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This research is part of an on-going project aimed at describing the mechanotrans-
duction of Rheumatic Heart Disease, in order to study and predict long-term effects
of new therapeutic concepts to treat inflammatory heart diseases and ultimately, es-
timate their effectiveness to prevent heart failure. Attention is given to Rheumatic
Heart Disease (RHD) - a valvular heart disease. RHD is a condition which is mostly
common amongst poorer regions and mainly affects young people, of which claims
approximately 250 000 lives per annum. The Theory of Porous Media (TPM) can
represent the proliferative growth and remodelling processes related to RHD within a
thermodynamically consistent framework and is additionally advantageous with ap-
plication to biological tissue due to the ability to couple multiple constituents, such
as tissue and blood.

The research presented will extend an existing biphasic TPM model for the solid
cardiac tissue (solid phase) saturated in a blood and interstitial fluid (liquid phase)
[25], to a triphasic model with inclusion of a third nutrient phase. This inclusion is
motivated by the reason to constrain the volume of the liquid phase within the system
in response to the description of growth, which is modelled through a mass exchange
between the solid phase and liquid phase within the biphasic model. Although the
nutrient phase acts as a source for growth, the proposed mass supply function used to
correlate the deposition of sarcomeres in relation to growth is predominantly mechan-
ically driven and bears no connection to any biochemical constituent, which therefore
renders the nutrient phase as a physiologically arbitrary quantity. However, the provi-
sion of the nutrient phase is a platform for the inclusion of known constituents which
actively contribute towards growth, of which may be explored in future research.

The triphasic model is applied to a full cardiac cycle of a left ventricle model,
extracted from magnetic resonance imaging (MRI) scans of patients diagnosed with

RHD.
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Chapter 1

Introduction

1.1 Background

Medical advancements within the past century have occurred at a rapid rate. Doctors
and medical researchers of today have a wide array of knowledge and tools available
at their disposal, whether it be in the form of high precision instruments or computer
software. Much of this advancement may be attributed to researchers from other fields,
such as mathematics, computer science and engineering. The grandiose complexity
of the human body has long fascinated scientists and engineers. This fascination has
resulted in the popular growth of multidisciplinary fields in biomedical engineering
and computational modelling. The study of the human heart is one such area of
research which has become popular in recent times, through its relationship to solid
mechanics. As such, computationally modelling the mechanics of the human heart
will be of primary focus during this research study.

The progression of computing technology has led to faster, more powerful and
robust systems, which are capable of handling the demanding computational require-
ments of biomechanical modelling. Similarly, with improvement in the domain of
microscopic imaging, it is possible to characterize changes in molecular structure of a
diseased organ. As a result, mathematical models may be developed to describe these
changes and predict how certain conditions might evolve; for example, the description
of tissue growth of a diseased heart.

Specifically, it is the field of continuum mechanics which is of significant importance
in the domain of biomechanical modelling. Principles of continuum mechanics may
be used to gain an improved understanding of biological systems, especially if they
are able to take into account the interconnected mechanical, chemical and electrical
mechanisms. These analytical models may be coupled with computational methods
in order to help describe the mechanical environment through a healthy, injured or
diseased state. Consequently, this may lead to advances in therapeutic and diagnostic
procedures.

1.2 Problem Statement

Cardiovascular disease is the most prevalent cause of death globally, claiming 40%
of all human mortality [62]. Even through significant medical advancement, approxi-
mately 25 million people suffer from heart failure, annually [88]. Unlike other types of
tissue around the body, cardiac tissue is unique in the sense that it can rarely regen-
erate after being damaged [2|. Cardiac hypertrophy is a dominant manifestation of
cardiovascular disease, and is usually driven through pressure or volume overload of
the heart [38]. On the cellular level cardiac hypertrophy stems from a remodelling of
the tissue composition and structure, whereas on the global organ level, this results in
a dilated or thickened heart [20]. Understanding how changes in the micro properties
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of cardiac tissue relate to changes in the heart as a whole, and how the activity of the
heart is affected, is of great importance [20].

The Computational Continuum Mechanics (CCM) Research Group in the Depart-
ment of Civil Engineering have long been involved in computational modelling of the
human heart. Specifically, Rheumatic Heart Disease (RHD), a valvular heart disease
resulting from rheumatic fever has been the primary focus. Rheumatic fever is a
condition which is relatively uncommon within developed urban zones. This may be
attributed to improved socio-economic living conditions and the availability of medi-
cal treatments and services [45]. However, amongst the developing countries around
the world, RHD has become a major burden. The demographic results of RHD are
especially alarming, where it is estimated that every year 250 000 deaths occur world-
wide, with majority of those affected being young people. Due to the fact that the
disease is isolated to poverty stricken and rising nations, little attention has been shed
on this matter [45]. As a result, there is a large need for research into the disease in
order to develop vaccines, treatments and management schemes. The CCM Research
Groups main objective is to create a tool in the form of computational software for
medical researchers that may provide certain forms of analysis and insight to patients
suffering from the disease.

The CCM has developed an in-house cardiac mechanics software SESKA. Recently,
an extension was made to SESKA in order to treat cardiac systems as bi-phasic entities
(comprising of fluid and solid masses), as opposed to a classical continuum mechanics
framework which assumes the domain to be a fully homogenised solid continua. This
was done by implementing a framework based on the Theory of Porous Media (TPM),
which is adequate in representing certain phenomena, such as tissue growth and re-
modelling, which are dominant mechanisms associated with RHD. Additionally, in
relation to hard tissue, using a classical continuum mechanics framework is sufficient,
however, with respect to soft tissue, a reduction towards single phase systems can
be inaccurate and overly simplified due to the significant effect the fluid system has
on the overall behaviour [49]. TPM has been utilised in describing soft tissue and
multiphase systems in recent times, such as with the study of the liver in the work of
Ricken and Bluhm [58]. With respect to modelling RHD infected hearts using TPM
as a computational mechanics framework, the investigation is still in its infancy, of
which validates the reason for continued research in the field.

1.3 Growth and remodelling proliferation in cardiac sys-
tems

The basis for modelling soft tissue and growth and remodelling proliferation, was
established through the conception of an incompatible configuration and the multi-
plicative split of the deformation gradient into elastic and growth parts [47, 60]. This
theory was first conceived in the work of Rodriguez et al. [60], whereby an adaptation
of the theories employed in the field of finite plasticity, developed by Lee [40], was
successfully conducted. Even though growth is still a fairly under represented area
of research, there have been great strides made to characterise soft tissue in terms of
growth laws, of which are highly dependent on numerous factors such as the type of
stimuli (e.g. chemical or mechanical), or the mechanisms of growth evolution (e.g.
isotropic or anisotropic growth).

Cardiac modelling is viewed as the benchmark for soft tissue modelling, with much
attention being attracted to growth in arteries, with respect to cardiovascular disease,
such as with ([24, 36]), and full scale heart modelling [20, 32, 52, 57]. In terms of
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growth and remodelling with respect to the heart, two mechanisms of growth are
generally modelled for, namely, concentric hypertrophy, which results from a pressure
overload, and eccentric hypertrophy, which is stimulated through a volume overload
of the heart. These conditions may be found in conjunction with valvular disease, as
is the case in people suffering from rheumatic heart. Kerckhoffs et al. [32], developed
a growth law which enabled the description of the mechanical and functional changes
in hearts with mitral regurgitation and aortic stenosis. Due to a lack of knowledge,
the characterisation of cardiac tissue growth in relation to biochemical stimulants, is
not well understood. Hence, the studies which have been developed to model growth
proliferation are mechanically driven, of which a common example is found in the
growth laws formulated to model eccentric and concentric hypertrophy through stress
and strain based laws, respectively, proposed by Goktepe et al. [20], and successfully
implemented in various studies [57]. In the aforementioned studies, a growth factor,
which is a scalar quantity that signifies the degree of growth, is introduced for a
given deformation state. The rate of change of growth is characterised through a
constitutive law which as mentioned, is either stress or strain driven depending on
the growth type, and is dependent on the growth factor. A local iterative procedure,
involving the constitutive growth law and a finite difference approximation of the first
order material time derivative of the growth factor, is hence established in order to
solve the system of equations [20, 57]. In addition, with respect to the evolution
of growth, it is known that the myocardium of the heart comprises of a network of
tissue fibres which are arranged in helical patterns. It is understood that, during
hypertrophy, an extension or thickening of these fibres occurs [32|. Hence, growth
related modelling of cardiac tissue generally makes use of transversely isotropic growth
laws. In the work of Werner et al. [81], transversely isotropic and isotropic growth
were initiated on circular discs, defined as a cardiac tissue material, of which was
additionally modelled using the theory of porous media in conjunction with an adapted
form of the growth law presented by Goktepe et al. [20]. In the work of Hopkins [25],
the methods of computing the the growth and remodelling processes related to cardiac
systems, correlated to those proposed by Werner et al. [81] and Goktepe et al. [20].
In this study, which build upon the work of Hopkins [25], an improved method of
representing the growth evolution, through an alternate description of the growth
Jacobian, proposed by Werner et al. [80], is adapted and applied.

In order to model a full cardiac cycle, various mathematical models in the form of
constitutive laws, for example, need to be defined for the various stages of the heart
beat. The description of the diastolic filling stage was modelled using a strain energy
function proposed by Usyk et al. [73]. This strain energy function, which governs how
the body mechanically behaves, is stipulated for a material that displays orthotropic,
exponential and near incompressible behaviour [73|. Cardiac tissue is generally treated
as near incompressible, which has been substantially proven through various studies,
such as with Vossoughi and Patel [77], who validated this hypothesis through hydro-
static stress tests on samples of myocardial tissue. Contrary to this however, Yin et
al. [86], suggested that due to the composition of the myocardium which contains an
array of blood vessels, of which are distensible, a change in density of the myocardial
tissue could be observed as the vessel fluid volume alters during the transition between
different stress states. The idealisation of cardiac tissue being orthotropic in nature
is founded on the premise that the muscle fibres that constitute the myocardium, are
contained within sheets that are additionally separated by cleavage planes, which re-
sults in three independent behavioural planes [61]. This theory was validated through
experimental tests performed by Dokos et al. [14], who conducted shear tests on pig
hearts, and more recently by tests performed on tissue of the human myocardium by
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Sommer et al. [69].

Moving on to the active mechanics, an active tension model developed by Guc-
cione and McCulloch [22], is utilised in this study and is dependent on the calcium
intracellular concentration, sarcomere length and time. The contraction stage is ini-
tiated through a depolarising wave which propagates through the myocardium and
excites the calcium ions. Physiologically, this process occurs in a asynchronous man-
ner, whereby the muscle tissue contracts differently in space and time. Active stress
models which are coupled with electro-mechanical models such as the Eikonel diffusion
equations and the bidomain equations, are able to produce the feature of asynchronous
conduction [33]. However, for simplicity, a synchronous active tension model is as-
sumed in this research. In terms of the ejection stage of the cardiac cycle, which
describes the hemodynamic process of blood being pumped into the systemic circula-
tory system, a three element Windkessel model is used.

1.4 Theory of porous media

Amongst the many sectors of science and engineering, understanding the material
composition of a medium is essential in terms of describing the manner in which
it behaves. The system could comprise of several types of solid constituents, or it
could be a single porous solid matrix which is saturated with a fluid, of which could
furthermore be in the form of a gas or liquid. The response of each material is
unique based on its own micro-structural and chemical composition. Consequently,
each material would contain different motions, and in systems which are multiphasic,
interaction forces would hence exist. Composite materials may be very heterogeneous
in terms of the pore structure, and the location and degree of saturation, of which could
almost be impossible to describe. A framework which is able to describe the behaviour
of multi-constituent systems, whilst confronting the difficult task of representing the
composition accurately, may be found in the Theory of Porous Media.

The Theory of Porous Media, TPM, is based on the Theory of Mixtures coupled
with the volume fractions concept (see [13, 16]). Utilising the Mixture Theory, results
in a framework which is capable of describing systems which comprise of multiple
constituents, and is furthermore able to characterise the internal interactions between
the constituents [59]. The volume fractions concept assumes that the solid skeleton
forms the boundary domain of the system and that only the fluid, which occupies
the pore spaces, may leave or enter the control space [13]. In addition, it is assumed
that the fluid fully saturates the pore spaces and that all pore spaces are statistically
averaged out over the control space. Hence, the geometrical structure of the pore
spaces nor the spacial arrangement are considered [13]. Thus, the Mixtures theory,
restricted by the concept of volume fractions, results in framework which operates
from the macroscale whilst taking into account microscale properties. This is done
through idealising the porous body as a "smeared" continua, whereby each constituent
simultaneously occupies the entire control space, defined by the boundary of the solid
skeleton [13, 16].

In the work of Ricken et al. [59], a triphasic TPM model was proposed of which
was modelled to represent a solid constituent body saturated with water containing
nutrients. Furthermore, the triphasic model was formulated in context of describing
transversely isotropic biological soft tissue, with the inclusion of growth and remod-
elling proliferation. The framework was built upon from the balance equations of
momentum, mass, angular momentum and energy, and the entropy inequality. This
allowed the constitutive equations to be developed for the solid and fluid constituents.
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The constitutive law for the description of growth was based on a stress and nutrient
driven law, which was furthermore applied to the case of a healing soft tissue wound
and the study of stent restenosis in arteries after angioplasty [59].

In the work of Hopkins [25] a biphasic TPM model was implemented to describe
the condition of Rheumatic Heart Disease, RHD, and was applied to patient specific,
3D left ventricle models, segmented from CMR scans. In this work, cardiac tissue
was modelled for and included similar constitutive relations to those presented in the
work of Ricken et al. [59] with respect to the formation of stress and filter velocity
laws.

1.5 Research aims and objectives

Research into developing the current TPM framework in SESKA is the main objective.
Consequently, due to the TPM framework only being recently implemented, there are
various aspects which need to be addressed, which entail improving and expanding
the current model. As such, the details relating to the continuation of research in the
field of TPM and cardiac modelling shall be briefly discussed below.

1.5.1 Triphasic model development with inclusion of growth

The application of TPM has thus far been implemented using a biphasic model, in
which the medium constituents comprise of a solid and fluid phase. The biological
tissue growth of the heart in relation to rheumatic heart disease (RHD), is accounted
for through a mass exchange between the solid and fluid phases, with the fluid vol-
ume and mass decreasing and the corresponding properties of the solid phase hence
increasing. Although the current implemented model seems to be working adequately,
it is understood that a few problems could arise, due to the decrease in fluid volume
not being entirely reflective of true conditions [25].

Mitigating the problem associated with the biphasic model could be realised by
creating a triphasic model through introduction of a third nutrient phase [25]. The
nutrient phase would thus contribute to the growth of the system, instead of the liquid
phase. Analytical and numerical techniques would need to be investigated in order
to characterise the nutrient phase and to also adjust the current configuration of the
existing model to accommodate the triphasic system. As such, the triphasic model
which will be implemented is based on a model proposed by Ricken et al. [59]. In
addition, a more expansive and versatile model will be realised by adding another
phase onto the existing biphasic model. In future this could facilitate the substitution
of biochemical constituents with specific constitutive laws, in place of the nutrient and
liquid quantities.

In terms of growth, a more efficient, and mathematically consistent method of
expressing the growth evolution, of which is derived from the balance equation of
mass and represented through the growth Jacobian, is available in the work of Werner
[80], as compared to that implemented in the current biphasic model. Implementing
this growth law will hence form the second major objective of this research.

A summary of the objectives for this research project are as follows:

e Research into the cell/molecular biology of proliferative processes of rheumatic
heart disease.

e Development of a triphasic TPM framework, with the addition of a nutrient
phase, in accordance with Ricken et al. [59].
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e Implementation of the method of computing growth evolution, as prescribed by
Werner [80].

e Analysis of segmented patient-specific left ventricle models.

1.6 Limitations

This research will encapsulate a study into the mechanical and thermodynamic de-
scription of a patient specific left ventricle model with respect to porous media theory.
In addition, growth and remodelling proliferation will also be investigated in relation
to the condition of Rheumatic Heart Disease (RHD). This will include the application
of a strain driven growth law, developed to model dilated cardiomyopathy, DCM, in
particular. A critical feature of RHD is the condition whereby the valves, of the left
ventricle especially, are left in an impaired state [34]. Proceeding from this, the heart
becomes susceptible to developing other conditions, such as DCM. However, a response
towards DCM may be found with respect to either mitral or aortic regurgitation [34].
As such, It should be noted that the scope of this research is limited to modelling the
standard description of DCM, and can therefore not differentiate between the effects
brought upon by the aforementioned valvular diseases. In addition, regurgitation of
the left ventricular valves results in blood flow through the valves during periods which
the valves are meant to be closed. This research will hence not focus on that aspect of
the disease, and will be left for future consideration. Finally, this research is focused
primarily on the left ventricle, and will thus neglect all contributions from the right
ventricle, atria, and the pericardium.

1.7 Thesis overview

Chapter 2 will provide a basic introduction into the physiology and function of the
heart. The microstructral and macrostructural architecture of the myocardium will
then be addressed, of which will be followed by a summary of the cardiac cycle.
Finally, the pathophysiology of Rheumatic Heart Disease will be covered.

Chapter 3 will outline the derivation for a Theory of Porous Media framework.
Insight into the volume fractions concept, kinematics of TPM, and the kinematics of
finite growth, will be considered, of which will then lead to the formulation of the
balance equations and the entropy inequality.

Chapter 4 will then review the general TPM framework developed in Chapter 3,
and after evaluation of the entropy inequality, an adaptation towards the case of a
rheumatic heart will be conducted with respect to a triphasic model. This will result
in the formulation of the constitutive relations needed to characterise the solid and
fluid constituents, and the growth law.

Chapter 5 will lay forth the constitutive laws needed to model the various phases
of the cardiac cycle. This will entail a definition of the stress tensor for the passive
filling and active contraction. The hemodynamics of the heart will then be discussed
in relation to the ejection component of the heartbeat.

Chapter 6 will then constitute a description of the numerical framework for the
triphasic TPM model, of which will include the weak formulations, details regarding
boundary condition application, temporal dicretization techniques, and the implemen-
tation of the cardiac mechanics model. Finally a numerical example will be discussed.

Chapter 7 will then proceed by applying the proposed triphasic framework on a
left ventricle model of a patient diagnosed with RHD.
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Finally, Chapter 8 will provide concluding remarks based on the analysis of the
results in the previous chapter. Recommendations will then be put forth.



Chapter 2

Cardiac Physiology

2.1 Structure of the heart

The heart is often described as being a muscular pump which distributes blood through
three circulatory systems, namely; the coronary , the pulmonary and the systemic.
The coronary circulation is the circulation of blood within the heart and aims to feed
the components of the heart. The pulmonary and systemic circulations comprise of
the blood being pumped to the lungs and rest of the body, respectively, of which is
illustrated in Fig.(2.1). [43]

Superior

Vena cava

Right atrium Aorta

Pulmonary

artera

Pulmonary Left atrium

circulation

Right ventricle e Left ventricle
Inferior

Vena cava

Pulmonary
vein

Systemic circulation

Figure 2.1: The illustration above depicts the various circulatory
systems and components of the heart. [43, modified]

The heart is situated within the thoracic cavity and is suspended by an arrange-
ment of vessels, enclosed by a fibrous sack, known as the pericardium [27]. The
pericardium contains a lubricant which ensures smooth transitions during the hearts
activity. Focusing on the heart itself, it may be viewed as being comprised of four
chambers. The chambers consist of a left ventricle and atrium, and a right ventricle
and atrium. The atria are known to receive blood whilst the ventricles are tasked
with pumping. Deoxygenated blood flows into the right atrium through the vena
cava, of which is part of the systemic circulation. The vena cava is split into the
superior vena cava which is situated in the top half of the body, and the inferior vena
cava which supplies the bottom half of the body. In addition, blood also enters the
right atrium through the coronary circulation. The deoxygenated blood then passes
through the tricuspid valve, of which only permits flow into the right venticle, and is
then pumped into the pulmonary circulation through the pulmonary valve. Once the
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blood is oxygenated through the lungs, it enters the left atrium, where it then fills the
left ventricle. The mitral valve separates the left atrium and left ventricle and only
permits flow in the direction of the aforementioned order of chambers. Lastly, oxy-
genated blood is pumped through the aortic valve into the systemic circulation where
it is then expelled throughout the rest of the body. As illustrated in Fig.(2.3), the

Aorta
Superior Pulmonary
Vena cava artera
. o

A Pulmonary vein

Pulmonary =
—

vein -y
*

Right atrium Left atrium

Pulmonary

~
valve
Tricuspid
valve
_—

Inferior

Mitral valve

Aortic valve

Vena cava

Right ventricle Left ventricle

FIGURE 2.2: The illustration above depicts the various circulatory
systems and components of the heart. [43, modified]

inner walls of the pericardium are adjacent to the outermost layer of the heart namely,
the epicardium. The epicardium is one of three layers that makes up the muscle walls
of the heart. The inner wall is defined as the endocardium while the central layer,
which occupies the greatest volume of muscle, is known as the myocardium. The base
of the heart is situated in the zone between the atria and ventricles and the apex is
positioned at the bottom where the left ventricle and right ventricle converge. [27]

Fibrous

layer

Pericardium

Epicardium

FIGURE 2.3: Cross-sectional view of the heart muscle. [71, modified]

2.1.1 Macro-structure of the myocardium

The human heart is made up of a network of muscle fibres arranged in helical patterns
that collectively form sheets separated by cleavage planes. Consequently, this arrange-
ment of muscle fibres results in the cardiac tissue being orthotropic with respect to
its mechanical behaviour [61]. As such, understanding the configuration of the muscle
fibres is of great significance with respect to modelling the mechanical and electrical
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properties of cardiac systems. For example, it is well documented that cardiac muscle
conducts electrical pulses anisotropically, showing greater levels of conduction across
the fibre direction [6]. In addition, changes in the configuration of the fibres can
provide important information with regard to certain conditions related to the heart
[61].

The fibre bundles change in orientation between the base and apex, and across the
myocardium. In Fig.(2.4), the muscle fibres have been illustrated with respect to the
left ventricle [30]. As such, it may be noted that the fibre directions are orientated
in opposite directions between the endocardium and epicardium. The approximate
angles of the fibres at the endocardium and epicardium, according to literature (see
e.g. [56, 61]), are in the range of 50° to 70° and -15° to -65°, respectively.

C Subendocardium Subepicardium
Right-handed helix Left-handed helix

FIGURE 2.4: Helical structure of the myocardium. [30, modified]

2.1.2 Micro-structure of the myocardium

The myocardium, which accounts for majority of the muscle of the heart, is made
up of a series of myocytes and connective tissue. Among the group of myocytes, car-
diac myocytes or cardiomyocytes occupy most of the myocardial mass. However, 70%
of the cells within the myocardium are composed of nanomyocytes which are addi-
tionally made up of wvascular smooth muscle, endothelial cells, and fibroblasts. The
fibroblasts help produce and maintain the connective tissue fibres that are partly
responsible for the stiffness and tensile strength properties of the heart tissue. In ad-
dition, the connective tissue fibres are comprised of the endomysium, which surrounds
each cardiomyocyte, the perimysium, which encompasses groups of myocytes, and the
epimysium, which surrounds the whole muscle. [30]

Although there are several types of cardiomyocytes, working myocytes are as-
sociated primarily with muscle contraction. Working myocytes are cells which are
comprised of cross-striates myofibrils, mitochondria and a central nucleus. Separating
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the cells are intercalated discs, which transversely cut across the planes of the myofi-
bres. The intercalated discs provides bonds between the various cardioymyocyte cells
through strong links and also contains pores which help alleviate internal electrical
resistance. Fig.(2.5) illustrates the structure of a working myocyte. [30]

Cardiac muscle cell
Intercalated disc N

Mitochondrion Nycleus

Mitochondrion
T tubule
= Sarcoplasmi reticulum

Nucleus

Sarcolemma

FIGURE 2.5: Anatomy of a cardiomyocyte. [26, modified]

The myofibrils, which are the contractile proteins, fill majority of the space within
the cardimyocyte. The myofibrils may be further discomposed into a series of contrac-
tile entities called sarcomeres, which may be defined as the region between two bands
known as Z - lines (see Fig.(2.6)) and furthermore represents the smallest functional
units within the muscle. The Z - lines are anchored by thin filaments which are com-
prised of the protein: actin. Thick filaments, which contain myosin (a protein that
helps dictate the displacement of muscle cells), reside within the sarcomeres and are
centrally fixed by a protein arrangement known as an M - line. The length of the two
thick filaments which occupy the space on either side of the M - line is called the A -
band and consequently, the region between two consecutive A - bands is named the [
- band. |27]
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FIGURE 2.6: Composition of a sarcomere. [27]
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2.2 Cardiac cycle

The function of the heart may be well understood through an interpretation of the
mechanisms involved during a full cardiac cycle, and how these mechanisms correlate
to the electrical activity of the heart. The cardiac cycle is often represented through
the Wiggers diagram, of which is depicted in Fig.(2.7). The Wiggers diagram conveys
the left ventricular pressure, left atrial pressure and the aortic pressure. Although the
diagram excludes the properties of the right ventricle and atrium, it is known that the
pressure and volume changes, and the timing of the different stages during the cycle,
correlate closely to those of the left side of the heart. |34]

Dias Sys . Dias

Phase: 1 2 3 4 5 6 7

\ I
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1 Valve |
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40+

U ¥
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(ml)
404!
ECG

Heart |4
Sounds |

0 0.4 0.8
Seconds

FIGURE 2.7: Composition of a sarcomere. [34]

Referring to Fig.(2.7), a full cardiac cycle is defined as the mechanisms involved
at the onset of the P-wave in the electrocardiogram (ECG) till it passes through
to the next P-wave. The cardiac cycle is often viewed to comprise of two stages:
systole and diastole. Systole represents the stages of the cardiac cycle associated with
isovolumetric contraction and ejection, whilst Diastole refers to the diastolic filling
and the isovolumetric relaxation stages. The four aforementioned stages account for
a complete cardiac cycle and may be easily represented in a pressure-volume graph
(shown in Fig.(2.8)), which provides an alternate form to that shown in Fig.(2.7). [34]

As mentioned, the myocytes of the cardiac tissue are arranged in helical patterns.
As such, during the onset of systole (start of the isovolumetric contraction stage),
a pressure build-up is initiated in the left ventricle whilst the muscle fibres contract.
Once the pressure within the left ventricle increases beyond that of the left atrium, the
aortic valve is forced open, which hence allows an ejection of blood out of the ventricle.
Since the pressure within the ventricle is greater than that of the atrium during systole,
the mitral valve remains closed. During isovolumetric relaxation, and hence the start
of diastole, the ventricular myocytes begin to relax, which consequently results in a
decrease in ventricular pressure. When the pressure in the ventricles reduces below
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FIGURE 2.8: Ventricular pressure-volume curve associated with a com-
plete cardiac cycle. [23]

that of the atrium, the mitral valve opens, and blood hence flows into the ventricle.
In contrast, the change of pressure between the ventricle and atrium during diastole
results in the aortic valve been closed for the duration of this phase. [27]

Referring to Fig.(2.8), the end diastolic volume (EDV) is the maximum volume
attained at the end of the diastolic filling stage. Similarly, the end systolic volume
(ESV) is the ventricular volume at the end of the ejection phase. Finally, the difference
in volume between the ESV and EDV represents the stroke volume (SV). [34]

2.3 Rheumatic heart disease

Rheumatic heart disease (RHD) is a chronic heart condition which is caused by a series
of attacks of rheumatic fever |45]. Acute rheumatic fever (ARF) is an autoimmune
response to an infection with Streptococcus pyogenes, of which usually manifests in
the form of fever, arthritis and cardiac valvular disease. Valvular dysfunction is the
critical feature of RHD whereby the valves of the left ventricle are most commonly
left in a state of permanent damage or complete failure [23, 45]. The right side of
the heart is usually less affected due to the lower pressures enveloped [23]. Although
uncommon, the disease is especially prevalent in developing countries which pose high
levels of poverty. Penicillin has been found to be reliable in treating cases of ARF,
however due to demographic factors, general treatment and management schemes are
difficult to implement [45].

Rheumatic heart disease has a large impact on valvular function. In a healthy
heart, with normal functioning valves, blood flow generates low pressure gradients
within the valve and the flow is entirely one-directional. With abnormal functioning
valves, these characteristics may become compromised, which may hence hinder the
hearts ability to perform adequately [34]. The initial lesions which affect the valves
as a result of ARF generally form on adjoining valve leaflets, which causes the leaflets
to bond together. In addition, the free edges of the leaflets, which usually possess
flexible material characteristics, often become stiff bundles of scar tissue [23].

When valve leaflets are bonded to each other to an extent whereby it restricts the
flow of blood through the opening, the valve is said to be stenosed. In addition, when
the free edges of the leaflets become rigid to a point in which they loose their ability
to close, hence allowing a backflow of blood, this is termed regurgitation [23|. In both
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aforementioned conditions, a maladaptive expansion of the muscle walls of the left
ventricle, termed hypertrophy, is induced as a result of an increased workload [23, 30].
The hypertrophy of the ventricle may either be in the form of concentric or eccentric
growth, whereby cardiomyocytes are added in parallel (increase in thickness) or in
series (elongation of the tissue), respectively [53]. The two forms of sarcomere growth
are dependent on whether the heart is subjected to a pressure or volume overload, as
depicted in Fig.(2.9), which illustrates the mechanisms related to cardiac hypertrophic
growth and remodelling.
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eft-ventricular
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Eccentric
left-ventricular
hypertrophy

Volume

FIGURE 2.9: Eccentric and concentric cardiac hypertrophy of the left
ventricle. [53, modified]

Within this study, attention will be focused on the case of eccentric hypertrophy
(also known as dilated cardiomyopathy). Hence, the following section will consist
of a description of eccentric hypertrophy and the, physiological changes and alter-
ations in the pressure-volume curves, associated with it. In addition, valvular disease
(associated with RHD) which may result in a dilated heart, will also be covered.

2.3.1 Dilated cardiomyopathy

Dilated cardiomyopathy, DCM, is a condition which is characterised by a dilated left
ventricle. It may be caused by coronary or valvular disease and usually results in
degraded myocardial muscle fibres. Consequently, the weakened muscle fibres has
adverse effects on the pumping capacity of the heart, whereby the heart experiences
a decrease in the end systolic pressure and vascular stiffness. Therefore, due to the
dilation of the ventricular cavity, which additionally has a reduced pumping output,
the ESV and EDV increases, but with a decreased SV. In addition, with a decrease
in vascular stiffness, the slope of the pressure volume curve, at the point of EDV,
namely, the end diastolic pressure volume relationship (EDPVR), reduces. The pres-
sure volume curve which applies to the general case of DCM, is shown in Fig.(2.10).
1]

In terms of valvular disease associated with RHD, a dilated heart is commonly
preceded by valvular regurgitation. As such, the conditions pertaining to mitral and
aortic regurgitation will hence be discussed.

In mitral regurgitation, blood flows back into the left atrium during ejection, due
to the impaired valve leaflets. Since the mitral valve is never entirely closed, a true IVC
and IVR phase does not exist. Mitral regurgitation results in a volume overload of the
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FIGURE 2.10: Pressure volume curve of a heart with dilated cardiomy-
opathy. [1]

ventricular cavity with a reduced pumping capacity. Hence the pressures enveloped
reduce during ejection. The effect of this is an increased EDV and SV. [34]

In the case of aortic valve regurgitation, blood is allowed to enter back into the
ventricles at the beginning of diastole. Similar to mitral regurgitation, this results in
there being no true IVR phase. An increase in blood in the ventricles before diastolic
filling results in an expanded starting volume. During filling, blood continuously enters
the ventricles from the aorta, which hence greatly increases the EDV. As such , the
pumping capacity becomes elevated to account for the increased load. A depiction of
the pressure volume curves associated with mitral and aortic regurgitation are present

in Fig.(2.11). [34]
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FIGURE 2.11: Pressure volume curve of a heart with valvular disease:
(left) Mitral regurgitation, (right) Aortic regurgitation. [34]
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Chapter 3

Theory of Porous Media

In order to determine the behaviour of a porous system, which may be partly or fully
saturated with a pore fluid, the Theory of Porous Media (TPM) may be used as a
suffient framework to model such systems. The basis of TPM stems from the Theory of
Mixtures, volume fractions concept, and the mechanical and thermodynamic balance
equations, see e.g. De Boer [13] and Ehlers [17]. Hence, TPM may be used to
accommodate multiphaisic porous bodies which consist of constituents with various
mechanical or thermodynamic properties.

With regard to certain solid structures, such as concrete or steel, the effect of
the porosity may be seen as negligible when considering it’s structural performance.
In addition, the constituents which fill these pore spaces, e.g. air or water, are also
viewed to not contribute much to the overall behaviour. Therefore, when considering
these materials, it is common practice and adequate to an acceptable level of accuracy,
to treat them as homogeneous, single phase bodies. However, certain materials such
as biological tissue, are greatly influenced by the fluid saturating the pore spaces. The
fluid may have adverse effects on the permeability, stress and growth and remodelling
mechanisms, which subsequently may be all interconnected. Thus, the inclusion of
these pore fluids during the analysis of biological tissue is crucial in terms of generating
accurate models.

Porous bodies have a huge array of considerations to take into account, for example
regarding the material properties, individual motions of the particles pertaining to
each constituent, various interaction forces, and description of the pore localization.
Describing these quantities may present itself as an overwhelming and impossible task.
However, with the use of the theory of mixtures, coupled with the volume fractions
concept, a far simpler approach is available. This concept is based on homogenizing
and statistically distributing the constituent components over the control space of
the body, of which results in a "smeared" model. Therefore, this method proceeds
from the macro scale, with all the micro-level quantities being averaged and cast into
macro-quantities.

In the following sections, an illustration of all the basic principles behind TPM
will be presented.

3.1 Volume Fraction Concept

In the framework of TPM, a solid porous skeleton is saturated with pore fluids, which
constitute the x constituents of the control space. As mentioned, the following method
employs a smeared continua, whereby the constituent components are averaged out
over the control space, of which applies to all geometric and mechanical properties
related to each constituent, such as the stress and motion. With respect to the mixture
theory and volume fractions concept, it is assumed that each phase occupies the entire
domain of the control space and exists simultaneously amongst the other phases.
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A visual representation of the volume fractions concept is displayed in Fig.(3.1).
The control space in the reference configuration, at time t=tg, is defined by Bgg and

theory of mixtures

homogenised model

micro structure

conceptof volume fractions

FiGURE 3.1: Illustration of the volume fraction concept and mixture
theory. [35, modified]

bordered by the surface dBgg. Similarly, in the spatial configuration at time t, the
volume of the control space is given by Bg and with surface area dBg. The boundaries
of the control space are given in terms of the solid skeleton as it is assumed that the
pore fluid lies within the domain of the solid constituent, see De Boer [13].

The volume fraction may be defined as the local volume portion which belongs to
the individual constituents ¢, with « being one of the x constituents. Consequently,
in the reference configuration, the volume fraction is given by

nga = nga (ch t= tO) (31)

and is represented in terms of the material position X,. The partial volume Vg
pertaining to the individual constituent ¢ in the reference configuration is given by

8—/ ngy, dVOQ—/ dvg, (3.2)
Bos Bos

with the partial volume element dV§ and the real volume element dV§, being related
by the following condition:
ng, dVoo = dVg, (3.3)

The volume of the reference configuration may hence be given by
K K K
Vo = / dVoa = Y VG = / > v, = / > 0§, dVoa (3.4)
BOS a=1 BOS a=1 BOS a=1

By making use of Eq.(3.1) and Eq.(3.2), Eq.(3.4) hence allows the following conclusion
to be drawn in relation to the volume fraction ng,:

dVoa = » 1§, dVoa (3.5)
a=1
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which finally leads to expression of the saturation condition:

K
D ng, =1 (3.6)
a=1

which states that the summation of the volume fractions of the constituents is equal to
unity. This condition is important in the formulation of TPM and will be extensively
used in the chapters to follow.

In the spatial configuration the volume fraction may be defined in terms of the
spatial position x and time t, such that

n® =n%(x, t) (3.7)

Similar to Eq.(3.4) the partial volume of the control space in the actual configuration

is postulated by
vz/ dv:/ > ndv (3.8)
Bs Bos =1

which results in the saturation condition of the spatial configuration:

ina =1 (3.9)
a=1

Eq.(3.6) and Eq.(3.9) proves that the saturation condition must always be fulfilled.
The total mass of the entire system, consisting of x constituents in the reference
and spatial configuration, is respectively given by

MoziMa:/ ipgadvm, M:iM“: ipadv (3.10)
a=1 Bos q=1 a=1 Bs =1

whereby pf,, and p* are the partial densities in the respective configurations and are
furthermore defined as

Poa = Poa (Xas t =to), p%=p*(x, t) (3.11)

The real density may be defined as the density over the entire control space, of which
is given by
Poar = Pl (Xar t=t0), p*" =p"R(x, t) (3.12)

in the reference and spatial configuration, respectively. The expression for the partial
mass may be now be expressed in the form

g_/ pa, dv()a_/ psRave Ma_/ P2 dv—/ PR v (3.13)
Bos Bos Bs Bg

which hence allows the relationship between the real and partial to be defined as
Do = 10allas p* =n"pt (3.14)

From a physical aspect, the real densities represent the true densities on the macro-
scale. In comparison to the mixture theory, the compressibility of the material may be
defined using the volume fractions concept to either define a compressible condition
(p*R # const.) or an incompressible condition (p®® = pgR = const.), see De Boer
[13].
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3.2 Kinematics

The saturated porous solid will be idealized as a statistically distributed immiscible
mixture comprising of constituents ¢® with particles X,. In the reference configu-
ration, the material particles of each constituent X, € Bgare independent of one
another and hence occupy different spatial positions. However, making use of the
concept of superimposed continua, it is postulated that each particle of the current
configuration, at an arbitrary time t, simultaneously occupies the same spatial point
x as the rest of the x constituent particles, see [13] and [17]. Due to the constituents
having different material points at tg it may deduced that each individual constituent
has its own kinematic equation of motion

X = Xo(Xa, t) (3.15)

of which may also be termed as the Lagrange description of motion. With X, being
unique and continuous, the inverse mapping of Eq.(3.15) exists in the form of the
FEulerian description of motion:

X, = X (x, t) (3.16)

of which may only be true if the mathematical condition of a non-zero Jacobian, which
may be expressed as the determinant of the deformation gradient F, is satisfied for
each constituent:

F, = =% Jo = detF, £ 0 (3.17)

An illustration of the kinematic framework used within TPM is shown in Fig.(3.2).
Following from Eq.(3.15), it may be observed that each constituent possesses its own
velocity and acceleration field. In the Lagrangian configuration, these are stated as

/ — aXOé(XCHt) " — OQXQ(XOMt)

X, 5t , X, 52 (3.18)

From Eq.(3.16), the velocity and acceleration fields may be arranged in the Eulerian
setting, such that
x,, = x. (x,1), xh = xh(x,t) (3.19)

« «

The set of motion functions shown in Eq.(3.19) differ from those in Eq.(3.18) in
the sense that they are dependent on time t and the spatial position x. Therefore, in
the Eulerian configuration, the motion of a particle is not only governed by time but
also on the path followed through space. This results in the following relationship,
with respect to an arbitrary scalar-value function I'(x,t):

(), = ?91; + gradl'-x), (3.20)
of which is often referred to as the material time derivative. The operator "grad(-)"
shown above, denotes the partial derivative of (-) with respect to the spatial position.
Similarly, Grad(-) is defined as the partial derivative with respect to the material
position.

For problems involving a multiphase coupling of a porous solid and x— 1 fluids,one
would generally continue from a Lagrangian description of the solid phase, with the
solid displacement vector ug being the unknown variable. However, with respect to
the fluid phases, greater ease is found by adopting the Eulerian setting and by using
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FIGURE 3.2: Illustration of the motion of a solid and fluid constituent
in a porous body. [5§]

the relative velocity between each respective fluid phase and the solid skeleton [17]:
ug = x — Xg, Wgs :xlﬁ — X4 (3.21)

Using Eq.(3.17)1 and the operator’s introduced in Eq.(3.20), an alternate form of the
deformation gradient and its inverse may be given by

ox

B 00X,
“ 00X,

F = Grad,x, F,!= vl gradX, (3.22)
X

Using Eq.(3.18)1, the spatial velocity gradient may be written as

ox!
L,=—° 3.23
¢ 0x ( )
The spatial velocity gradient could also alternatively be written as
ox! ox!, 0X 1 / 0x \ 0X

L = 12 = @ ol = - e @ = F ! F_l 324
¢ ox 09X, Ox Ot <8Xa> ox (Fa)aF o (3:24)

which then leads to the time derivative of the deformation gradient:
(Fa)o = LaFq (3.25)

The spatial velocity gradient may be decomposed into its symmetric and skew-symmetric
parts, such that the symmetric part

1|ox, [ox,\"
Da:2[ax+<8x>] (3.26)

produces the rate of deformation tensor and the skew-symmetric part

1|ox, [ox,\"
Wa:z[ax_<ax>] (3:27)
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results in the vorticity tensor As shown by Eq.(3.22);, the deformation gradient is a
tangent map that transports particles between the reference and current configuration.
For later usage, the mapping of surface and volume elements of the solid skeleton
shall be defined. The surface element in the reference configuration dAg with unit
normal ng may be related to the surface element in the current configuration dag with

unit normal n by
ndag = JsF5 'ngdAg (3.28)

and the relationship between the volume elements is given by

dvg = JgdVyg (3.29)
The right Cauchy Green tensor may be defined as

Cs = F{Fg (3.30)

whereby the Green tensor may then be expressed as
1 7 1
Es = (FsFs—1)=;(Cs— 1) (3.31)

3.2.1 Kinematics of Growth

Growth is an aspect of living matter which has intrigued an array of researches from
a variety of disciplines for many years. The connection between growth and the envi-
ronment acting on a living body is a fascinating feature due the fact that they both
influence each other [3]. This feature has led to the categorization of growth in two
distinct types in the field of biomechanics, namely; growth-induced microenvironmen-
tal changes, and mechanically-induced microstructural changes [37]. The first type
of growth related phenomena revolves around how the biological conditions of a sys-
tem can trigger a mechanical response, which may be in the form of growth-induced
structural instabilities, stresses and strains [42]. Such studies have been performed in
plant physiology [5, 74], applied mathematics [21], and biomechanics [29]. The rapid
development of computational modelling and the use of numerical methods such as
the finite element method, has made analysing and predicting growth-induced changes
more robust and has hence benefited researches in recent times [37]. In addition com-
putational growth modelling has provided clinical researches with a new tool to better
understand how certain diseases may progress, such as in the case of tumor growth|[50],
and the narrowing of airways due to asthma [48]. [37]

The second growth type is one which has been extensively applied to biological
soft tissue, and is more centred on studying the mechanisms that result in growth,
and how these mechanisms influence the biology of the system [47]. The forces which
stimulate growth and the appearance of the grown system are closely related, for
example, a body which grows unbounded in all directions, termed volume growth,
would presumably be caused by an isotropic force such as a pressure load. An example
of this is present within the study of the effects of hypertension on arterial walls |24,
36]. In contrast, growth that arises within a surface, referred to as area growth,
would be caused by planar mechanisms, of which finds application in the study of
artificial skin repair and regrowth procedures [67, 70]. Lastly, anisotropic growth
which occurs along a specific direction would be assumed to be initiated by a load
of equivalent form, such as fibre stretch for example. Anisotropic growth has been
used in research related to growth of muscle fibres associated with limb lengthening
procedures [89]. As discussed in Chapter 2, cardiac tissue is comprised of muscle fibres
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which are helically arranged within the myocardium. Hence, it is general convention
that eccentric and concentric hypertrophy of the myocardium is conceptualized and
modelled as a thickening or lengthening of the muscle fibres (see [20, 57]). As such,
this research study makes use of an anisotropic growth function to model the growth
and remodelling processes of a left ventricle system. [37]

The subsequent sections will follow discussions based on the mathematical descrip-
tion of growth and its incorporation within a continuum mechanics framework.

Continuum modelling of growth

Mathematical descriptions of finite growth was first integrated within the framework
of continuum mechanics by Skalak et al. [64]. However, the kinematic description of
growth in this work resulted in incompatibilities with respect to the mapping between
the various configurations [80]. This is due to the fact that with growth, the idea
of the reference configuration becomes obscure. A method which avoids this issue is
presented in context of finite crystal plasticity, developed by Lee [40] and which was
later adapted to model growth by Rodriguez et al. [60]. This kinematic approach
employs a multiplicatively split deformation gradient Fg into an elastic part Fge, and
a growth part Fgg: [47]

Fg = Fg.Fg, (3.32)

This results in the formation of a stress free intermediate configuration, whereby
the deformation resulting parts are captured within the elastic zone (between the
intermediate and actual configuration). As such, the kinematics of finite growth,
which includes the composition of the various configurations, is illustrated in Fig.

FiGURE 3.3: Illustration of the kinematics of growth, which includes
the stress free (intermediate) configuration.

Following the description of the multiplicative decomposition of Fg, the same
principle may be applied to the Jacobian whereby it’s comprised of an elastic part,
which translates into volume change due to deformation, and an irreversible growth
part, which causes a volume change due to deposited matter: [37]



Chapter 3. Theory of Porous Media 23

Js = JseJsg (3.33)

whereby the components comply with the following conditions:

Jge = det (Fse) Jgg = det (Fsg> (3.34)

With ng being the unit normal to the surface in the reference configuration, the
total stretch € in the actual configuration, in the direction of ng, is given by

e =||Fsng|| = €ceq (3.35)

where €. and € represents the stretch components, in similar analogy to the pre-
vious quantities. In relation to cardiac tissue growth, €, would hence represent the
stretch caused by a generation of sarcomeres in relation to a maladaptive response to
a pressure or volume overload [20]. The elastic and growth parts of the Cauchy Green
stress tensor are defined as

Cse = FgeFSev CSg = FggFSg (3'36)

In Table (7.6), Fsg and it’s inverse are defined for volume, surface and fibre, growth
types. The expressions are given in terms of the growth multiplier 9, of which differs
for each growth type. This section merely introduces the basic framework employed
for finite growth. However, a detailed description of how growth is modeled in this
study, which includes the constitutive laws needed to characterized the rate of growth,
is covered in Sec.(4.4.3).

TABLE 3.1: Expressions for the growth part of the deformation gra-
dient Fg,, and its inverse Fs_gl, for volume and fibre growth types.

. Growth type
Quantity Volume \ fibre
¥ Jsg €g
Fsg 29%1 I+ (W—1)np®ng
Fg, 931 I+ (3 —1)no®ng

It should be noted that the expressions of Fgg, complies with the condition given
in Eq. (3.34). In addition, the inverse of Fg, for fibre growth can’t be derived directly.
However, an expression is able to be developed using the Sherman-Morrison formula.

It is apparent that Fgg, for the volume growth type, results in a function of
isotropic nature, characterized by the identity matrix I, scaled up by the degree of
growth, whereby growth occurs equally along all three directions. For fibre growth,
it is clear that Fg, is formulated in a way that results in growth not occurring in the
directions other than the fibre direction, whereby only the fibre direction is trivially
scaled up by 1.

3.3 Balance Equations

If a body is disturbed in any manner, such as in the case of an exerted force, or applied
temperature differential, for example, then the following laws may be used to describe
the behaviour of the body. The balance equations consist of the; balance of mass,
balance of momentum, balance of moment of momentum and the balance of energy.
In addition, the latter aforementioned balance equation and the entropy inequality
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will form part of the first and second laws of thermodynamics, and are pivotal in
formulating the theoretical framework for the Theory of Porous Media.
3.3.1 Balance of Mass

The mass M® of each constituent p® may be postulated as the volume integral of the
density p®.

MO‘:/ p*dv (3.37)

With the inclusion of mass exchange between constituents, the rate of change of mass
within the closed system domain may be expressed as

(M), = / podv (3.38)

In order to ensure that the mass of the body is conserved the following condition
should be satisfied

K

S =0 (3.39)

a=1

Making use of the transport theorem
(dv),, = div(x,)dv (3.40)

and by equating Eq.(3.38) to the material time derivative of Eq.(3.37), the final global
form of the balance of mass is obtained and given by

| oirav= [ 10+ il (3.41)

@ @

3.3.2 Balance of Momentum

The derivation of the balance of momentum firstly begins with the equation shown
below, which states that the material time derivative of momentum is equal to the
sum of all external forces k® and internal interaction forces between all constituents:

(1%), = k* + / pdv (3.42)

@

In Eq.(3.42) 1* defines the linear momentum (also referred to as the translational
momentum) and is expressed as

1* = / pxl dv (3.43)
Ba
and k® being expanded as
k* = / p*bdv +/ t%da (3.44)
a aBoe

with b® and t® denoting the body force and surface traction, respectively. Using
Cauchy’s theorem, the surface integral of t* may be cast in the following forms:

/ t%da = / T%nda = T%da (3.45)
OBa OBa 0Bqa
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whereby the Cauchy stress tensor T® and the surface normal vector in the current
configuration n have been utilized. Considering the divergence theorem, Eq.(3.45)
may be transformed into the volume integral form shown below

Tanda:/ divT*dv (3.46)
0Bq a

By virtue of Eq.(3.43), Eq.(3.44) and Eq.(3.46), the balance equation of momentum
Eq.(3.42), may be expressed in the following global form:

/ (p*x" + p*x.)dv = / (divT? + p*b®)dv + / p*dv (3.47)
Ba « a

3.3.3 Balance of Moment of Momentum

The third and final mechanical balance equation focuses on the moment of momentum
(also referred to as the angular or rotational momentum) of a body and that resulting
from external forces. For a non-polar partial body, the balance equation of moment
of momentum, determined about the reference position 0, for each constituent ¢ is
represented by

(h{p))a = m{) + / x X p*dv (3.48)

with p providing the exchange of momentum that results from the interaction forces
between phases, and X being the cross product operator. The moment of momentum
of the body h?o) and it’s material time derivative are given by

) = / x X p*x., dv (3.49)
Ba

() = [ 3x (e + ) (3.50)

With the expression of the momentum of the external forces m‘(’a)

mf, = x Xp*b* dv + x xT*da (3.51)
(0) OB
and making use of the divergence theorem
/ x xT%da = / x X divT* +1Ix T dv (3.52)
0Bq a

the balance equation of moment of momentum may finally be given by

/ x x [divT® + p®(b* — x}) — p°x, + p°] dv = / IxT*dv (3.53)
« :0 «

in which the balance equation of momentum Eq.(3.47) has been used. As a result,
Eq.(3.53) allows for the following conclusion to be drawn in relation to the Cauchy
stress tensor

T = (T%)7T. (3.54)
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3.3.4 Balance of Energy

The balance equation of energy, which is commonly known as the first law of thermo-
dynamics, plays a large role in representing the thermo-mechanical effects of porous
materials. This is facilitated through the coupling of thermal and mechanical proper-
ties. In the equation below, which defines the balance equation of energy with respect
to a multiphasic body, the rate of internal energy E* and kinetic energy K¢ is equiv-
alent to the rate of mechanical energy W<, thermal energy Q% and the sum of the
local energy supply &*:

(B, + Y =W+ Q7 [ eva (355)

@

All the components may be defined as follows:

1
EY = / prE* dv, K< = / Epax/a - x,, dv, (3.56)

W = / x,, - p*b® dv—i—/ x,, - T%dv, Q%= / por dv+/ q*dv  (3.57)
BQL «@ «@ [e%

Within the above equations, €% is the specific internal energy for each constituent,
r® = r%(x, t) being the partial energy source and q* = q*(x, t) representing the
partial heat flux vector. The material time derivative of the components of Eq.(3.56)
yield the following:

Qo o o 1 A
E= [t i) dvy (K= [ (x5t dv (358)

a [e%

By applying the chain rule and the divergence theorem to Eq.(3.57), Eq.(3.55) may
be manipulated to the global form:

1
[ e e dve [ (ot i) <y
= / [divT® + p*(b%) - x|, + T* - L] dv + / [p°1Y — divq®] dv + / &% dv
’ ’ © (359

or in its local form:

1
aEal_{_Aaaa_i_ix/'X/
P+ 7 5 X) 60

= [divT® + p*(b* — x)| - xl, + T - L* 4 p°r® — divg™ + &
Substituting Eq.(3.47) and by considering the symmetry of Cauchy stress tensor
Eq.(3.54), which allows the use of the symmetrical part of the spatial velocity gradient

L., Eq.(3.60) may be written as

p* ()., — T -L* — p°r® + divq® = &* — p* - x, — p¥(e” — =x,, - X)) (3.61)
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By summing Eq.(3.60) over all x constituents, the single phase balance equation of
energy is produced:

Z [pa(ga); e LY para + ddia]
o=l (3.62)

K
1
=3 [ B e
a=1

With respect to the local energy supply, the following condition needs to be met in
order to fulfil Truesdell’s third metaphysical principle:

K

Y=o (3.63)

a=1

In light of the entropy inequality, which will be discussed in the next section, the
Helmholtz free energy function will be introduced and cast into the balance equation
of energy Eq.(3.61). The Helmholtz free energy function ¢® = ¢“(x, t), and its
material time derivative are respectively defined as

P = e — gon° (3.64)

(Ve = (%o — 1" (0%)5 — (1")q 0 (3.65)
where n® = n®(x, t) and 0% = 0*(x, t) represent the partial specific entropy and the
partial temperature, respectively. Substituting the specific internal energy € and its
material time derivative (¢*)! into Eq.(3.61), and by using Eq.(3.64) and Eq.(3.65),
yields the desired local form of the balance equation of energy:

(e [(wa)la + na(ga)la + (na)/aea] o Ta . La o para + divq"‘

e N N « « « 1 (366)
=& =P = 0% (U + (1M)af) — 5x6 - Xa

3.3.5 Entropy Inequality

The first law of thermodynamics, as discussed in the last section in the form of the
balance equation of energy, determines the transfer of energy associated with a ther-
modynamic system. It doesn’t however specify the direction of this transfer. As such,
it is the second law of thermodynamics which aims at addressing this matter. The
second law of thermodynamics, a concept greatly developed through the works of
Clausius [8], is based on the quantity of entropy, and may be expressed in the form of
the entropy inequality shown in Eq.(3.67).

1
(H*)!, > P dv/ —q“ da} 3.67
; z[ [ o [ & (3.67)

The entropy H® is expressed as the the volume integral of the specific energy n over
the body, of which its derivate may be denoted as follows:

(HoY, = ( / P dv), = / [0 (1), + 57n°] dv (3.68)
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Applying the divergence theorem on the surface integral term within Eq.(3.67) and
inserting Eq.(3.68), leads to

1

K K 1
m Z/ [0 (™)e + p%n°] dv > Z/ [eapara — div <9a qo‘)] dv  (3.69)
a=1 o a=1 o

Rearranging the local balance equation of energy Eq.(3.66) with respect to p®r® and
after simplification the following is yielded:

=1 1
D gl (@)e + 0 (07)0) = (" — 5x; - x;) + T D°
a=1 (3.70)

1
+8% — p% - x), — a—aqo‘gradﬁa} >0
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Chapter 4

Constitutive Modelling for a
Triphasic System

So far in Chapter 3, the application of TPM was addressed in a general basis that
could facilitate a broad scope of problems in relation to the number of constituents and
kinematic properties, for example. In order to create a TPM framework needed for
this study an adaptation of the mechanical and thermodynamic balance equations,
encountered in Sec.(3.3), will be performed. As such, specific assumptions will be
applied to the balance equations in order to capture the physiological features of the
human heart.

In relation to a cardiac and triphasic TPM model, three phases will be incorpo-
rated which will include a solid, liquid and nutrient phase. The solid phase ¢° will
represent the cardiac tissue, and the liquid ¢ and nutrient ¢N phases will represent
the blood saturating the pores of the solid tissue and the various biochemical con-
stituents contained in the blood which are involved in the processes of growth and
remodelling, respectively. Even though there are a vast number biochemical compo-
nents involved in tissue growth, such as the role of hormones in mechanotransduction
[44], the inclusion of these is beyond the scope of this study. As such, it makes sense to
lump these components into one nutrient constituent in order to simplify the problem.

4.1 Model Assumptions

For the case of the human heart comprising of a porous solid skeleton saturated with
blood, material incompressibility may be assumed for the entire system, of which is
analogous with literature regarding the nature of biological tissue [58]. This results
in all constituents being treated as incompressible. The real densities of the phases
would therefore remain constant, however, the partial densities would still be subject
to change in relation to changes in volume fractions. As a result, for the triphasic
model the following relations are valid:

p°R = polt — const., (paR)/ =0 (4.1)

«

The mass supply function for the nutrient phase pN accounts for the increase in
mass of the solid phase and an equivalent reduction in mass of the nutrient phase.
Mass exchange is included solely between the nutrient and solid phase, whereby the
rate of change of density for the liquid phase is assumed to be negligible. Hence, the
mass supply functions may be defined as

pN=—p% p"=0 (4.2)
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From Sec.(3.2) it was deduced that all constituents may have independent motions.
However, in relation to the liquid and nutrient phases, they are both assumed to
be contained within the blood. Hence, this allows for simplification of the motion
functions between the aforementioned phases. The motion function of the nutrient
phase Xn (X, t) would thus be equivalent to that of the liquid phase A1, (Xp,t). As a
result, the motion functions of the liquid and nutrient phases will hence be represented
in terms of a general fluid phase Ap(Xp,t), as shown below:

A1 (Xp, t) = (XN, t) = Ap(Xp, t) (4.3)

This assumption furthermore renders the spatial velocities for the liquid and nutrient
phases as equivalent, such that

X1, (x,1) = xN(x,t) = xp(x, t) (4.4)

In addition, all body forces will be neglected and a quasi-static approach will be
adopted, which results in all acceleration terms for the phases to be ignored:

b=0, x!=0 (4.5)
Furthermore, the mass exchange term which contributes to momentum, shown in

Eq.(3.47), will be neglected due to the insignificant amount of momentum generated
from the exchange of mass between the phases:

px., =0 (4.6)

The temperature difference between all the phases will be treated as negligible, as
it is assumed that there is no differential temperatures within the saturated tissue
comprising of the solid skeleton and blood. Hence this allows a uniform temperature
and flux distribution:

0“ = 0 = const., q“ = q—const. (4.7)

4.2 Adaptation of the Balance Equations

Considering the assumptions and restriction of mass supply terms presented in Sec.(4.1)
the balance of mass and momentum, shown in Sec.(3.3.1) and (3.3.2) respectively, may
be adapted to form the field equations required to model the proliferative process of
growth and remodelling of cardiac tissue. Starting with the balance equation of mass,
the local form of Eq.(3.41) may be rewritten in the form shown below for all con-
stituents:

(no‘paR)/a + n%p°Rdivx/, = p* (4.8)

Making use of Eq.(4.1)2, the chain rule and the condition divx,, = D, : I, Eq.(4.8)

may be written as
Ne%
(na):) +1n%Dy 1 I = ppaiR, (4.9)

which may be further displayed for each constituent p“
S

(nS)IS—FnSDS:I:Kg—R, (") +n'Dp:1=0 (o)

/
N
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such that the mass supply term for the liquid phase is neglected. The adapted forms
of the balance equations of momentum for the mixture and for each constituent yields

divT®™N =0, divI®+p°=0

4.11
divT* +p =0, divIN+pN =0 (4.11)

[0}

whereby the sum of the interaction forces p® is zero and the abbreviation TSN

represents the sum of the Cauchy stress tensor’s of each constituent.

4.3 Adaptation of the Entropy Inequality

Unlike the theory of mixtures, which is a closed framework that has an equivalent
amount of unknowns and field equations, the theory of porous media differs in the
sense that it is constrained by the saturation condition, which stems from the volume
fractions concept, see Sec.(3.1). This results in an additional field equation. There-
fore an additional scalar quantity needs to be introduced in the form the Lagrange
multiplier A, which may be interpreted as a type of reaction force [58].

The Lagrange multiplier is introduced as a quantity by means of the entropy
inequality. This results in the first adaptation made to the entropy inequality, which
makes use of the material time derivative of the saturation condition:

(ns+nL+nN)/S:O (4.12)

The material time derivative of the saturation condition is zero due to the fact that the
theory of porous media employs a closed thermodynamic framework. This therefore
provides a platform for the inclusion of the Lagrange multiplier through multiplication
with Eq.(4.12):

A+ 40N =0 (4.13)

Equation (4.13) may be simplified further by firstly evaluating the material time
derivative of the liquid volume fraction with respect to the solid motion:

; ont  Onl oxg

Ly _ L |
(n*)g = ot +8xs 5 — D + gradn™ - xg (4.14)

Similarly, the material time derivative of the liquid volume fraction may be determined
with respect the liquid phase:

(nL); =il + gradn® - x|, (4.15)

By rearranging Eq.(4.14) and Eq.(4.15) and equating them to each other, the following
equation is produced:
/ / /

(nL)S = (nL)L — gradn" - (x, — x§) = (nL)L — gradn® - wig (4.16)
where wrg is the relative velocity between the liquid and solid, namely the seepage
velocity. Equations (4.14) to (4.16) may be solved for using the nutrient volume
fraction, which similarly leads to

(nN)/S = (nN)i\I — gradn® - wyg (4.17)

By substituting Eq.(4.16) and Eq.(4.17) in Eq.(4.13) and by noting that wis = wns =
wrs (see Eq.(4.4)), the final form of Eq.(4.13) required for the entropy inequality is
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determined:
A [(ns)/s + (nL)/L + (nN);\I — wrs - (grad n + grad nN)} =0 (4.18)

The second addition to the entropy inequality also comes in the form of a Lagrange
multiplier, introduced for each constituent through the balance of mass from Eq.(4.9):

A® [(na); +1n°D, : 1— ZR] =0 (4.19)
p

The modification of the entropy inequality through the addition of the terms presented
in Eq.(4.18) and Eq.(4.19) will hence result in an adequate equation system that
includes a sufficient amount of unknown variables. The entropy inequality and the
Lagrange multipliers will be further elaborated on in the following section.

4.4 Evaluation of the Entropy Inequality

With the addition of the Lagrange multiplier A the set of unknown variables may now
be represented by
U = {us, n’, nN,)\} (4.20)

Noting that the liquid volume fraction may be determined through the saturation
condition. The constitutive quantities may be defined as

¢ = {1, p% p-, i°} (4.21)

Noting that further assumptions need to be implemented in order to close the equation
system. Considering the treatment of the entropy inequality in analogy to Coleman
and Noll [10] the set of free process variables are chosen:

P = {Cs, Ju, JN, n%, wps, gradn®, graan} (4.22)
The dependencies of the the Helmholtz free energy functions are as follows:
Y¥ =9 {Cse, 0%}, Wt =t {Jp, 0}, 0N =9 {Jn, 0V} (4.23)

For later use, the term p®(¢®)!, in Eq.(3.70) will be substituted with the following
expressions for each constituent:

oS oS ,
pS(¢S)IS = 2nSpSRFSiFFSF : DS =+ nS SRi (HS)

0Cs p onS S
oYt oYL

PR (™)) = anLRJLai_/;LI : Dy, + anLRa—zﬁL (nL)/L7 (4.24)
YN YN

PN (WM = DNPNRJNaﬁNI :Dx + anNRaij—N (™)

with the identity (J*),, = J*I : D, being used.

In addition, regarding the composition of the entropy inequality which will be
shown in the following equation, lumping of the nutrient and liquid phases into a
general fluid phase will be done in order to simplify the expressions. As such, the
following relationships will be used:

+pN =pF (4.25)
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As stated in Sec.(4.3) the methods used to create a closed equation system have
been linked to the entropy inequality through addition of the material time derivative
of the saturation condition Eq.(4.10) and the balance equation of mass Eq.(4.11), both
multiplied with the respective Lagrange multipliers. The expanded form of the entropy
inequality from Eq.(3.70), coupled with Eq.(4.10) and Eq.(4.11), may be written as
follows:

S at
Ds - {TS —onS SR O pT ASnSI} + Dy - {TL bty 90 )\LnLI}

8CS &]L
N / oS
N N NR N_N S S S SR
Ly/ L, 1 LrOY" Ny/ N, N NROPY
—(n )L{A—)\ -l-np C{)DL}—(H )N{)\—)\ +Hp W

1 AN 1 A9
~N N / / S / /
(- g ) - (- g%+ )
—WEFS - {f)F — Agrad nF} >0
(4.26)

In compliance with standard procedure, the entropy inequality should be satisfied
for an arbitrary set of process variables P, as stated in Eq.(4.22). The parts of the
entropy inequality which contain fixed variables and derivatives of the terms in P are
energy preserving and may be deemed the free available quantities, of which comprise
of

A={Dg, a*),} (4.27)

«

The rest of the parts of Eq.(4.26) which contain values of P contribute to the dissi-
pative mechanism, and are hence non energy preserving and greater than zero. All
terms which comprise of the free available quantities do not add to the dissipation and
are therefore assumed to be equal to zero. As such, according to Ricken and Bluhm
[58] the entropy inequality may be fulfilled if the following structure is observed:

Ds - {(-)} 4Dy, - {(-:)} +Dx - {(-)}
—— —— ~——

=0 =0 =0

4.28)
S / L !/ N / . (
—(n )= (n —(n )+ Dis >0
() {()} = (), {()} = (%) {(..)} + Dis, >
=0 =0 =0 20

The dissipation mechanism may hence be written as

1 AN 1 AS

Dis = —ﬁN{(wN—x’F~x’F+) — <¢S—x’s-x’s+)}
9 ONR 9 SR (4.29)

—WFpg - {f)F — Agrad nF} >0

Using the the expressions containing the free available quantities A in Eq.(4.26) results
in the formulation of the Lagrange multipliers associated with the balance of mass A:

aaa¢a
pR

AY =)\
o on¢

(4.30)
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the Cauchy stress tensors may be defined as follows:

S
TS = 2n pSRF 81/} — FI — anS1- (nS)QpSRé)i

0Cg onS™’
EM 2 oYt
L L LR L L LR
8¢ 2 oYN
N _ NR - Ny NR
T I N oTn ——I- 2 - (V)"p e

which are extracted using Eq.(4.26) and Eq.(4.30). Regarding the dissipation mecha-
nism, the following condition should be applied to the interaction force of the lumped
fluid phase p¥ and the nutrient mass supply function p~, in order to result in a valid
entropy inequality:

= Agradnt — SFPwpg, N =N (05 — O (4.32)
where the terms S¥ and (IS — UN) are defined as

ST = apg [ari I + (1 — ap)M] ™ + apsl,

S N 4.33
\DS—\PNz(wS—ixg X+ 2 ) (wN Xf - x’F+ANR> o)
p° p

with M being a positive structural tensor. In addition, the scaling parameters 6~
and ap(o,12) need to be greater than or equal to zero in order to fulfil the entropy
inequality conditions [58].

4.4.1 Stress

The Cauchy stress tensors shown in Eq.(4.31) may be modified by applying certain
assumptions (see [58]), such as

out oS _ o aut N

T = R - 4.34
8nL 8nN ’ &]L 6JN 0 ( 3 )

In addition, the Cauchy stress tensor for the solid phase is also postulated to depend
on the derivative of g with respect to the deformation (represented through the right
Cauchy green tensor Cg) and the solid volume fraction n®. However going forward,
the dependence of T on the solid volume fraction will be neglected [80]. By adding
the Cauchy stress tensor’s of the liquid and nutrient phases and by taking into account
the aforementioned assumptions, the following is yielded:

oS

TS — 215 SR
R TR

FY ST =T3 -1, TV =T+ TN = —\fT (4.35)
with T% representing the effective solid Cauchy stress, and with the relationships of
the fluid constituent Eq.(4.25) being used.

The total Cauchy stress tensor, which is obtained through addition of TS and TF,
is given by
T =T} -\ (4.36)

Consequently, the first and second Piola-Kirchhoff stress tensors may be respectively
given by
S =JsFg'TF; ', P =FsS (4.37)
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In Chapter 5 the strain energy function of the solid constituent will be postulated
as being a function of the elastic Cauchy green tensor Cge. In order to preserve the
dependency in terms of Cg, the following formulation is used: [80]

Cs. = F§;'CsFg, (4.38)

4.4.2 Filter Velocity and Permeability

The motions of the solid and fluid phases are related to the interaction forces via
p’ = —p°. The expanded expression of p', shown in Eq.(4.32), with inclusion of

Eq.(4.33), results in
pr = Agrad n® — apg [ap I+ (1 — aFl)M]_l - WFS (4.39)

where apg is set to zero. As stated, M is a second order tensor which is related to
the fibre direction of the cardiac tissue f in the spatial configuration and may also be
expressed as f ® f. ap; is the parameter which dictates the level of isotropy of the
flow, and ranges from fully isotropic when ap; = 1 to the transversely isotropic state
where ap; = 0. By adding the liquid and nutrient balance of momentum equations to
each other, to form the fluid balance of momentum, and by substituting Eq.(4.39) and
the equation for the fluid Cauchy stress tensor Eq.(4.35)s, the following is produced

div (—)\nFI) + Agradn® — apgM ™! - wpg =0 (4.40)

assuming a transversely isotropic state. Rearranging Eq.(4.40) and by using the rela-
tion
div (—)\nFI) = —Agradn® — nFgrad A (4.41)

results in the expression of the filter velocity nFwyg

v (u")*
n" Wps = Mgrad A (4.42)
QFo

Transferring the filter velocity to the reference configuration using the relations

n"wrgo = 0" JsFg'wrs, M =FsMyFg, grad\ = Grad \Fg' (4.43)
results in
F (HF)2
n Wgrgp = JSMQGrad)\ (4.44)
QaFQ

In order to characterize the parameter apg the following relationships which involve
cither, the initial Darcy permeability kbs(m/s) and the specific weight 4*®(N/m?) or
the intrinsic solid permeability kis(m?) and the effective shear viscosity " (Ns/m?),
may be applied such that

F)2 F \™ ,F F \™ ,F
n n k n k,

QF(Q 1—n§s Y 1—1188 M

where m is a dimensionless constant, see also Eipper [18], Ricken [58], Ehlers et al.
[15] and the citations therein.
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4.4.3 Mass Supply and Kinematics of Growth

The proposed method of representing growth proliferation in cardiac tissue is based on
that presented in the work of Werner [80]. This growth evolution model will hence be
combined with a strain driven growth law, developed by Goktepe et al. [20], in order
to model the condition of dilated cardiomyopathy, DCM. Starting with the balance
equation of mass for the solid phase

(P)s + pdivg = f° (4.46)
where the relation Jgdivxg = (Jg)g, may be substituted in (4.46), which results in

9p° | s10Js _

=5 4.47
T P T (4.47)
5L (9p° — pP0t) = ~ Lo (4.48)
P> Js '
55 1 c
S npS— [ Ldt=In— +Inc=1In— 4.49

with ¢ being the constant of integration

S
¢ s p
— = — [ Eat 4.50
=" eXP( /pS ) (4.50)

At the beginning of the cardiac cycle, at time tg, during which the heart is at rest
and there is no deformation (hence Jg = 1), no change in density (0 = pg ), and
no growth (55 = 0), the constant of integration c is found to equate to: ¢ = pgs. As
such, Eq. (4.49), may be rewritten as

S ~S
Jg = ppLSS exp (/ stt> (4.51)

JSe Jsg

ﬁS
Jsg = exp </ det> (4.52)

Using a finite difference approximation, and by discretising the equation above
with respect to the n® and (n + 1) time step:

n S\ T Ag\ N+l
Jggl = exp (Z (,/0)3> At”) - exp ((;) At”“) (4.53)

n=1

with the growth part being

Jg, ArgH
Jsg may be updated every iteration via the following equation:
1 1
Jgg = J&, AJgS (4.54)
The mass supply function p° is postulated by

ﬁS — /A)max;slim (455)
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where ™ (kg/(s m?®)) denotes the maximum mass exchange rate. The strain depen-
dent part of the growth is given by [20]

Jmax__j vy . X
i _ { (gzngijg) (€e — €max) if Jsg < JG™ & €o > €max (4.56)

0 if Jgg > glgax Or €¢ < €max

with nggax being the maximum growth factor, which acts to limit the amount of
growth as Jgg tends towards it, of which is additionally controlled by the parameter .
As discussed in Sec.(3.2.2), €, represents the elastic part of the cardiomyocite stretch.
€min 18 the minimum stretch needed for growth to be activated, below which; ﬁs =
0. With reference to Sec.(3.2.2), which introduced the concept of finite growth, the
equation above was chosen to model fibre growth, and specifically for the physiological
condition of cardiac dilation, see Chapter 2. Furthermore, Eq.(4.56) was selected to
represent the rate of change of density of the system, and is analogous to that proposed
by Goktepe et al. [20]. However, within the framework developed by Goktepe et al.
[20], the growth multiplier, or for the case of fibre growth, the growth Jacobian Jgg,
is treated as an unknown and is solved iteratively till the system of equations are
kinematically balanced. Within TPM however, an expression which allows for the
explicit formulation of Jg, is presented in Eq.(4.53), as proposed by Werner [80]. The
issue with the proposed growth law, as shown by Eq.(4.53) and Eq.(4.56), is that
there is interdependence between the growth multiplier Js,, and the constitutive law
which dictates the rate of growth 5. In order overcome this the following simplified
adaptation is proposed

Tat = s (%) (09" (4.57)

With Jgg in the current time step being defined in terms of the current solid volume
fraction n° and és, which is consequently postulated as

~g\ 1 ~ n n
(2%)"" =P (g, u™*) (4.58)

and which is calculated from Eq.(4.56), with the exception that Jg, from the
previous time step is used. Finally, p° for the (n+1) time step, is defined as

(75" =55 (355, ) (4.59)
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Chapter 5

Cardiac Mechanics

With the description the hearts physiology discussed in Chapter 2, this chapter will
hence focus on the mathematical models used to characterize the mechanics and hemo-
dynamics of a left ventricle system. As such, the passive and active models used in
this research, and the incorporation of the Theory of Porous Media, will be discussed.

5.1 Diastolic Filling

When the mitral valve reopens at the onset of the diastolic filling stage, blood is
allowed to enter the ventricular cavity. It is assumed that, during this phase, the
heart does not exert any force but rather deforms and behaves in a passive manner.
This section will entail laying forth some of the key aspects related to the treatment
of myocardial tissue with respect to development of the constitutive theory needed to
model a left ventricular system during the passive filling stage. Characteristics such
as, the assumption of material incompressibility and the orthotropic nature of cardiac
tissue, will be discussed.

5.1.1 Material incompressibility

As discussed in Chapter 4, incompressibility is assumed for all three phases of the
left ventricle. With respect to the treatment of the solid phase, this is analogous to
the current trend in cardiac mechanics as stated by Usyk et al. [73] and may be
further motivated through the work performed by Vossoughi and Patel [77]. Tests
were conducted on samples of myocardial tissue in order to measure the volumetric
strains through application of a hydrostatic stress. It was hence concluded that the
assumption of idealizing cardiac tissue as near incompressible was valid. However, as
suggested by Yin et al.[86], cardiac tissue may be viewed as being slightly compressible.
Due to the myocardium being comprised of a vast array of blood vessels, of which are
distensible, a reduction in volume of the fluid within these vessels may be seen to take
place as the level of stress increases during the hearts activity [86].

5.1.2 Orthotropic material behaviour

Regarding modelling of the myocardium, isotropy, transverse isotropy and orthotropy
may be considered, according to Usyk et al. [73]. In the case of isotropy, there is
no dominant material direction, with transverse isotropy the material is aligned along
one direction, and with the orthotropy case, the material fibres would differ across
three orthogonal directions. As discussed in Sec. (2.1.1.), the myocardium is made
up of muscle fibres that are arranged in a way which results in it being orthotropic in
terms of the mechanical behaviour [30]. Work done by Dokos et al. [14] demonstrated
through a series of shear tests performed on a passive ventricular myocardium of a
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pig hearts, showed that tissue displayed different shear properties along the three
principle material directions. In this research, an orthotropic model was adopted. An
illustration of the myocardium which includes the three principle material directions,
namely, the sheet axis (s), fibre axis (f) and axis of the normal to the sheet plane (n),
is shown in Fig.(5.1).

FIGURE 5.1: Architecture of the myocardium which displays the three
orthogonal material directions: the sheet axis (s), fibre axis (f) and
axis of the normal to the sheet plane (n). [20]

5.1.3 Constitutive modelling

Continuing from Chapter 4, which ended by deriving the constitutive relations for
the second Piola-Kirchhoff stress tensor S, which was furthermore expressed in terms
of the strain energy function v°, this section will aim to develop the rest of the
constitutive relations needed fully describe the stress of the material. Considering the
near incompressible and orthotropic nature of myocardial tissue, the following strain
energy function which describes the mechanical behaviour of cardiac systems during
the passive filling stage, developed by Usyk et al. [73|, has been adopted as part of
this research.

The passive strain energy of the left ventricle may be expressed in terms of an
additive function of the orthotropic and exponential behaviour of the heart, Wexp-ortho,
and the near incompressibility condition, Weomp, of which is related by [41]

";DS = Wexp—ortho + Wcomp (5.1)
and may be expanded in the form

S (?-1)

P :AT+Acomp [Js-InJg —Jgs + 1] (5.2)
with the two groups of terms corresponding to Wexp ortho and Weomp, respectively. In
Eq. (5.2), the term A refers to the stiffness factor and Acomp is a coefficient which
mediates the level of compressibility of the myocardial tissue. The exponent Q, which
is expressed in Eq. (5.5), controls the orthotropic component by making use of the
elastic part of the green strain tensor Ege and the structural tensors; Mg, Mg and
M,:

Q = a1 (tr(M¢Ege))? + ag(tr(MsEse))? + ag(tr(M,Ese ) )?

Fag(tr(MBL,)) + as(tr(MLE2,)) + ag(tr(M,E2.)) 63)
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a; represents material parameters, of which may are determined through a combination
of bi-arial and tri-azial tests [56]. The stuctural tensors may be redefined as

Mi;=f®f, Myj=s®s, M,=n®n (5.4)

whereby the directions; f, s and n, represent the fibre direction, sheet direction and
the sheet normal direction, respectively.

As stated in Eq. (4.35), the dependence of the Cauchy stress tensor is set to
the derivative of the solid porous skeleton with respect to deformation, and the solid
volume fraction. However, the inclusion of the solid volume fraction was neglected.
The effect of the change in n® with respect to the solid energy function is however
accounted for as a stiffening coefficient to the strain energy function 5, of which is

postulated by [80]
S n
S = <“S> Y (5.5)

Nog

where ngs represents the reference solid volume fraction and n is denoted as a density-

nS

elasticity exponent which controls the level of stiffening given by the fraction (nT)
0s
[80].
Following from Eq. (4.37) in Chapter 4, the second Piola-Kirchhoff stress tensor
S is expressed as

dy® 1
S=2——AJgCq 5.6
QCS StYg ( )
However, due to the fact that the strain energy function is dependent on the elastic
part of the deformation (expressed through Eg.), the following pull-back operation
was introduced in order to relate the stress-free configuration to the reference config-
uration, from which the elastic second Piola-Kirchhoff stress tensor Sg is postulated

by

O 1 0P oy
Sg =2—— =2F F 5.7
TN S8 9Cg, S8 (5:7)

of which Eq. (4.38) was made use of. Hence Eq. (5.6), may be rewritten as

S — —1 6¢S T—1 Y Cfl

5.2 Isovolumetric contraction and relaxation

The last three phases of the cardiac cycle, namely; the isovolumetric contraction,
ejection and isovolumetric relaxation, is termed the active contraction stage, and
usually results in the muscle fibres contracting which as a result causes the ventricular
pressure within the cavity to increase due to the accumulated strain energy developed.
During isovolumetric contraction and relaxation the heart, which are phases during
the cycle characterized by a closed thermodynamic system whereby all the valves are
closed and no blood is allowed to enter or exit the cavity, the heart experiences no
change in cavity volume [30].

Apart from the diastolic filling stage, whereby the heart behaves in a passive man-
ner, the isovolumetric contraction and relaxation, and ejection stages result in the
muscle fibres engaging in an active response of physical and electro-mechanical be-
haviour. This response is facilitated through a contraction of sarcomeres which is time
dependent on a calcium Ca?* ion concentration [22|. Calcium ions occupy a pivotal
role in the excitation-contraction coupling of muscle tissue and additionally regulates
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many metabolic reaction processes which take place during the hearts activity [4].
What triggers this spontaneous activation of calcium ions is a propagating depolariz-
ing wave, in the form of an electrical pulse [33]. These electrical pulses are initiated
within the myocardium, which in turn, opens calcium ion channels [30]. This increase
in calcium concentration is what results in the sarcomeres to rapidly contract and
hence provides the ventricle with an adequate energy supply to eject blood beyond
the valves and against the resistance of the various circulatory systems [33].

Studies have been performed to model the electro-physiological effects of the heart
at the microscopic level, such as at the cellular level [63, 68], and on the macro-
scopic tissue level [51, 66]. With respect to whole heart modelling, integrated electro-
mechanical models of the whole heart have been developed. As such, these models
employ methods that assume a asynchronous, anisotropic wave, which hence means
that the wave propagation through the heart differs in time and space. The Eikonel
diffusion equation and the bidomain equations are two models which may be used to
describe such systems, as stated by Kerckhoffs et al. [31]. Within this research a sim-
plified approach was adopted whereby synchronous wave propagation was assumed.
This assumption therefore leads to concurrent fibre contraction, with respect to time,
throughout the whole domain of the heart, of which is given by the active stress model,
developed by Guccione and McCulloch [22].

5.2.1 Active stress model

As stipulated by Guccione and McCulloch [22], the sarcomere length and the calcium
ion concentration were found to be the most significant factors in relation to active
contraction. As such, the active tension, given by as stipulated by Guccione and
McCulloch [22], is postulated by

2
Caj

0 __¢ 5.9
CaZ + ECa2, ' (5.9)

TA = Tmax

with Tyhax representing the maximum tension developed. Cag and ECasg denote the
intracellular calcium ion concentration at peak value, and at 50 percent of the peak
contraction force, respectively. 1 is the sarcomere length, and lastly, C; is the time
transient, which is defined as

C, = % (1 — cosw(lt) (5.10)

w is expressed as a piece-wise equation over three stages, such that; the first stage
occurs over the period during which the time is equal to zero till the time needed
for the tension to reach Ti,.y, the second is during the time period over which the
the tension reduces to zero from the maximum value, and finally, the third equation
describes the period at which there is no contraction: [56]

TI'tt_(? if 0<t<tg
wlt)=q 7 i 0<tg <t <to+t (5.11)

0 if t>to+t,

to is the time at which the active tension reaches Ty,ax, t is the current time, u is the
depolarization time and t, is the time needed for the tension to reduce to zero. t, may
be defined as a linear equation, and is given by

tr=ml+Db (5.12)
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of which varies in relation to the sarcomere length 1, and is additionally defined by
the two constants, m and b. ECasg is defined as

[Ca0] pay :
ECagg = { exp[B(1-lo)]—1 it 1>1o (5.13)
0 if 1 <1

Cag is the maximum intracellular calcium ion concentration, Iy is the sarcomere length
when the heart is in a state of rest and during which there is no active tension, and
B is a constant which moderates the level of the peak tension-length relation. The
sarcomere length 1, of which is shown in Eq. (5.14), is expressed in terms of the elastic
green strain tensor Ege and lg, which is the sarcomere-rest length:

l=1rvV2Eg+1, Eg= tr(MfESe) (5.14)

Eg represents the fibre strain. The total second Piola-Kirchhoff stress tensor S, during
the active contraction stage, is expressed as a summation of the passive stress (given
in Eq.(5.8)) and the stress which arises solely due to the active tension:

S =Sp +Sa (5.15)

The elastic part of the active second Piola-Kirchhoff stress tensor Sae, which is ex-
pressed in terms of the component of the active tension T4 in the fibre direction f, is
postulated as

Saec = TaMg (5.16)

As was done with the elastic part of the passive stress in Eq.(5.7) and Eq.(5.8), the
following pull-back back operation is used to transfer the stress from the intermediate
to the reference configuration:

Sa = Fg, SacFg, ! (5.17)

5.3 Ejection

The ejection phase of the cardiac cycle is associated with blood being pumped out of
the ventricles and into the various circulatory systems, as was discussed in Chapter 2.
It is well understood that cardiac function is greatly affected by the hemodynamics
of the arterial system. The hemodynamics is defined as the description of blood flow
within the circulatory system, and may be influenced by various physical factors, such
as; blood vessel length and radius, blood viscosity, and the functioning of the heart
valves, for example [34].

The hemodynamics of the human body may be modelled using various methods,
such as with lumped models [55, 83|, and tube models |7, 54]. Lumped models, of
which are commonly referred to as Windkessel models, is the model which has been
used as part of this research study and will be further discussed hereon. The Wind-
kessel model comprises of differential equations which describe the dynamic properties
of the aortic pressure and blood flow in relation to parameters such as, the arterial
compliance, resistance through the circulatory systems and the general inertia of the
blood [11]. Due to the fact that Windkessel models are based on a discrete distribu-
tion of parameters, it is hence not adequate in providing input with regard to certain
phenomena, such as with wave transmission and blood flow distribution [82]. How-
ever, it is suitable and non constraining model with respect to modelling ventricular
function. There currently exists three Windkessel models, namely; two element, three
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element and four element, models. This research employs a three element Windkessel
model. Consequently, the former two models will be elaborated on in the following
sections.

5.3.1 Two element Windkessel model

The two element Windkessel model is best described in relation to the analogy of an
electrical circuit. In the circuit shown in Fig.(5.2), there are two parameters which
form the basis of the two element Windkessel model, namely, the arterial compliance
C, which acts as a capacitor, and the resistance of blood flow through the various blood
vessels, R, as illustrated by the resistor [11]|. The resistance R, may be expressed using
the following relationship [11]:
R= P (5.18)
I3
With P representing the pressure difference of the circulatory system, which hence
drives the flow of blood, and I3 being the blood flow current through the resistor. The
arterial compliance C, may be determined through the equation [11]

Iy =C— (5.19)

With Iy being the flow through the capacitor, shown in Fig.(5.2), and t being time.

h\& P —C R
X — p

FIGURE 5.2: An illustration of a two element Windkessel model. [56]

Using Kirchhoff’s law, the blood flow I;, may be determined using the equation below:

L=L+1I3 (520)

As such, a differential equation may be formed using the expressions of Is and I3, of

which leads to p P
I == —_ 21
1=} + C It (5.21)

Solving Eq. (5.21) would require an iterative scheme. However, for the condition
where the heart is in a state of relaxation, during diastole when the valves remain
closed, it may be assumed that there is negligible flow of blood within the body,
hence I = 0. During this period, the following expression may be generated [11]

P = Pgexp [— (t;g)] (5.22)
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Where P4 represents the blood pressure at the start of isovolumetric relaxation, and
at time tq.

5.3.2 Three element Windkessel model

Building on the two element Windkessel model, the three element version incorporates
the energy loss due to blood flowing through the aortic valve during ejection. The
aortic valve area and aortic valve resistance is known to affect the flow rate of blood
beyond the valve [46]. Such studies have been performed whilst analysing the con-
tributing factors of aortic stenosis [46, 76]. The resistance through the aortic valve,
given by Ry, is hence accounted for within the circuit shown in Fig.(5.23), and specifi-
cally within the main segment of the circuit due to the fact that the energy loss occurs
solely within the valve. Adopting a similar approach as in the last last section, we

R,

——

-KP _—C R,

FIGURE 5.3: An illustration of a three element Windkessel model.
[56]

arrive at the following differential equation:

Ra a, P _dP
1+ -2 ) +R.C=L = — + 0 5.23
(+Rp)1+ ok TR, T (5:23)

It is trivial to observe that the closed solution to Eq.(5.23), for the condition during
which there is no flow within the systemic circulation (during isovolumetric contrac-
tion), produces the same expression shown in Eq.(5.2).
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Chapter 6

Numerical treatment

The finite element method (FEM) is used as a numerical framework to approximate
the differential equations present within the triphasic TPM model. This section will
lay forth the weak formulations, derived from the balance equations shown in Sec.(4.2),
the initial boundary value problem, time discretization techniques, and the cardiac
mechanics framework implemented within the in-house built software SESKA. Finally
a numerical example will be covered in order to validate the proposed model.

6.1 Weak forms

Considering the set of unknown quantities for the triphasic model, shown by Eq.(4.20),
the governing equations may be solved for in order to quantify these variables and
hence close the system of equations. The displacement ug will be solved using the
balance equation of momentum. The pore pressure A will be calculated through
the balance equation of mass of the mixture. Lastly, the solid and nutrient volume
fractions n° and n, will be determined using the respective balance equations of mass.
Using the Galerkin approach, which may be used to transform a system of equations
into a discrete problem, allows weak forms to be generated from the aforementioned
balance equations. The weak forms of the proposed triphasic model will be presented
in the following sections.

6.1.1 Balance of momentum

Following from Eq.(4.11), and by applying the variation of the displacement Jug, the
weak form of the balance of momentum is as follows

Gu—/ S:(SEdV—/ t sudA =0 (6.1)
@ aBa

6.1.2 Balance of mass: mixture

Referring to the balance equation of mass Eq.(4.9), the weak form for the case which
describes the entire mixture reads

GA:/ anFSO-Gradé)\dV+/ Js (Es)s : CgloA dV+
o . (6.2)

1 1
Jgp® < — > SAdV —/ nFwpgo - ngdA dA = 0
/ . pNR PSR 9B, °

Where use is made of the variation of the pore pressure dA. It is apparent that in
addition to the Dirichlet boundary condition which needs to be applied to the system
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of equations, a Neumann boundary condition may be used in relation to the final term
shown in Eq.(6.2).

6.1.3 Balance of mass: solid

Making use of the local form of the balance of mass for the solid constituent Eq.(4.10)1,
and by weighting it using the variation of the solid volume fraction dn®, the following
weak form is produced:

53
! - P
Gys = /B [J (n%)g + Jn® (B) : C™' — 1SR S dv =0 (6.3)

Due to the fact that the solid particles are not physically able to diffuse out from
the system, there contains no flux term [80].

6.1.4 Balance of mass: nutrient

Starting with Eq.(4.10)s, the weak form of the balance of mass for the nutrient con-
stituent is postulated as

~S
G~ = / Js [(HN)/S +nN (Es)g : Cgl + pﬁm} onN dv

™ F N n™ F N
/ (1 ns)n wrso - Graddn dV+/ (1 ns>n Wrso - nodn™ dA = 0
Ba - OB4 -
(6.4)

which makes use of the variation of the respective quantity. As the nutrients
are contained within the bulk fluid phase, they may either leave or enter the system
domain through application of the flux boundary condition, shown by the final term
in Eq.(6.4). Hence, this may act as a source for the provision of nutrients.

6.2 Initial boundary value problem

The boundary value problem considered comprises of the quantities found from the
list of unknown variables, shown in Eq.(4.20). The boundary values are generally
given with respect to two forms, namely, Dirichlet boundary conditions, and Neumann
boundary conditions. Dirichlet boundary conditions 0Bp, dictate the approximation
by explicitly imposing the solution of the given quantity, and are needed in order to
solve the system of equations. Neumann boundary conditions OBy refers to when the
derivative of a solution of a quantity is applied along the boundary, and is prescribed
using the surface integral terms in the weak forms, shown in Sec.(6.1). A critical
aspect of the two boundary conditions, in relation to a specific unknown variable U,
is that they may not be prescribed over the same domain, such that

oBY UoBY = oBY, 9BY NaBY =0 (6.5)

However, concurrent positioning of boundary conditions between different quantities is
valid. In terms of the Dirichlet boundary conditions, the prescribed unknown variables
used to define these are; displacement tig, pore pressure A, solid volume fraction n®,
and the nutrient volume fraction iN. In terms of the Neumann boundary conditions,

the quantities are; traction t, fluid flux wg, and the nutrient flux wy.
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6.3 Temporal discretization

The time discretization scheme which is adopted within this research is the Newmark-g
method. This method provides a flexible and stable time integration scheme. Starting
from the finite difference approximation of the quantity (e), the Newmark equations
of motion may be written as follows:

OF = g | @@ 8 (G-8) @] w0

. "H} (6.7)

(@ = (&) +A[(1=7) (&) + (o),

With n + 1 and k being the current time and iteration step, respectively. 8 and ~y

represent the Newmark parameters. The constant acceleration method is employed

in this study, which results in the parameters f§=1/4 and v = 1/2, being used. Using
that combination of parameters renders the time scheme as unconditionally stable.

Using the increment of the quantity A (e), which will be elaborated on in the

following sections, the quantity in the current iteration and time step may be updated

such that
+1 +1
(0 =(o)pI1 T A(e) (6.8)

Using (0)2Jrl and the Newmark equations of motion, the acceleration and velocity
may be explicitly determined. In addition, the increment of the velocity field for
the various primary variables may be formulated by first substituting Eq.(6.8) and
Eq.(6.6) into Eq.(6.7). By computing the change with respect to (e), the following

expression is yielded:

ARy = A (6.9)

6.4 Cardiac modelling

This section will elaborate on the implementation of the various cardiac mechanics
models discussed in Chapter 5, of which includes those formulated for the passive
filling phase, the isovolumetric phases and ejection. These models will be presented
in context of the Galerkin approach.

6.4.1 Iterative solution of non-linear algebraic equations

This section will illustrate the procedures behind solving non-linear problems in rela-
tion to the solid displacement field u. It may however be extended to the rest of the
primary variables i. The discrete equation system generally takes the following form:

KAu — [fext - fint] =0 (610)

with K being the stiffness matrix, Au representing the displacement field incre-
ment, feyt, the external force vector, and fi, the internal force vector. Solving
Eq.(6.10) for linear problems may be done explicitly, however with respect to non-
linear problems, iteration schemes generally need to be employed. As such, the itera-
tion procedure used within this study is the Newton-Raphson method.

The Newton-Raphson method is a fast and effective iterative solving procedure,
provided that the initial solution lies within close proximity of the final solution.
Convergence rates of up to quadratic order may be achieved, of which is a significant
advantage in terms of solution processing efficiency. A disadvantage however lies
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within the fact that the for every iteration step, the stiffness matrix K needs to be
re-computed and inverted.

The Newton-Raphson method may be explained by firstly considering the lineari-
sation of the weak forms presented in Sec.(6.1). The weak form of the balance of
momentum will be considered in relation to the displacement field u, for simplicity.
The weak form may be linearised using a first order Taylor series expansion:

96Gy (uk)

5Gu (uh) = 0Gy (wh ! + Au) = 0Gy (wh 1) + o

’ukfl Aur0 (6.11)
with £ and n being the current iteration and loading or time step, respectively.
The unknown displacement field in the current iteration step is found using:

uf =ufl 4 Au (6.12)

n

The discrete equation system shown in Eq.(6.10), in terms of the current iteration
and loading or time step, is postulated as

K Au = [foi]® — [fine] = RE (6.13)

n

with R} being the residual. As mentioned, the stiffness matrix and similarly,
the residual, need to be solved at every iteration step. Hence, these quantities are
calculated using the displacement field from the previous iteration step uj_;, such
that; R}=R(u}_;) and K}'=K(u}_,). This allows Au} to be solved using

Au = [Kf;} R (6.14)

As such, u} may be updated using Eq.(6.12), of which is then used as the initial
starting point in the (k+1) iterartion step. The solution is reached once the external
and internal forces are balanced. Hence the iteration scheme is terminated based on
the magnitude of the residual |Rm Once ‘R,k;‘ falls below a certain threshold, the
system of equations is seen to have converged.

Following from the non-linear problem solving scheme, shown by the Newton-
Raphson method, the proceeding sections will delve further into the numerical meth-
ods used to simulate a heart beat. There are generally two methods of computing the
mechanisms related to the phases in the cardiac cycle, namely; the pressure driven
method, where a pressure load is prescribed and the displacement is solved for, and
the volume driven method, where a volume is specified and the solution is found in
the form of the load.

6.4.2 Diastolic filling

As implemented in SESKA, the diastolic filling stage is simulated using a pressure
driven algorithm. This is used to model the hydrostatic pressure that the blood
exerts on the myocardial walls as it enters the left ventricular cavity. The diastolic
filling is modelled through an incrementally applied traction load on the inner surface
of the endocardium, which ranges from zero, when the cavity is empty, to P*P, at
the point of end diastolic volume (EDV). In order to apply the load in increments,
such that the final solution stays within close vicinity and is easily approximated, a
Neumann loading factor ¢, is applied on the total pressure load PFP. The pressure
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load P, in the current loading step n, is determined such that
P=¢PEP, 0<¢<1 (6.15)
At the end of every loading step, the loading factor is updated for the next step:

Cnt1 = Cn + AQ (6.16)

where A( is the incremental loading factor, of which may be set to constant or to vary
throughout the simulation. Referring to Eq.(6.1.1), the traction load is formulated to
be independent of deformation. However, during diastolic filling, it is compulsory that
the loading remain perpendicular to the myocardial walls. Hence, in order to adapt
the surface traction load in terms of being dependent on deformation, the following
equation is used:

/ PJF Tng-dudA (6.17)
0Ba

with all quantities being previously defined. Hence, by considering Eq.(6.15), Eq.(6.17)
may be rewritten as

Cn / PEPJFTng - sudA (6.18)
0Bq
Similarly, the external force vector foyt, may be redefined as follows:

[fext ]y = G [fexc.0] (6.19)

with fext o being the total external load. Hence, Eq.(6.13) may be expanded in the
following form:

K Au = ¢, [foxt0] — [fint]" = RE (6.20)

n

6.4.3 Isovolumetric modelling

At the end of ventricular filling, when the cavity has reached its capacity, the valves
close and the start of systole is then initiated with the isovolumetric contraction (IVC)
phase. With the valves closed, and with the aspect of material incompressibility for
the blood and tissue, the cavity volume remains unchanged during IVC. Consequently,
this results in a pressure increase within the cavity. Similarly, at the beginning of
diastole, when the muscle fibres relax, the ventricular cavity volume is seen to remain
constant. In order to mathematically model this feature, a volume driven algorithm
is employed. In this approach it is assumed that the change in volume is negligible,
hence AV=0. With the displacement u considered a known quantity, only the blood
pressure, represented through the loading factor ¢* in the current loading (n) and
iteration (k) step, needs to be solved for, as per Eq.(6.20). The loading factor may be
determined upon calculation of A, through the additive update

(=G AC (6.21)

with ¢¥~! being the loading factor of the previous iteration step. During the IVC, the
valves are reopened once the pressure within the ventricle exceeds the pressure in the
aorta. Therefore, parallel to this feature, the simulation of the IVC is terminated once
Cﬁ is greater than the parameter of the aortic valve pressure threshold Caorta; ¢ > Caorta-
For a more comprehensive layout of the implementation of the isovolumetric phases,
refer to the work of Skatulla and Sansour [65].
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6.4.4 Ejection

To model the ejection phase, a similar approach to Sec.(6.4.3) is adopted. In contrast
however, the volume of the cavity does not stay constant and deforms as blood is
ejected out the cavity, resulting in the condition: AV=£0. Consequently, in order to
find the solution for the pressure, or loading factor (, and the displacement field,
represented through the volume V, the three element Windkessel model, shown in
Sec.(5.3.2), is utilised. This furthermore involves setting up an iterative procedure
using the Newton-Raphson scheme. With the iteration and loading step being k£ and
n, respectively, the three element Windkessel may be restated as

Ra N d,1* 1 . dpP,1"
1+ -2 )1, O1=2 = — 1P, 22

with R, and R, being the aortic and peripheral resistance, respectively, and C rep-
resenting the arterial compliance. In addition, the aortic flow rate, I,, and aortic
pressure, P,, are defined and may be related directly to the unknown increments
AV and A(. A descriptive overview behind the implementation of the three element
Windkessel model may be viewed in the work of Essack [19].

6.5 Numerical example

Investigation of the proposed triphasic TPM model will be addressed through a simple
cantilever beam example. Results attaining to the deformation, pore pressure, volume
fractions, and the growth evolution, will be analysed and discussed. The cantilever
beam under study, is 10m in length with a square cross-section of 1m edge length. The
beam is fully restricted from translational deformation on one end, in all directions,
and is loaded on the free face with transverse traction load of 50Pa, in the negative z
direction. In addition, the beam is comprised of a neo-hookean material, with material
constants specified in Fig.(6.1), which summarises the beam properties.

Material parameter  Value Unit
15 10000 Pa
S 10000 Pa
P 100 kg/m?®
i P 1000 kg/m?
ng 0.5 -
nf, 0.2 -
nSIN 0.3 - ;
KF 1-1076 m?/N-s j\

FIGURE 6.1: Properties of the cantilever beam example.

Starting off with the condition that p°=0, Fig.(6.2) illustrates the deformation
behaviour of the beam with respect to the applied traction load, of which complies with
expected deformation patterns. Furthermore, the deformation results are identical to
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those produced by the existing biphasic model, implemented within SESKA, with
convergence rates of up to quadratic order also being observed [25]. Hence, to certain
degree, this validates the implementation of the proposed triphasic model.

displacement|
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FIGURE 6.2: Deformation of the beam under the applied traction load.

From the geometrical and loading description of the beam, it is common under-
standing that the the fixed end of the beam will experience the greatest degree of
stress. Additionally, it is valid to presume that the stress distribution across the
height of the cross-section of the beam, will be anti-symmetric, with the top edge
being in a state of tension, and the bottom edge being in compression. Understanding
the stress distribution may provide significant insight into the analysis of the pore
pressure results. The distribution of the pore pressure results may be viewed in the
contour plot, shown in Fig.(6.3). Following the description of the stress distribution,
it is clear that the pore pressure manifests in a similar manner. Firstly, the most
extreme pore pressure values may be found at the support, showing an almost sym-
metrical distribution, with the top edge showing the highest values, and the bottom
showing the lowest values. This may be understood through visualisation of the pore
space structure in relation to different states of stress. Under tension, the pore spaces
would be pulled apart, of which would result in an overall expansion of the pore space
area. Consequently, an increased pore space size would result in reduced pore pres-
sures. In contrast, under compression, the pore spaces would be pushed inwards, of
which would cause the pore pressures to elevate.

porePressure
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FIGURE 6.3: Contour plot of the pore pressure distribution.

With the pore pressure results discussed, a study into the aspect of growth will now
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be conducted, of which will provide details regarding the nature of the volume fraction
quantities and the description of growth proliferation. By inducing growth, such that
/5 #0, the following graph is produced in conjunction with the case simulated without
the inclusion of growth. It is apparent from Fig.(6.4), that with the addition of growth,
a more elastic response is realised, as seen by the decrease in stiffness. This property
is analogous to that found in the work of Hopkins |25], whereby it was motivated
through the idea that with growth, an elongation of the beam occurs, of which results
in a more slender beam profile.

50 T T T T
— no growth

40| — growth induced |
Q-‘F 30+ -
=5
E
o  20r -
=

10 |- A

0 | L | il |

1
0 0.5 1 1.5 2 2.5 3 3.5

Displacement |m)]

FIGURE 6.4: Displacement results with respect to the case of no-
growth and growth induced.

The effect of the growth induced model on the volume fractions will now be anal-
ysed. Specifically, the solid volume fraction, n®, and nutrient volume fraction, n¥, will
be focused on, as they are directly related to the mass supply function /5. Fig.(6.5)
illustrates the solid and nutrient volume fractions with respect to simulations run with
growth and without growth. In terms of the pore pressure degree of freedom, a close
relation may be made with respect to the volume fraction quantities. In TPM, and
in relation to the proposed triphasic framework, the control system is defined as a
solid porous skeleton, saturated with a fluid that fills the pore spaces. Even though
TPM works on the macroscale, due to application of the volume fraction concept (see
Chapter 3), the pore structure has a great influence on the perfusion of fluid through
the control system. A sudden contraction or enlargement of the pore spaces, which
translates into changes in pore pressure, may result in fluid entering or exiting the
system, respectively, due to a pore pressure differential. With comparison to the pore
pressure distribution, shown in Fig(6.3), the idea of the presence of the fluid being
dependent on the pore pressure is evident, as illustrated in Fig.(6.5)(c). At the sup-
port, n is observed to increase above and decrease below the reference value nONN, at
the top and bottom edge, respectively, of which correlates well with the pore pressure
distribution. Consequently, changes in fluid volume would cause contrasting changes
in the volume of the solid constituent, of which is apparent in Fig.(6.5)(a).

By inducing growth, the strain driven growth function, covered in Sec.(4.4.3), may
be activated. The inclusion of growth would result in the deposition of solid mass,
at the expense of the available nutrients in the system. From Fig.(6.5)(b), it may be
observed that the entire beam comprises of n% values greater than the reference value.
Similarly, Fig.(6.5)(d) conveys a reduction of n™ below nJy over the entire beam,
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FIGURE 6.5: Contour plot of the volume fraction distribution. (a):

Solid volume fraction simulated without growth. (b): Solid volume

fraction simulated with growth. (c): Nutrient volume fraction simu-

lated without growth. (d): Nutrient volume fraction simulated with
growth

of which is in contrast to the examples simulated without growth, where the volume
fraction terms fluctuated between the reference values. The effect of growth is evident,
with reasonable results being obtained. In addition, the results with respect to the
pore pressure and it’s connection to the volume fraction degrees of freedom, proves
that the triphasic model has been implemented in a manner which may correctly
describe the mechanical and thermodynamic behaviour of porous systems.
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Chapter 7

Case study of an RHD affected
heart

The previous chapters have set a platform for the establishment of the mathematical
framework needed for a triphasic TPM model, and additionally with application to
cardiac systems which include growth and remodelling proliferation. This chapter will
continue with an analysis of a patient specific heart, which has been diagnosed with
rheumatic heart disease. Investigation into the behavioural changes of the heart will
be conducted and will be furthermore used to validate the adequacy of the proposed
TPM model in relation to modelling an RHD infected heart.

The patient under study was diagnosed with rheumatic heart disease in 2014 after
CMR scanning, at the Groote Schuur Hospital. From the assessment, it was found
that the patient had severely stenosed mitral valve with moderate regurgitation. The
patient was admitted for a valve replacement in 2015 whereby subsequent follow-up
scans were taken in 2016. This investigation will encapsulate an analysis of the two
scans taken in 2014 and 2016.

7.1 Geometry and mesh generation

In order to computationally analyse a patients heart, a model needs to be gener-
ated from a cardiac geometry. One method of doing this is through segmentation of
MRI/CMR scans. CMR scans usually includes a series of intermediate images through
the short axis of the heart, from apex to the base, as shown in the Fig.(7.1). Within
this study, images taken at the onset of diastolic filling are considered. Using that as
a reference hence allows for the end systolic volume (ESV) to be quantified, which is
an important parameter that may be used for calibration purposes. In order to build
a 3D computational model, from the discrete set of image slices, Synopsys software
package, Simpleware, is used, which incorporates interpolation and curve-fitting al-
gorithms. A more descriptive overview of the methods pertaining to segmentation of
CMR scans, and subsequent mesh generation, may be viewed in the work of Hopkins
[25].
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FiGure 7.1: CMR images through short axis of a biventricle, from
the base to the apex. [25]

Two models were developed, which coincided with the set of scans taken in 2014 and
with the follow-up scans, from 2016. The models were meshed using 2068 and 2318
tetrahedral elements, for the 2014 and 2016 scans, respectively, as shown in Fig.(7.2).

[25]

FIGURE 7.2: Final meshed left ventricle models, corresponding to the
2014 and 2016 patient-specific scans. [25]

7.2 Applied boundary conditions

In order to build the boundary value problem needed for the geometry of the left
ventricle, Dirichlet and Neumann boundary conditions need to be prescribed, as men-
tioned in Chapter 6. As was discussed in Chapter 2 in relation to the physiology of
the heart, the base of the ventricle is attached to the rest of the heart through muscle
tissue and is also bound by the pericardium, of which prevents rigid body motion.
Hence, in terms of the Dirichlet boundary conditions, the base of the heart is firstly
fixed at the base, from moving in the vertical direction. During muscular contraction,
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the heart experiences a degree of twist, which is a result of the muscle fibre orienta-
tion, see Sec.(2.1.1). With respect to the base, this torsional movement is limited to
a small degree. In order to allow this torsional behaviour but still restrict the defor-
mation to a level which is physiologically normal, a Dirichlet boundary condition is
weakly imposed through application of an elastic line force k, around the epicardial
base, as done in [56]. This additionally allows for thickening and thinning of the base
during contraction [56]. Lastly, in order to restrict motion in the zy axis, bust still
allow for torsional motion about the short axis, zero displacement is enforced in the
xy direction at the point of the apex. The Dirichlet boundary conditions applied to
the patient-specific left ventricle geometry are illustrated in Fig.(7.3).

The Neumann boundary conditions are considered next. The inflow of blood into
the ventricular cavity, during the diastolic filling stage of the cardiac cycle, imparts a
hydrostatic pressure on the myocardial walls. To model this, an incremental surface
pressure load is prescribed on the inner surface of the endocardium. As specified in
the work of Rama [56], and the citations therein, the surface pressure is assigned a
value of 0 kPa and 1.5 kPa, at the start and end of diastolic filling, respectively. Due
to blood not being able to seep out from the ventricles, it is assumed that the seepage
flux for the entire domain of the heart is zero. With respect to the base region, it
is understood that there would be blood flow generated through this section, as part
of the coronary circulatory system (see Chapter 2). However, due to this being a
property associated with the hemodynamics (blood would enter and leave the base at
different times during the ejection phase), it is not within the scope of this study and
will be left for future consideration [25].

FI1GURE 7.3: Dirichlet boundary conditions applied to the left ventricle
models.

7.3 Material properties

With respect to cardiac modelling, there contains a variety of parameters which influ-
ence the overall characteristics of the simulated model. Briefly noting, the parameters
of concern include those associated with the strain energy function ¢° during the dias-
tolic filling stage, the active tension model during ejection, and the Windkessel model.
In addition, the orientation of the muscle fibres in the endocardium and epicardium
are also of great importance. Incorporating the theory of porous media comes an array
of additional parameters linked to the various constituent phases and those needed to
characterize the constitutive equations formulated for the seepage velocity and mass
exchange function.
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Starting with the fibre orientations and the associated orthogonal cross-fibre di-
rections of the epicardium and endocardium, the angles are approximated using an
algorithm developed by Wong and Kuhl [84]. In this approach, use is made of a Pois-
son interpolation scheme in order to generate the fibre orientation map of the human
heart. However, as described in the works of Skatulla and Sansour [65], numerically
solving a Poisson problem can require a significant amount of time as compared to
alternative interpolation schemes, such as the moving least square (MLS) based ap-
proximation [39]. Hence, within this work, MLS interpolation is adopted, and is used
to produce the fibre directions illustrated in Fig. (7.4).

FIGURE 7.4: Myocardial fibre orientation for a left ventricle.

The fibre orientation shown in Fig. (7.4), corresponds to heart in a state of rest.
The rest sarcomere lengths lyp may also be specified individually for the endocardium
and epicardium. The prescribed fibre direction angles and the rest-sarcomere lengths
for the endocardium and epicardium, as specified by Skatulla and Sansour [65], are
given in Table (7.1).

TABLE 7.1: Prescribed fibre directions and rest sarcomere lengths for
the endocardium and epicardium. [65]

Quantity Endocardium Epicardium Unit

o 66 -51 °
lg 1.78 1.91 pm

The input parameters relating to the solid tissue phase, and the liquid and nutrient
phases, which are contained within the blood saturating the solid skeleton, consists
of the real densities pg= and the reference volume fractions ng,, when the heart is in
a state of rest. The parameters are given in Table (7.2)

The growth and remodelling processes which occur in people suffering from RHD
generally occur over periods of months and years. Within this study, simulation of
a single heart beat is used to model the growth induced over a two year period. In
terms of selecting an appropriate value for the nutrient volume fraction, consideration
was given to the fact that, realistically, nutrients would always be available in context
of the intake through diet, or oxygen supply, etc. Hence, a greater value of 0.15 was
chosen, of which still complies with expected solid tissue to blood ratios.
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TABLE 7.2: Prescribed TPM parameters associated with the con-
stituents in the reference configuration, and the seepage velocity con-
stitutive law.

Material parameter Value Unit Source
Tissue density p5& 220 kg/m3 |75, 25]
Blood density pif, phat 1060 kg/m3 [12]
Solid r.v.f. nq 0.75 - 28]
Liquid r.v.f. n(IjL 0.1 - -
Nutrient r.v.f. nONN 0.15 - -
Anisotropy parameter apy 0 - [58]

Darcy permeability K¥  2.107% m*/N.s  [78]

7.3.1 Calibration of passive material parameters

In order to calibrate the parameters related to the strain energy function given in
Eq.(5.2), to the 2014 and 2016 patient-specific cardiac models, a comparison of the
end diastolic volume (EDV) and end systolic volume (ESV) was performed. The EDV
and ESV values were measured from experimental data accessed from the CMR scans.
The measured EDV and ESV values for the 2014 and 2016 models may be be viewed
in Table (7.3).

TABLE 7.3: Experimental values for the EDV and ESV, in relation to
the 2014 and 2016 models. [25]

Quantity 2014 2016 Unit

EDV 146 147  ml
ESV 72 80 ml

Due to the geometry of the cardiac models being generated for the resting state,
see Sec.(7.1), the reference volume at the beginning of the simulation is equivalent to
the ESV value of the experimental data. As such, only calibration of the model in
relation to the EDV had to be considered. The incremental pressure load, applied to
the ventricular cavity, ranges form 0 kPa to 1.5 kPa as specified in Sec. (7.2), which
correlates to the start and end of diastolic filling. Using the pressure load at the end
of diastolic filling and the EDV as a target point, the stiffness factor A was calibrated,
as shown in Fig.(7.5).

After calibration the target value was achieved using stiffness factor values of 0.45
and 0.57, for the 2014 and 2016 models, respectively. Consequently, the rest of the
passive parameters are specified in Table.(7.4)

TABLE 7.4: Passive material parameters. [72]

Acomp (kPa)  ag ag asz  au as ag

100 -6.0 -5.0 9.0 120 120 -6.0
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FIGURE 7.5: Calibration of 2014 (left) and 2016 (right) models, with
respect to various values of the stiffness factor A.

7.3.2 Calibration of active material parameters

Within the work of Hopkins [25], the biphasic model was calibrated using the arterial
compliance C, maximum tension Ty, peripheral resistance Ry, and the aortic resis-
tance R,. These parameters comprise those found in the active tension model, shown
in Sec.(5.2.1), and the three element Windkessel model Eq.(5.23). Consequently, these
parameters were calibrated to meet the target ESV value at the end of the isovolu-
metric relaxation stage. C was found to be especially sensitive. With respect to this
study, and due to minor changes in the biphasic model, and the addition of the tripha-
sic model, Ty,.x, Rp and R,, were kept from the previous investigation of Hopkins
[25]. This was done due to the fact that changes in these parameters were found to
be far less significant compared to C. The calibration was hence carried forth using C.
Referring to the target ESV value for the 2014 and 2016 models, as shown in Table
(7.3), calibration of C was performed and may be viewed in Fig.(7.6).
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FIGURE 7.6: Calibration of 2014 (left) and 2016 (right) models, with
respect to various values of the arterial compliance C.

Consequently, the final calibrated values of C for the 2014 and 2016 models are
3760 and 3870, respectively. The final list of parameters for the active tension and
Windkessel models may be viewed in Table.(7.5)
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TABLE 7.5: Active tension and Windkessel maetrial parameters for
the 2014 and 2016 cardiac models.

Material parameter 2014 Value 2016 value Unit Source

Trnax 120 120 kPa [25]
Cag 4.35 4.35 pm [22]
(Cag)max 4.35 4.35 pm [22]
B 1048.9 1048.9 mm [22]
lg -1.429 -1.429 pm [22]
to 2400 2400 s [25]
m 1.58 1.58 s/mm [22]
b 0.22 0.22 ms [22]

C 3760 3870 mm? /kPa -
Ra 1.0-107*  1.5:100*  (kPa-s)/mm?®  [25]

=
o}

1.28-107°  1.47-107° (kPa-s)/mm?®  [27]

7.3.3 Calibration of the growth model

Calibration of the cardiac models have so far been conducted with the condition of
p5=0. In order to create a model which may predict the effect of growth over the
two year period between 2014 and 2016, the stretch driven growth function will be
activated, hence allowing for the increase in length of the sarcomeres within the my-
ocardium. It is expected that this inclusion will provide insight into the mechanical
and thermodynamic changes of the heart, in a manner which is physiologically accu-
rate. The method for demonstrating this was proposed by Hopkins [25], whereby the
2014 scan is used as an initial starting point. With the addition of growth, this model
is then calibrated against the EDV and ESV values of the 2016 model. The parameter
which will be calibrated comprises solely of the maximum mass exchange rate p™?*.
Due to the fact that only p™?* is used, calibration against the EDV and ESV will
be done concurrently. Reaching target values which satisfy both terms is challenging,
which is the reason why target points which agree to both points as much as possible
will be accepted. By adopting the growth function parameters in accordance with
Goktepe et al. [20], of which were selected specifically to model a dilated heart, the
following list of values are proposed.

TABLE 7.6: Growth function parameters. [20]

max
Sg €max ’Y

1.5 1.001 1

max

Finally, the results yielded from the calibration of p™** may be viewed in Fig.(7.7).

As observed from Fig.(7.7), the ESV was far better calibrated against as compared
to the EDV. However, the EDV was predicted within close range of the target value,
attaining a value of 146.5 ml, with 0.34% error. As such, the final calibrated value of
™2 was found to be 3.3-107° kg/(mm3 - s).
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FIGURE 7.7: Calibration of the 2014 growth induced model (2014 g.)
with respect to the 2016 model simulated without growth (2016 n.g.),
and compared against the 2014 no-growth model (2014 n.g.)

7.4 Benchmarking

In order to investigate the proposed triphasic model, for the case of no growth % = 0,
results will be compared to the existing cardiac mechanics toolbox within the in-house
built software SESKA. This will comprise of a comparison against the mechanical
aspect of the model. With respect to the newly proposed growth induced model and
the pore pressure results, benchmarking against the existing biphasic TPM model
within SESKA, will be carried out. Further comparisons will be made using results
accessed from literature attaining to cardiac modelling.

The results obtained from the 2014 and 2016 models, using the triphasic TPM
model and the classical continuum mechanics model, developed by Skatulla and San-
sour [65], are shown in Fig.(7.8).
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FIGURE 7.8: Benchmarking of the triphasic model, simulated without

the addition of growth (Tri.), against the standard cardiac mechan-

ics toolbox implemented within SESKA, which makes use of a classic
continuum mechanics framework (CC).

As observed in Fig.(7.8), the triphasic model matches closely to that of the classical
continuum model in terms of the pressure volume loop. The triphasic model appears
to have reduced ESV and EDV values. In addition, higher peak pressures are present
with the triphasic model. Due to the fact that, with the inclusion of the fluid phases,
and the condition that blood is constrained within the bounds of the heart, an increase
in stiffness could potentially be a result of this. However, the peak pressures are still
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within close range, noting differences of 0.096 kPa and 0.251 kPa, for the 2014 and
2016 models, respectively.

In terms of the pore pressure results, comparisons are made with the existing
biphasic model, of which was benchmarked against the work of Wall et al. [78]. With
equivalent parameters, such that the fluid phase in the biphasic model is equal to
the fluid (nutrient and liquid) in the triphasic model and the densities of the nutrient
and liquid phase are also equal, it is expected that identical results be produced.
This feature is noticed within the contour plot of the pore pressure at the end of the
ejection phase, of which may be viewed in Fig.(7.9). For further evaluation of the
pore pressure in relation to Wall et al. [78], refer to the work of Hopkins [25].
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FIGURE 7.9: Comparison of the pore pressure contour plot results of
the triphasic TPM model (left), with the existing biphasic TPM model
(right).

Finally, benchmarking of the growth model will be done. The new growth function
that was implemented was adapted from that of Goktepe et al. [20]. As such, the
growth model will be firstly compared to the results published in the aforementioned
journal article, of which may be seen by the contour plot of the growth Jacobian Jg
at the end of diastolic filling in Fig.(7.10).
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FIGURE 7.10: Benchmarking of the growth model (left), simulated to
the point of EDV, and compared against results presented by Goktepe
et al. [20] (right).
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Overall, the pattern of the growth jacobian Jg results comply with those obtained
by Goktepe et al. [20], especially within the middle section of the heart, where higher
levels of growth are observed. This feature is expected during diastolic filling, as
the fibres would elongate during myocardial expansion. It should be noted that,
within the work of Goktepe et al. [20], a generic bi-ventricle model is used, as oppose
to the patient-specific left ventricle model used within this study. As such, it is
expected that differences will arise, such as, smoother and more ideal results, for
example. Additionally, the base and free walls regions, where the right ventricle would
be positioned, will be constrained less and will therefore experience greater levels of
deformation, in its absence. Consequently, higher levels of growth are apparent along
the edges of the base of the proposed 2014 growth model. The growth model was
calibrated to the amount of growth that had occurred, with the heart of the patient
under study, over the two year period between 2014 and 2016. As such, the levels
growth are expected to be different.

Lastly, in order to study the effects that the growth induced model has on the
pressure volume curve in relation to a TPM model, a comparison is done with the
growth activated biphasic model [25]. As mentioned in the previous section regarding
the calibration of the growth model and by referring to Fig.(7.7), an increase in ESV
and EDV was noted. In addition, the SV appeared to decrease in a manner which
complied with the pressure volume curve of the 2016 model. In terms of the biphasic
model, implemented by Hopkins [25], the method of calculating the growth evolution
and constitutive law for the mass supply function differed from those used in this
study. However, for qualitative purposes, it should be noted that the exact relation-
ship between the changes in ESV, EDV and SV, are found in the work of Hopkins
[25]. Hence a direct comparison will not be shown, and one may rather refer to the
aforementioned work.

7.5 Limitations relating to the patient-specific cardiac mod-
els

From the data shown in Table (7.3), it is apparent that an increase in EDV and ESV
have occurred over the two year time interval. In addition, a reduction of the SV is ob-
served. This information gathered from the two models correlates well with literature
regarding the evolution of cardiac behaviour related to the condition of dilated car-
diomyopathy, DCM, (or eccentric hypertrophy). It should be noted that, even though
the patient was diagnosed as having sever mitral stenosis and regurgitation, both of
which are understood to decrease ejection output. From the 2016 data, an increase in
peak pressure is seen, as oppose to the decrease in pressure from the simulated growth
model, of which is in accordance to the pressures developed in patients with DCM.
In addition, from the cardiac models, it is apparent that an increase in thickness of
the myocardium had occurred between 2014 and 2016, which indicates that a degree
of concentric hypertrophy had developed. Due to surgical intervention in 2015, which
involved replacement of the mitral valve, certain conditions might have been altered.
As such, due to the fact that the proposed growth model is designed to simulate the
condition of DCM, it should be understood that there are limitations in relation to
the comparison of results between the growth model, and the 2016 model simulated
without growth.

With respect to the condition of mitral regurgitation, as discussed in Chapter 2,
at the onset of systole, during which pressures develop during the contraction stage,
blood is able flow across the mitral valve due to the impairment. Hence, this results



Chapter 7. Case study of an RHD affected heart 64

in there being no true isovolumetric contraction stage. It should be noted that the
proposed TPM model is not able to simulate this feature, and hence lies outside the
scope of this investigation. [34]

From Chapter 2, it was discussed that cardiac dilation could be a maladaptive re-
sponse to mitral or aortic regurgitation, in relation to valve impairment [34] . However,
as highlighted, these two valve impairments result in different physiological changes,
of which is apparent in the shape of the pressure-volume curves of the respective con-
ditions, see Sec.(2.3). As such, it should be noted that the proposed growth model
corresponds to the general case of DCM, shown by Fig.(2.10), and can therefore not
differentiate between aortic and mitral regurgitation.

7.6 Analysis of the growth induced model

So far within this investigation, two model geometries have been simulated, corre-
sponding to two different time periods, namely in the years of 2014 and 2016. These
difference in results attaining to these models are meant to signify how the condi-
tion has worsened over the two year time period. The growth model discussed in the
last section was implemented such that it would be able to predict the physiological
changes that occurred between the interval, in terms of the mechanical and thermo-
dynamic behaviour. As discussed in Sec.(7.5), the 2016 geometrical model poses some
issues in relation to the comparison with the growth induced triphasic model. Even
though the growth model was calibrated to meet the target values of the EDV, ESV
and SV of the 2016 model (of which is in agreement with the changes expected in
DCM diagnosed patients), the peak pressure of the 2016 model does not correspond
to the typical case of DCM in terms of the pressures developed within the ejection
phase. Hence, a direct comparison of the growth model and 2016 model is not entirely
meaningful. As such, this section will continue with a comparison of the initial state
of the 2014 model, simulated without growth, and the growth induced model.

7.6.1 Analysis of the pressure-volume curves

After simulating the 2014 model with and without mass supply, over one heart beat,
the following results were produced, as shown in Table (7.7)

TABLE 7.7: Cardiac results pertaining to the 2014 model, simulated
with and without growth.

Parameter 2014 no growth 2014 growth induced  Unit
EDV 146 146.5 ml
ESV 72 80.0 ml
SV 74 66.5 ml
EDPVR gradient 28.0 26.4 Pa/ml
Peak pressure 20.8 19.4 kPa

From the data shown in the table above, it is apparent that a deterioration in the
condition of the patient has occurred. The increase in EDV and ESV, with respect
to the growth induced model, is an indication of the increase in volume which has
occurred as a result of growth. In addition, the growth induced model appears to have
reduced in peak pressure by 1.4 kPa, which denotes that the hearts ejection capacity
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has reduced, of which is analogous to the condition of DCM. The enlargement of the
heart due to DCM has an effect on the mechanical function, whereby weakening of the
muscles is generally observed [34]. This deficiency may also be noted by the reduction
in SV, which correlates with the amount of blood ejected out the cavity into the
various circulatory systems. Another feature which highlights the presence of DCM
is the end diastolic pressure volume relationship EDPVR, given in terms of the slope
at the point of EDV. In the case of DCM, the EDPVR gradient is generally observed
to decrease, which signifies a decrease in vascular stiffness and hence a debilitation of
the cardiac tissue [34, 1]. This is in agreement to the results shown in Table (7.7),
whereby the EDPVR is seen to reduce by 2.4 Pa/ml with the addition of growth. [34]

7.6.2 Changes in mechanical behaviour

Dilated cardiomyopathy results in mechanical and functional changes in the left ven-
tricle. Understanding the abnormalities which occur may be found in analyzing the
stresses and strains that the heart experiences within the myocardial tissue during its
activity. This section will comprise an observation of the fibre stresses and strains
of the initial state of the heart, simulated using the 2014 geometrical model with no
mass supply, and compared against that using the growth induced model. For the
purpose of illustrating this, the fibre stress and strain within the mid section of the
heart, and along the outer surface of the epicardium, will be focused on. This data is
shown in Fig.(7.11).

From the depiction of the pressure-volume curve in Fig.(7.7), of which is repre-
sented quantitatively in Table (7.7), the growth induced model indicated that the
ejection capacity had been compromised as a result of weakened muscle fibres due to
dilation of the heart. It is expected that this reduction in mechanical load will coin-
cide with the stresses and strains of the myocardium, of which is confirmed through
analysis of Fig.(7.11). From Fig.(7.11), it may be seen that during diastolic filling,
at a point where minimal growth has developed, the fibre stress and strain of the
two models, occur in tandem. However, as the amount of growth increases due to
stretching of the sarcomeres, the stress and strain of the growth induced model is seen
to reduce. The pattern and values of the strains, shown in Fig.(7.11), is analogous
to that presented in the work of Yu et al. [87], where a reduction of strains were
documented in relation to an evaluation of left ventricular behaviour in patients with
dilated cardiomyopathy.
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FIGURE 7.11: Fibre stress (left), and fibre strain (right), results gen-
erated from the growth induced and standard 2014 model.
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In terms of the theory of porous media, the perfusion effects are greatly influenced
by the mechanical action that the heart is subjected to. As such, following the de-
scription of the stresses and strains, the pore pressure is a feature which is important
in describing the physiological changes which occur as a result of growth, as it has
direct influence on the fluid interaction of the system. It may be understood that with
a decrease in stress and strain, as a result of the inclusion of growth and remodelling,
the pore pressure is expected to behave in a synchronous manner. This relationship
may be viewed in the graph which denotes the evolution of the pore pressure against
time over one cardiac cycle, as shown by Fig.(7.12). After an initial increase, the
pore pressure is observed to decrease during diastolic filling. This reduction may be
attributed to the stretching of the muscle fibres, of which would translate into ex-
panded pore spaces. As the ejection phase is initiated, and the heart contracts, the
pore spaces would similarly shrink in size, of which would therefore increase the pore
pressure until the relaxation phase begins, whereby a stabilization of the pore pressure
towards the initial state would then take place.
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FIGURE 7.12: Pore pressure evolution, over a full cardiac cycle, which
displays the relationship between the growth induced and standard
2014 model.

7.6.3 Changes in the volume fraction quantities

Predicting how the densities of the various constituents change within the myocardium
of the heart in relation to conditions which result in growth and remodelling is an
important aspect. Left ventricular dilation may be characterized by a weakening
or destruction of tissue within the myocardium [30]. This degradation or infarction
of the myocardium, may occur regionally across the heart and usually correlates to
abnormalities associated with a starvation of nutrients (such as oxygen supply). In
addition, it is understood that with hypertrophy of cardiomyocites related to growth,
an increase in the density of the solid tissue occurs, of which results in a reduced
relative blood-tissue ratio [9, 28|. Consequently, a stiffening of the cardiac tissue
may arise in these infarcted areas, from the increase in tissue density, of which may
furthermore lead to impaired ventricular function and heart failure [30].

A therapeutic method of treating infarcted hearts is through region-specific injec-
tion of hydrogels, which act to mitigate the effects of growth proliferation, as demon-
strated in the works of Wu et al. [85] and Waters et al. [79]. Using this method allows
direct targeting of specific diseased areas of the heart, of which is seen as an efficient
form of therapy [79]. With respect to the theory of porous media, a study comprising
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of the evolution of the solid and nutrient volume fractions, may provide strong indica-
tion to how the condition of rheumatic heart disease may physiologically effect certain
patients. Hence, through this study, insight into the regions of the heart which may
potentially be at risk of myocardial infarction may be uncovered, of which may allow
for early treatment in patients suffering with conditions associated with growth and
remodelling of the heart.

Fig.(7.13) illustrates the relationship between the the sarcomere length, growth
Jacobian Jg and the solid volume fraction nS. For the case of DCM, a stretch induced
growth function is employed. Hence, the degree of growth may be closely related
to the sarcomere length, of which also then has influence in relation to nS. This
relation is apparent through observation of Fig.(7.13), whereby high values across
all three parameters are viewed to occur at the top portion of the myocardium, in
particular, at the end of diastolic filling. As the ventricular cavity fills, the region
near the base will experience greater levels of deformation, which hence translates
into higher strains exerted on the sarcomeres. In addition to growth, the volume
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FiGure 7.13: Illustration of the sarcomere length, growth Jacobian
and solid volume fraction, at EDV.

fraction quantities are controlled by mechanical and fluid action (as may be seen by
the weak forms in Chapter 6). However, in regions which experience greater levels
growth, the effect of the mass supply on the volume fraction quantities may be made
more apparent. Hence, to demonstrate the effect of the inclusion of growth on the
solid and nutrient volume fractions, an evolution of these parameters over an entire
cardiac cycle, measured at the point which displayed the greatest level of growth, was
conducted and is presented graphically in Fig.(7.14). In addition, the point evolution
of the growth Jacobian Jg, is shown in Fig.(7.15).

From Fig.(7.14) and Fig.(7.15), it may be observed that with an increase in growth,
an overall reduction in the blood-tissue ratio occurs. During diastolic filling and early
parts of the IVC, during which the amount of growth is still minimal, the blood-tissue
ratio is seen to increase. This feature is influenced by the mechanical loads exerted
on the heart within that phase of the cardiac cycle, whereby the heart expands due to
diastolic filling and an overall stretching of the muscle fibres occurs. This expansion of
tissue, in context of TPM, would thus result in the increase in size of the pore spaces
and fluid volume. This would therefore translate into an increased fluid density and
a reduced tissue density, within that region of the heart. As the contraction stage
is initiated however, and with an increase in Jg, the tissue density increases at a
decreasing rate that is analogous to the rate of change of J,. A similar increase in nS
during contraction is noted with the simulated 2014 model without the inclusion of
growth. As the pore spaces contract, the pore pressure would increase, causing the
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FIGURE 7.14: Evolution of the solid and nutrient volume fraction
quantities, over a complete cardiac cycle, for the case of growth and
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FIGURE 7.15: Progression of the growth Jacobian J,, over a full cycle,
at the point which displayed maximum growth.

fluid to be dispelled. This would hence result in an increased relative tissue density.
It may be observed that the magnitude of the increase in n®, for the standard model,
as compared to the growth induced model, is far less. It is hence apparent that the
relative magnitude of the increase in tissue density, between the standard and growth
induced models, is influenced greatly by the mass supply function. In addition, with
the standard model, the volume fractions are observed to stabilize, once the heartbeat
is complete, of which conveys a return to the reference state. In contrast, with respect
to the growth induced model, higher values of n° are noted at the end of the heartbeat,
compared to those at the beginning of the simulation, of which signifies permanent
tissue growth.

It should be noted that the newly implemented growth law performed adequately
and efficiently throughout the simulation of one heart beat. In addition, there seemed
to be no issues in relation to the evolution of growth during the IVC and IVR phases
of the heart beat, of which was experienced in the work of Hopkins [25]. This may
hence suggest that the new growth function is an improved one.

Inclusion of the nutrient phase was motivated on the basis that more control over
the depletion of the total fluid volume, as a result of growth, would be realised. This
was done by coupling the mass supply function solely between the solid tissue phase
and the nutrient phase. As such, during simulation of the growth induced model, it
is expected that the liquid volume will be consumed less as compared to the nutrient
quantity. Table (7.8) displays the final volume fraction values, obtained at the end of
the simulation, between the growth induced and standard triphasic models.

From Table (7.8), it may be observed that the contribution towards growth of
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TABLE 7.8: Volume fraction values at the end of the cardiac cycle,

using the standard and growth TPM models. Changes in the volume

fraction quantities and the percent contribution of the fluid phases
towards the solid volume are also presented

Parameter nS nN nk

Standard model v.f. 0.758 0.146  0.096
Growth model v.f.  0.784 0.127  0.089
Change in v.f. 0.026 -0.019 -0.007

% fluid contribution - 3%  27%

the tissue phase, is greater with respect to the nutrient phase as compared to the
liquid phase. The nutrient phase was found to add 73% to the tissue volume fraction
increase, whilst the liquid phase only added 27%. This result agrees with the expected
assumption that the nutrient phase will deplete more during growth. However, the
reason that n® decreases with growth may be described mathematically from the
mass supply terms shown in the strong forms. From Table (7.2), it may be noted
that the fluid constituents have a higher density in comparison with the solid tissue
constituent. In terms of the strong forms related to the solid and nutrient phases,
as shown by Eq.(4.10); and Eq.(4.10)3, respectively, the effect of the mass supply
function on the volume fractions is dependent on the corresponding densities. This is
motivated by the concept that the nutrient phase would contain more mass per unit
volume as compared to the solid tissue phase. As such, a decrease in n™N would result
in a greater increase in nS. Therefore, in order to satisfy the saturation condition, a
reduction in n™ must also take place. Although a reduction in n" is unexpected, it is
still observed to be significantly less compared to the percent change in n, of which
satisfies the main purpose of adding the third phase. A solution to making the growth
fully dependent on the solid and nutrient volume fractions may lie in adapting the
balance equations, and the term containing the mass supply function specifically.
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Chapter 8

Conclusions and recommendations

This chapter will highlight the conclusions drawn in relation to the implementation
of the triphasic TPM model, and its application to the example of a patient specific
heart model. Following this, a list of recommendations will be discussed with respect
to future work application.

This research consisted of implementing a triphasic framework, based on the The-
ory of Porous Media. This was firstly achieved by extending the current biphasic
model present within the in-house built solid mechanics software SESKA. An ad-
ditional degree of freedom was included, in the form of a nutrient volume fraction,
of which allowed for mass exchange in context of growth and remodelling prolifer-
ation. Mass supply was induced through a stretch driven growth function and was
implemented using an adapted method developed by Werner [80]. Furthermore, the
triphasic model was coupled with the cardiac mechanics model present within SESKA
and was hence used to simulate patient specific models in relation to Rheumatic Heart
Disease.

From the results shown in Sec.(6.5), of which were successfully compared against
the biphasic TPM model and the work of Hopkins [25], it may be concluded that
the triphasic model, with the inclusion of the newly implemented mass supply func-
tion, has been successfully implemented, whereby qualitatively reasonable results were
observed between the pore pressure, displacement and volume fraction, degrees of free-
dom.

With respect to the results attained in relation to the patient specific heart mod-
els, the triphasic model performed adequately, and produced results which were in
agreement to the biphasic model and various other results attained from literature.
Two models were initially studied, pertaining to CMR scans taken in 2014 and 2016.
Calibration of these models were firstly conducted using parameters obtained from
the work of Hopkins [25], and by using experimental end diastolic and end systolic
volume data (of which was accessed through [25]). Calibration of the growth model
was achieved by simulating the 2014 heart model, with the inclusion of mass supply,
and by varying the maximum growth factor p™#*, till the EDV and ESV results co-
incided with those from the 2016 model. Furthermore, benchmarking of the triphasic
model was conducted against the biphasic model and the classical continuum mechan-
ics model, with respect to the pore pressure and pressure volume curves, respectively.
Additionally, the growth function was benchmarked against the work of Goktepe et
al. [20], as shown in Sec.(7.4). Even though the problem type differed in the work
Goktepe et al. |20], reasonable comparisons were observed.

It was observed that, while the patient under study was diagnosed with dilated
cardiomyopathy and, mitral stenosis and regurgitation, the results of the 2016 model
did not correlate entirely with the given set of conditions. Surgical intervention was
performed on the patient prior to CMR scanning in 2015. Hence, it was deduced
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that physiological changes within the heart must have taken place in the in the post-
surgery interval. As such, a continuation of the analysis of the growth model was done
in absence of the 2016 model.

The results produced by the 2014 model, simulated with growth, matched up
closely to those expected in dilated hearts. This was seen by the increase in ESV
and EDV results, of which indicated an increase in cavity volume in states of rest
and at maximum capacity, respectively. In addition, reductions in the SV, peak
pressure, and the EDPVR gradient, were observed in the 2014 growth model, of
which conveyed a reduced pumping capacity and weakening of the heart tissue, and
are typical characteristics related to DCM. Reductions in pore pressures, and fibre
stresses and strains were additionally noted, of which correlated with observations
documented in the work of Yu et al. [87]. As such, it may hence be concluded that
the triphasic growth induced model may be sufficiently used to model hearts associated
with DCM.

One of the key objectives of this research was to implement the third phase, such
that it would contribute to the mass exchange process and would therefore control the
volume levels of the liquid constituent. In Sec.(7.6.3) it was found that with growth,
a slight reduction in n" occurred, of which was found to stem from the mathematical
construct of the balance equations. However, the reduction in n"
be minute in relation to the reduction in n~, whereby the overall objective was still
satisfied.

Various aspects need to be addressed in terms of continuing research into mod-
elling rheumatic hearts using TPM as a mathematical framework. To avoid repetition,
one may firstly refer to the recommendations suggested by Hopkins [25]. The recom-
mendations to be put forth in this work consist of the following.

Firstly, the CMR scans that the CCM have access to usually consist of an initial
scan of the patient’s heart, generally taken at a point where the condition is at an
advanced level, and a follow-up scan after valve replacement surgery, taken to assess if
conditions are improving. Hence, an area of research could be presented in developing
constitutive growth laws which act to reverse the effects of growth. This would hence
make use of the follow-up scan as a benchmark model, after which predictions into
how the condition might evolve in subsequent time periods may then be conducted.

The second suggestion, which relates to the first, focuses on treating myocardial
infarction using hydrogels, as was discussed in Sec.(7.6.3). The third phase could be
substituted as a hydrogel, which acts to mitigate and reduce the effects of myocardial
infarction. In terms of volume fraction quantities the solid and hydrogel quantities
would need to be consumed, resulting in an increased fluid volume, in order to restore
a more sufficient blood-tissue ratio. In addition, using prescribed flux boundary con-
ditions, certain areas may be targeted specifically. This method would therefore also
involve the concept of reverse growth modelling.

In order to address the issue related to the decreasing liquid volume fraction dur-
ing growth, an adaptation of the balance equation may be conducted in order to
fully couple the growth between the solid and nutrient volume fractions. This may
be achieved by removing the weighting components that comprise of the respective
densities in the terms containing the mass supply function in equations (4.10); and
(4.10)3.

Finally, the model was found to comply specifically with the general case of DCM,
and not with those associated with valvular dysfunction. This may be attributed to
the fact that with the latter condition, true isovolumetric relaxation and contraction
stages do not exist. One method of overcoming this limitation would entail modifying
the volume driven algorithm related to the isovolumetric phases, such that AV# 0.

was observed to
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Furthermore, conditions would need to be developed to differentiate dilation caused
by aortic or mitral regurgitation.
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