
2

Néz) — ayp, — NEzSZ)

aj (sin ¢y 2 3

2 <sm " (1 —3c0s* ¢yg +2€0S° dyg) (21b)
where from Egs. (7b) and (2b), k, has the explicit form
ka = hig + @3 €OS ¢y = a1 (1 — COS 1g) + Az COS Py (22)

For any subsequent shell Si (i > 2), the C; in Eq. (12) is obtained
from

i sin b1 (i-1)
oi-1) = ( i Nf/:u‘—l) (23)

sin ¢y

which is the condition of vertical equilibrium at junction J(i — 1),
noting that the (i— 1) in the subscript for N, refers to junction
J(i—1) between shell S(i — 1) and shell Si. Expanding the N, terms
in Eq. (23) on the basis of Eq. (12), and re-arranging, we obtain

a? sin¢; k
Ci=-"51 <i> <2cos3 b 12— , 1 cos? b 12 +Ci 1>

a? \sing;_qy az
- <2 cos® ¢y — 3? cos? ¢>,-1) (24)
1

where C;_; is known from the preceding step. With C; now
known, the stress resultants N} and Nj’ for shell Si (where

i=3,4,...,(I-1)) then follow:
5 1 ya? ki
Ng)):6 ,n2¢{<2cos ¢— 3 cos ¢> - <2cos3¢i1—3a—icosz¢ﬂ>

2 in ¢, ki
E] <M> (2 €os® 13 — 3ﬁ €os? i1 + CH) } (25a)
a

a7 \sing_y;

0 _ 79 | (ki 1 ki
N, = 6 [G(ai CoS ¢ sin2¢> 2cos® ¢ — 3 cos ¢
+ai2—1 .sin P

a; \sing_yy

<2cos3¢(i,1)273’; 1cos b 12+ Cie 1)}]

- (2 cos® ¢y — 3% cos? ¢i1>

(25b)
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Note that the above expressions are only valid for regions of the
shell above the level of the supports. For regions below the level of
the supports, the constants have to be evaluated successively from
the bottom upwards (since C; is known) until we get to the
supports.

In the process of calculating the edge effects around the junction
locations (which we will deal with later), the horizontal resultant of
the membrane meridional stress resultants at a junction will be
required. Consider junction Ji between shell Si and shell S(i + 1).
The horizontal resultant H{" at this junction (the superscript m
denoting association with the membrane solution) is simply given
by the difference between the horizontal components of the mem-
brane meridional stress resultants at the edges of the two shells:

Hm — NO NG 1 va;
i =Ny Cos iy — Ny 7 COS hiyapy = & sin? ¢,
ki 1 a?
<2 oS> iy — 3= OS2 iy + Ci) oS ¢y — #
ai 6 Sl[l ¢ (i+1)1

ki

<2 cos’ Py —3-— a cos” ¢ i1t Cz+1> €COS i) (26)

i+1

4. Membrane deformations

Relevant to the evaluation of junction edge effects are the defor-
mations ¢ (horizontal displacement at any point on the shell, posi-
tive when away from the axis of revolution) and V (rotation of the
meridian). For axisymmetrically loaded spherical shells, these
deformations may be written directly in terms of stress resultants
N, and N as follows [5]:

om = % (sin ¢)(Ny — N,) (27a)
v = L4 4 w)(N, = Ny cotd— -2 (N, — W) 27b
= Et + ( 3 0 d(,t) 0 ¢ ( )

For the present problem, and considering shell Si, the above

equations become

5’”—@ sing)< 6 &—cos¢ - 2cos> ¢ — 3 cos o+C;
ke o ¢ -

(28a)

m_ 74
Vi Et
Let us denote an arbitrary shell junction (J1, J2, J3, etc.) by O. At
junction O (see Fig. 3), let us denote the parameters pertaining to
the upper shell by plain symbols (without a prime), and parame-
ters pertaining to the lower shell by primed symbols. Thus, at a
junction where shell Si is connected to shell S(i+ 1), the angle
¢, (corresponding to the lower edge of shell Si) becomes simply
¢,, while the angle ¢y, (corresponding to the upper edge of shell
S(i + 1)) becomes simply ¢;. In this notation, the radii of the upper
and lower shells become simply a and «, respectively, and so forth.
This notation greatly simplifies the writing down of results for the
junction effects, since the same set of expressions become applica-
ble for all junctions of the vessel.
For such an arbitrary junction O, the expression for the horizon-
tal resultant of the membrane meridional stress resultants (Eq.
(26)) becomes

sin¢ (28b)

m __ 1 ,ya2 3 _ ’f 2 _ -
H = 6 sin? y 2cos” ¢, — 3 a cos” ¢, + C ) cos ¢, 6
ya? 3K ;
2cos® ¢, — 3~ cos® ¢, + C' | cos ¢, (29)
sin® ¢! a

Junction O _

Fig. 3. Arbitrary junction O and geometric parameters for the upper and lower
shells.

where the parameters k and C (denoted earlier as k; and C; for shell
Si) relate to the upper shell, and k' and C’ relate to the lower shell.

The membrane edge deformations for the upper and lower
shells at junction O (refer to Fig. 4(a) for the positive directions
of these) become:

n 1% ingod 6(%- RESS Keos
5065t(sm¢o){6(a cosq&o) prmp y 2cos ¢, — 3acos ¢, +C

(30a)

K 1 "r K 2 ’
s 6Et,(51nr/) ){ (——cos />0> ¢o <2cos ¢ — 3Ecos ¢0+C)}
(30Db)

Fig. 4. Edge deformations and axisymmetric edge actions at junction O: (a)
horizontal displacements and meridional rotations; (b) horizontal shear forces and
bending moments.
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2
i sin ¢,

-2 (31
2
VM= VEat sin g, (31b)

where the thickness parameters t and t' refer to the upper and
lower shells respectively.

5. Bending solution

Fig. 4(b) shows a system of axisymmetric bending moments and
horizontal shearing forces applied at the edges of the upper and
lower shells at junction O. Each shell will experience interior bend-
ing moments, stress resultants and deformations in the vicinity of
the edge (the so-called “edge effect”), in response to the application
of these axisymmetric edge actions. To quantify the edge effects, we
will adopt the asymptotic solution of Hetényi for the axisymmetric
bending of spherical shells [36], which is very accurate provided
that the meridional angle of the shell is not too close to zero or
180° (that is, provided ¢ lies in the range 20° < ¢ < 160°).

Based on the spherical-shell bending theory of Hetenyi [36],
general expressions for interior stress resultants, bending
moments and deformations in a spherical shell, due to axisymmet-
ric bending moments and shear forces applied at the edge of the
shell, have been developed in reference [5]. We may readily apply
the results to the problem depicted in Fig. 4(b).

If the meridional angle measured from the shell edge is denoted
by v for the upper shell and by /' for the lower shell, it is clear, by
reference to Fig. 3, that y = ¢, — ¢ for the upper shell, and
V' = ¢' — ¢, for the lower shell. Let 1 and ' denote the shell slen-
derness parameters; for the upper shell, 2 = [3(1 - vz)(a2/t2)]1/4
and for the lower shell, /' = [3(1 — v?)(a?/t?)]'""*.

The results for actions in the interior of the shell and deforma-
tions at the shell edge are as follows (the superscript b denotes that
these quantities are associated with the bending disturbance).

5.1. Upper shell

NZ = —cot(¢p, — ) e { 2 (sin ¢,)"/*M, sin iy

Sin(d’o - !P) (1K1

20172
*% (sin §,)*/*Ho sin(2y + /3)} (32a)
1
N = e 2 =2 (sing,)"*M,{2 cos ki +ky)sin g}
0= 2 \/m ak, 0 0 Mp ( 1 2) M//
(1 +K%)1/2 . 3/2 .
R (sin¢,)” “Ho{2 cos(Ay + f) — (k1 + kz) sin(Ay + B)}
(32b)
_i e 22 . 1/2 ) .
6= 75“1(4)0 - {aK] (sing,) "“M,{k; cos iy +sin s}
2.1/2
—%(sin bo)**Ho{ky cos(2y + B) +sin(y + )} | (33a)
. a e 2/, . 12
M() = a0 m |:m (sm d)o) Mo
<[{(1 4+ V®) (k1 + ka) — 2ky} cos Ay 4 22 sin Ay]
2.1/2
- % (sin dg)**Ho x [{(1+?)(ks + k2) — 2k;}
x COS(A + B) + 2v? sin(Ay + ﬁ)]} (33b)

b 207 1+ KiK7)\ .
d, ELK, (sin ¢,)M, _E K (sin ¢,)H, (34a)
y AR 22 .
o Faiic. Mo + EiK, (sin ¢,)H, (34b)
where
1-2v
ki=1- < 2 > cot(p, — V) (35a)
k= 1— (1 : 2v> cot(, — ) (35b)
21
1-2v
Ki=1- < o ) cot ¢, (36a)
Ky=1- (1 a 2V> cot ¢, (36b)
22
p=—tan"!(K;) (37)
5.2. Lower shell
ay 20 . 172 .
N? = — cot(¢, + ¢/ 87{ _(sing))"*M. sin 'y
¢ (¢0 '10) Sln(¢ +l/l) a,K ( ¢0) 0 lp
2,172
+% (sin ) 2H. sin(y/ + ﬁ’)} (38a)
1
Y Y {2 (sing,)/*M, {2 cos 'y’ — (K, +Kj)sin 2y}
0 2 \/m aK/ 0 4] 1 2
1+K2)"?
ot (sin) *Hy {2cos(Ay' + ) — (K, + Ky )sin(iy' + )}
1
(38b)
, a eV 27 12 S
- - M {K, A
457 ST { ~(singy) ok} cos Ay +sin2'y'}
14Kk
+(+K7,1(sin &) PH. (K cos(y' +B) +sin(Zy' +B)}| (39a)
1
= TR {ZA (sin )My x [{(1 + ) (K + 1K)
0 4/1/‘} sm(¢ +¢) o 1
2\1/2
2Ky} cos Ay +2v*sin 2] + axk (sing))**H,

K,

<[{(1+VA)(K) +K,) — 2k, } cos(2y' + B') 4+ 2v? sin(2y' + )]

(39b)
w2472 codd (VKN 5,
% = B, (sin¢)M, + 55 T (sin” ¢,)H, (40a)
s AR 27 .
= M, H, 40b
[ Ea/t11</1 Jr Et I(/ (Sln (rbo) ( )
where
/ 1 - 2 / !
K :1+( = v) cot(¢, + ) (41a)
/ 1+2 "
k2:1+< - v) cot(g), + v/) (41b)
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Ky=1+ (1 - 2v> cot ¢, (42a)
27

Ky=1+ <1 ha 2V> cot ¢, (42b)
2

f = —tan"'(K}) (43)

6. Evaluation of edge actions

To evaluate the edge actions M,,H,,M,, H,, we apply the
boundary conditions of continuity of net deformations across the
junction of the two shells

o =07 (44a)
vi=yrT (44b)

and the boundary conditions expressing the equilibrium of an ele-
ment at the interface of the two shells, namely that the net torque
and the net horizontal thrust upon such an element must be zero:

M,-M, =0 (45a)
H" +H, —H, =0 (45b)
Net deformations of,67, VI VT are, of course, given by

superimposing the components due to the bending correction -
expressions (34) and (40) - with their membrane-solution counter-
parts. The latter have already been obtained explicitly (results (30)
and (31)), and may therefore be taken as known quantities. Thus

w22 1+ KK,
o= +Et7(sm )Mo —E—t< K, >(sm ¢o)Ho (46a)
2772 Ja (1+K KN /.
T /m / 112 2 ’
o ="+ EFK, (sin ¢ )M, + 74 <7K'1 )(sm ¢0>Ho (46b)
4;3 272
T _ym__ >
vV, =V, EatK, M, + — FiK, (sin ¢,)H, (47a)
1T /m 4;~/3 ! 2/1/2 . / !
V V Ea/t/l</] [ + Et/[(/l (Sln d)o)Ho (47b)
From Eq. (45), we obtain the relations
M, = M, (48a)
H,=H, - H} (48b)

where H}' is a known quantity (result (29)). Using relations (46) and
(47) to write out Eqgs. (44) in expanded form, and eliminating M;
and H, from the ensuing pair of equations (using relations (48)),
we obtain a pair of simultaneous equations in two unknowns M,
and H,, which upon solving yield

M, :fi}f 1_}’2;?2 (492)
1
H, :fg}gi}ﬁ? (49b)
1
where
2 12 )/2 50
fl E tK] ( (/)0) - t/K/ (Sln¢ ) ( a)

a1 KK, A (1K
Fo =g (F ) s )+ 5 (S Jsin' )

(50b)

4 23 "
fs=-¢ (atIG * a/t’K’1> (509
— A (T KK (o o\
1= (0" 00"~ (S (sin (50d)
= (V)™ = (V)" — 212 (sin ¢, )H" (50e)
£2=Wo ) TEK

The other two edge actions M, and H, then follow from rela-
tions (48).

7. Net stresses

With the shell-edge actions {M,,H,, M,,H;,} now known, we
can evaluate, from expressions (32), (33), (38) and (39), the bend-
ing-related stress resultants {N{ﬁ,ij,Nﬁ,',’,N’b} and bending
moments {M,,M,,M,,M,} in the two shells. The net stresses on
the inner and outer surfaces of the two shells then follow by super-
imposing the membrane-solution stresses with those stemming

from the bending correction:

NY 6M
T ¢ ¢
=_¢ i 1
BTt e (51a)
N™ N 6M
=TI R (51b)
N/m N/b 6 M/
/T [ ¢ ¢
= + 2
O =7 Tv T @ (52a)
m b U
gr =Mo" Ni, OM, (52b)

t/ t’ t/Z

8. Numerical example

Fig. 5 shows a vessel consisting of three shells of radii a; = 10 m
(shell A), a; =13.473 m (shell B) and a; = 10 m (shell C). These
meet at junctions ]J1 and ]2 as shown. In the notation of the present
formulation, the shells A, B, C will be denoted by S1, S2, S3
respectively. The uppermost shell (shell S1) has an angle of open-
ing ¢, = 60°; the bottom shell (shell S3) has an angle of opening
¢30 = 120°; the middle shell (shell S2) has angles of opening
¢, = 40° at junction J1 and ¢,, = 140° at junction J2. The shells
are assumed to be fabricated from steel plate of constant thickness
t =0.05m throughout, giving a minimum radius-to-thickness
ratio of 200 for the vessel. The Young modulus of steel will be taken
as E = 200 x 10° N/m?, and the Poisson ratio of steel as v = 0.3.

The geometrical configuration of the whole assembly is sym-
metrical about the equatorial (middle) plane of the vessel. The ves-
sel is assumed to be axisymmetrically supported in the lower
region of shell S3, the distance of the supports (from junction J2)
being such that the edge effects at the supports do not significantly
influence the edge effects at junction J2 (which is valid if the loca-
tion of the supports is below the level ¢ = 150°). It is assumed that
the vessel is completely filled with water of unit weight
y =10 x 10° N/m>. A brief summary of the correct sequence of
calculations is as follows:

First, we calculate the depth parameters hjo and hy, using Eqs.
(2b) and (3b) respectively, then the parameters ki, k> and ks for
the three shells using Eqs. (7a), (7b) and (7d) respectively. The con-
stant of integration of the membrane solution for the top cap (shell
S1) is C; = 1. The constants of integration C, and Cs (for shells S2
and S3 respectively) are evaluated from Eqgs. (20) and (24) using
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Fig. 5. Geometric parameters of the numerical example.

the relevant geometric parameters. The variations of membrane
stress resultants in shells S1, S2 and S3 then follow from Egs.
(13),(21) and (25). We then use Eq. (29) to evaluate the horizontal
resultant of the membrane meridional stress resultants at the
junctions, and Egs. (30) and (31) to evaluate the membrane
deformations at the junctions. That finishes the calculation of all
relevant membrane quantities.

The quantities associated with the bending effects are evaluated
next. Knowing the slenderness parameter / for each of the three
shells, we evaluate the bending-solution parameters represented
by Egs. (35)-(37) for the upper side of a given junction, and Egs.
(41)-(43) for the lower side of a given junction. The parameters
{f1,f2.f3,81,8,} are evaluated from Eqgs. (50); the actions
{M,,H,} at the upper edge of a given junction follow from Egs.

U

(49), while the actions {M,, H;} at the lower edge of a given junc-

0

tion follow from Egs. (48). Using these values of {M,,H,, M,  H,},
the bending-related stress resultants {N’,Ny,N,N;’} and bending
moments {M(,“M(,,M;),M;,} in the junction zones are evaluated on
the basis of Eqgs. (32), (33), (38) and (39). Combining the membrane
stresses with the bending-related stresses in accordance with Egs.
(51) and (52) then gives the final stresses in the shell.

A finite-element analysis of the vessel was performed using the
programme ABAQUS [37]. Three-node curved-line (quadratic) axi-
symmetric shell elements with two integration points (SAX2) were
used for the modelling of the entire vessel. The mesh was made
very fine in the neighbourhood of the junctions (3 m on either side
to cover the effective range of the bending disturbance), with each
element subtending an angle of 0.1°. This fine mesh was also used
throughout the lower part of the vessel below junction ]2, in order
to properly account for support-related bending effects. Outside
the bending-disturbance zones, a coarser mesh (elements subtend-
ing an angle of 1.0°) was found to suffice.
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Fig. 6. Variations of stresses with arc length s over the full profile of the vessel (top
to bottom): (a) meridional stresses; (b) hoop stresses. In the legend, the symbol m
denotes membrane stresses, T(i) denotes total stresses on the inner surface of the
shell, and T(0) denotes total stresses on the outer surface of the shell.

Axisymmetric support conditions (with all three degrees of
freedom fixed) were prescribed at the location ¢, = 150° of shell
C, sufficiently distanced from junction ]2 (¢$5, = 120°) to ensure
that edge-disturbance interaction [38] between the supports and
junction ]2 was insignificant. Hydrostatic pressure normal to the
shell inner surface was applied. Output results were obtained in
the form of stress components S11 (meridional) and S22 (hoop)
calculated at the integration points of each element.

9. Results and discussion

Fig. 6(a) and (b) shows meridional and hoop stresses (in MPa),
respectively, plotted versus the coordinate s, this being the cumu-
lative distance travelled from the apex of the vessel along the
curved meridian, up to the point in question. For points lying on
shell A, this distance is simply the arc length over shell A up to
the point in question; for points lying on shell B, it will be the full
arc length of shell A, plus the additional arc length from junction J1
over shell B up to the point in question; for points lying on shell C,
the distance s will be the sum of the full arc lengths of shells A and
B, plus the additional arc length from junction J2 over shell C up to
the point in question. The range of s covered by the plots is
0<s<375m.
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Fig. 7. Meridional stress variations in the vicinity of the shell junctions: (a) junction
J1; (b) junction J2. In the legend, the symbol m denotes membrane stresses, T(i)
denotes total stresses on the inner surface of the shell, and T(o) denotes total
stresses on the outer surface of the shell.

In these plots, the gradually varying curves are the membrane
stresses {o”, o'}, while the sharply oscillating curves in the vicin-
ity of the junction locations represent total stresses on the inner
and outer shell surfaces, that is {¢](i); o7, (0)} for the meridional-
stress variations in Fig. 6(a), and {c7(i); 67 (0)} for the hoop-stress
variations in Fig. 6(b). Some observations are as follows:

(i) As expected, the membrane-stress variations show disconti-
nuities (or jumps) at both junctions J1 and J2. On combining
the membrane stresses with the stresses due to the edge
effect, the total-stress variations show continuity in values
(but not of slope) across the junctions.

(ii) The bending-disturbance stresses at the lower junction are
several times larger than those at the upper junction; this
is because the larger hydrostatic pressures in the lower part
of the vessel cause bigger membrane-deformation incom-
patibilities, in turn inducing larger bending effects.

(iii) The bending-disturbance stresses are very localised to the
shell junctions, dying out within a distance of only 2.5 m
on either side of the junctions. However, within these nar-
row zones, they sharply rise to magnitudes that are several
times larger than the calculated membrane stresses.

(iv) At both the upper and the lower junctions, the bending-
disturbance effects result in net meridional stresses in both
tension and compression that are relatively large in
comparison with the surrounding membrane stresses.
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Fig. 8. Hoop stress variations in the vicinity of the shell junctions: (a) junction J1;
(b) junction J2. In the legend, the symbol m denotes membrane stresses, T(i)
denotes total stresses on the inner surface of the shell, and T(o) denotes total
stresses on the outer surface of the shell.

Table 1
Meridional stress values (in MPa) at the junction locations.

Junction J1 Junction J2

oy o} (outer) o} (inner) 0F o}, (outer) o} (inner)

Upper side 2.2 18.0 -13.0 —-233 -1410 102.4
Lower side 3.0 19.0 -12.1 -17.3 -137.1 106.3
Table 2
Hoop stress values (in MPa) at the junction locations.
Junction J1 Junction ]2
gy’ o) (outer) o} (inner) 03 o} (outer) o} (inner)
Upper side 7.8 226 134 924 -234 50.5
Lower side 10.5 22.6 134 686 —233 50.3

(v) On the other hand, while the bending disturbance increases
the relatively modest membrane hoop tension at the upper
junction, it has the beneficial effect of sharply lowering the
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Fig. 10. FEM results: hoop stress variations in the vicinity of the shell junctions: (a)
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Table 3
Analytical versus FEM results for junction locations (values in MPa).

Junction J1 Junction ]2

o, (0) a, () of(0) af ()

-139.1 1044 -234 504
—137.5 99.7 -23.1 495

o, (0) oy (i) of(0) o] (i)

ANA 185 -12.6 226 134
FEM 17.6 -12.6 221 133

much larger membrane hoop tension at the lower junction,
with the result that outer parts of the shell end up being
slightly in compression.

(vi) The inward-pointing kink in the vessel profile at junction ]2
has the same effect as circumferentially prestressing the
smooth shell at this level (in order to counter hoop tension
due to outward hydrostatic pressure). However, the benefit
is only very localised.

To see more clearly what is happening in the vicinity of the
junctions, the meridional stress variations around junction J1 have
been magnified in Fig. 7(a), while those around junction ]2 have
been magnified in Fig. 7(b). Similarly, Fig. 8(a) shows magnified
hoop-stress variations around junction J1, while Fig. 8(b) shows
magnified hoop-stress variations around junction J2. Tables 1 and
2 feature meridional and hoop stress values (in N/mm?) at junc-
tions J1 and ]2, for the upper and lower sides of the junctions.

The results of the finite-element analysis are plotted in Figs. 9
and 10. Comparing Fig. 7(a) versus 9(a), 7(b) versus 9(b), 8(a) ver-
sus 10(a), and 8(b) versus 10(b), we can see that the agreement
between analytical and FEM stress variations is excellent. Table 3
compares analytical and FEM stress values at the junction loca-
tions, with the analytical values being the average of the values
on either side of the junction. The agreement is very close (gener-
ally within 2%), showing that the theoretical formulation devel-
oped in this paper is very accurate.

10. Concluding remarks

A theoretical formulation for the complete determination of the
state of stress in large thin-walled liquid-filled vessels in the form
of multi-segmented spherical shells has been presented. The for-
mulation assumes that the transfer of membrane forces between
adjacent shell segments is such that only vertical equilibrium of
stress resultants needs to be preserved. The edge effect in the
vicinity of the shell junctions is accounted for by an axisymmetric
bending theory for spherical shells.

The formulation has been applied to the example of a large
3-segmented vessel, and the results compared to those obtained
from finite-element modelling. Excellent agreement between the
theoretical and FEM results has been obtained, showing that the
presented theoretical formulation is reliable and very accurate.
The analytical formulation (which may easily be programmed)
may be used to perform rigorous stress analyses of multi-
segmented spherical vessels in lieu of finite-element modelling,
or to validate new finite-element programmes.

Acknowledgements

The authors would like to thank Mr. Angus Rule of the
University of Cape Town for assistance with the preparation of
the illustrations. The first author acknowledges funding received
from the National Research Foundation of South Africa for the
purposes of this research.



A. Zingoni et al./Engineering Structures 87 (2015) 21-31 31

References

[1] Tooth AS. Storage vessels. Developments in thin-walled structures, vol.
1. London: Elsevier Applied Science; 1982. p. 1-52.

[2] Novozhilov VV. Thin shell theory. Groningen: Wolters-Noordhoff; 1970.

[3] Flugge W. Stresses in shells. Berlin: Springer-Verlag; 1973.

[4] Gould PL. Analysis of shells and plates. New York: Springer-Verlag; 1988.

[5] Zingoni A. Shell structures in civil and mechanical engineering. London: Thomas
Telford; 1997.

[6] Bathe K]. Finite element procedures in engineering analysis. Englewood Cliffs
(N]): Prentice-Hall; 1982.

[7] Gould PL. Finite element analysis of shells of revolution. Pitman Publishing;
1985.

[8] Chapelle D, Bathe K]. The finite element analysis of shells: fundamentals. 2nd
ed. New York: Springer; 2011.

[9] Zingoni A. On membrane solutions for elevated shell-of-revolution tanks of
certain meridional profiles. Thin-Wall Struct 1995;22:121-42.

[10] Zingoni A. Stress analysis of a storage vessel in the form of a complete triaxial
ellipsoid: hydrostatic effects. Int J Pressure Vessels Piping 1995;62:269-79.

[11] Chen L, Rotter JM, Doerich C. Buckling of cylindrical shells with stepwise
variable wall thickness under uniform external pressure. Eng Struct
2011;33:3570-8.

[12] Zingoni A, Pavlovic MN. Discontinuity phenomena around the supports of
stepwise-thickened spherical steel tanks: theoretical considerations and
parametric results. Int ] Pressure Vessels Piping 1993;53:405-35.

[13] Sosa EM, Godoy LA. Challenges in the computation of lower-bound buckling
loads for tanks under wind pressures. Thin-Wall Struct 2010;48:935-45.

[14] Zhao'Y, Lin Y. Buckling of cylindrical open-topped steel tanks under wind load.
Thin-Wall Struct 2014;79:83-94.

[15] Burgos CA, Jaca RC, Lassig JL, Godoy LA. Wind buckling of tanks with conical
roof considering shielding by another tank. Thin-Wall Struct 2014;84:226-40.

[16] Zhao Y, Lin Y, Shen YB. Wind loads on large cylindrical open-topped tanks in
group. Thin-Wall Struct 2014;78:108-20.

[17] Shekari MR, Khaji N, Ahmadi MT. On the seismic behavior of cylindrical base-
isolated liquid storage tanks excited by long-period ground motions. Soil Dyn
Earthquake Eng 2010;30:968-80.

[18] Ozdemir Z, Souli M, Fahjan YM. Application of nonlinear fluid-structure
interaction methods to seismic analysis of anchored and unanchored tanks.
Eng Struct 2010;32:409-23.

[19] Taniguchi T, Ando Y, Nakashima T. Fluid pressure on unanchored rigid flat-
bottom cylindrical tanks due to uplift motion and its approximation. Eng
Struct 2009;31:2598-606.

[20] Guggenberger W. Collapse design of large steel digester tanks. Thin-Wall
Struct 1994;20:109-28.

[21] Rotter JM. Shell structures: the new European standard and current research
needs. Thin-Wall Struct 1998;31:3-23.

[22] Rotter JM. Recent advances in the philosophy of the practical design of shell
structures, implemented in Eurocode provisions. In: Zingoni A, editor. Recent
developments in structural engineering, mechanics and
computation. Rotterdam: Millpress; 2007. p. 26-31.

[23] Zingoni A. Stresses and deformations in egg-shaped sludge digesters:
membrane effects. Eng Struct 2001;23:1365-72.

[24] Zingoni A. Stresses and deformations in egg-shaped sludge digesters:
discontinuity effects. Eng Struct 2001;23:1373-82.

[25] Zingoni A. Parametric stress distribution in shell-of-revolution sludge
digesters of parabolic ogival form. Thin-Wall Struct 2002;40:691-702.

[26] El Damatty AA, Marroquin EG, El Attar M. Behavior of stiffened liquid-filled
conical tanks. Thin-Wall Struct 2001;39:353-73.

[27] El Damatty AA, Marroquin E. Design procedure for stiffened water-filled steel
conical tanks. Thin-Wall Struct 2002;40:263-82.

[28] Zingoni A. Discontinuity effects at cone-cone axisymmetric shell junctions.
Thin-Wall Struct 2002;40:877-91.

[29] Zingoni A. Simplification of the derivation of influence coefficients for
symmetric frusta of shells of revolution. Thin-Wall Struct 2009;47:912-8.

[30] Golzan BS, Showkati H. Buckling of thin-walled conical shells under uniform
external pressure. Thin-Wall Struct 2008;46:516-29.

[31] Hafeez G, El Ansary AM, El Damatty AA. Stability of combined imperfect
conical tanks under hydrostatic loading. ] Constr Steel Res 2010;66:1387-97.

[32] Sweedan AMI, El Damatty AA. Simplified procedure for design of liquid-
storage combined conical tanks. Thin-Wall Struct 2009;47:750-9.

[33] Jasion P, Magnucki K. Elastic buckling of horizontal barrelled shells filled with
liquid: numerical analysis. Thin-Wall Struct 2012;52:117-25.

[34] Zhan HJ, Redekop D. Static and dynamic loading of an ovaloid toroidal tank.
Thin-Wall Struct 2009;47:760-7.

[35] Teng JG. Buckling of thin shells: recent advances and trends. Appl Mech Rev
(Trans ASME) 1996;49:263-74.

[36] Hetenyi M. Beams on elastic foundation. Ann Arbor: University of Michigan
Press; 1946.

[37] ABAQUS Standard. Newark (California): Hibbit, Karlsson and Sorenson Inc:
1998.

[38] Zingoni A, Pavlovic MN. On edge-disturbance interaction and decoupling
errors in thin-walled nonshallow spherical-shell frusta. Thin-Wall Struct
1992;13:375-86.


http://refhub.elsevier.com/S0141-0296(15)00003-6/h0005
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0005
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0010
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0015
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0020
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0025
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0025
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0030
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0030
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0035
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0035
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0040
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0040
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0045
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0045
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0050
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0050
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0055
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0055
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0055
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0060
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0060
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0060
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0065
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0065
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0070
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0070
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0075
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0075
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0080
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0080
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0085
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0085
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0085
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0090
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0090
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0090
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0095
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0095
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0095
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0100
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0100
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0105
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0105
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0110
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0110
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0110
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0110
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0115
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0115
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0120
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0120
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0125
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0125
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0130
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0130
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0135
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0135
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0140
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0140
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0145
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0145
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0150
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0150
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0155
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0155
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0160
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0160
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0165
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0165
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0170
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0170
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0175
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0175
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0180
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0180
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0190
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0190
http://refhub.elsevier.com/S0141-0296(15)00003-6/h0190

	A theoretical formulation for the stress analysis of multi-segmented spherical shells for high-volume liquid containment
	1 Introduction
	2 Loading preliminaries
	3 Membrane stress resultants
	4 Membrane deformations
	5 Bending solution
	5.1 Upper shell
	5.2 Lower shell

	6 Evaluation of edge actions
	7 Net stresses
	8 Numerical example
	9 Results and discussion
	10 Concluding remarks
	Acknowledgements
	References


