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Figure 7. Hexagonal space grid: basis vectors of the first four subspaces: (a) subspace S(1); (b) subspace S(2); (c) subspace S(3);
and (d) subspace S(4).

For the hexagonal grid (symmetry group C6v), the subspaces S(1), S(2), S(3), S(4), S(5) and S(6)

of the problem are found to be of dimensions 6, 1, 4, 2, 12 and 12, respectively. This system
will therefore have six modes of vibration (and corresponding six natural frequencies) with
symmetry of type S(1), one mode of vibration of symmetry type S(2), four modes of vibration
of symmetry type S(3), two modes of vibration of symmetry type S(4), 12 modes of vibration of
symmetry type S(5) and 12 modes of vibration of symmetry type S(6), which all add up to the
37 degrees of freedom of the grid. Figure 7 shows the plots of the basis vectors of the first four
subspaces, allowing the symmetries of these to be visualized. The plots of the basis vectors of
subspaces S(5) and S(6) have not been shown (there are too many), but we note that these last two
subspaces are associated with two-dimensional irreducible representations. Therefore, only six
distinct frequencies (not 12) will need to be computed for each subspace.
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For the rectangular grid (symmetry group C2v), we find that the subspaces S(1), S(2), S(3) and
S(4) of the problem are of dimensions 11, 7, 9 and 8, respectively. The system will therefore have
11 modes of vibration (and corresponding 11 natural frequencies) with symmetry of type S(1),
seven modes of vibration of symmetry type S(2), nine modes of vibration of symmetry type S(3)

and eight modes of vibration of symmetry type S(4), which all add up to the 35 degrees of freedom
of the grid.

For the square grid (symmetry group C4v), the associated subspaces S(1), S(2), S(3), S(4), S(5,1)

and S(5,2) are of dimensions 5, 1, 2, 3, 5 and 5, respectively. The system will therefore have five
modes of vibration (and corresponding five natural frequencies) with symmetry of type S(1), one
mode of vibration of symmetry type S(2), two modes of vibration of symmetry type S(3), three
modes of vibration of symmetry type S(4) and 10 modes of vibration of symmetry type S(5), which
all add up to the 21 degrees of freedom of the grid. We further predict that subspace S(5), being
associated with a two-dimensional irreducible representation, will feature doubly repeating roots
(i.e. only five distinct eigenvalues), and consideration of either subspace S(5,1) or subspace S(5,2)

will generate the five distinct eigenvalues or natural frequencies.

6. Thin elastic plates

(a) Governing equation of motion
The equation of motion for the undamped free vibration of a plate may be written as [34]

∂4w
∂x4 + 2

∂4w
∂x2 ∂y2 + ∂4w

∂y4 + ρ

D
∂2w
∂t2 = 0, (6.1)

where w is the transverse displacement at a point defined by the coordinates {x, y} at any given
time t, D is the flexural rigidity of the plate and ρ is the mass of the plate per unit area of its
surface. Assuming harmonic vibration, we may write

w(x, y, t) = W(x, y) sin ωt, (6.2)

where W(x, y) is a shape function satisfying the boundary conditions and describing the shape of
the deflected middle surface of the vibrating plate, and ω is a natural circular frequency of the
plate. Substituting for w in equation (6.1), we obtain

∂4W
∂x4 + 2

∂4W
∂x2 ∂y2 + ∂4W

∂y4 − ηW = 0, (6.3)

where

η = ρω2

D
. (6.4)

The ordinary finite-difference representation of equation (6.3) at a pivotal point (m, n) of the
mesh, based on central differences and taking equal mesh intervals d = �x = �y (in the x and
y directions), is as follows [34]:

20Wm,n − 8(Wm−1,n + Wm+1,n + Wm,n−1 + Wm,n+1)

+ 2(Wm−1,n−1 + Wm−1,n+1 + Wm+1,n−1 + Wm+1,n+1)

+ Wm−2,n + Wm+2,n + Wm,n−2 + Wm,n+2 − λWm,n = 0, (6.5)

where
λ = ηd4. (6.6)

Figure 8 shows a rectangular plate simply supported on all four edges, with an equispaced grid
of mesh lines in the x and y directions giving a total of 24 mesh points on the plate. Here, we
have chosen to adopt a relatively coarse mesh in order to permit the relevant group-theoretic
calculations to be performed in a manageable manner (the systems of equations needing to be
solved will not be too large), which also makes it easy for the reader to follow the steps. This mesh
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Figure 8. Rectangular plate simply supported along all four edges and divided into a square mesh with 24 mesh points.

is adequate for the purposes of bringing out the key attributes of the group-theoretic procedure,
but clearly if a higher degree of accuracy in the numerical values is required, then a finer mesh
ought to be adopted. The mesh configuration conforms to symmetry group C2v . Mesh points have
been numbered in accordance with group-theoretic rules [28]. Also shown outside the boundary
of the plate (as mirror images of the adjacent nodes on the plate) are the relevant fictitious nodes,
for use in the finite-difference equations for the real nodes.

(b) Basis vectors
Applying the idempotents P(1), P(2), P(3) and P(4) of symmetry group C2v (equations (2.1)), for
subspaces S(1), S(2), S(3) and S(4), respectively, to each of the 24 nodal functions φ1, φ2, . . . , φ24
associated with the mesh points of the plate, we obtain 24 linear combinations of these functions
for each subspace, not all of which are independent. Selecting a set of independent combinations
of functions as the basis vectors for the subspace in question, we find that all four subspaces are six
dimensional (i.e. have six basis vectors each). The sets of basis vectors Φ

(i)
j for all four subspaces

(i = 1, 2, 3, 4; j = 1, 2, 3, 4, 5, 6) may be collected together as follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Φ
(1)
1 Φ

(1)
2 Φ

(1)
3 Φ

(1)
4 Φ

(1)
5 Φ

(1)
6

Φ
(2)
1 Φ

(2)
2 Φ

(2)
3 Φ

(2)
4 Φ

(2)
5 Φ

(2)
6

Φ
(3)
1 Φ

(3)
2 Φ

(3)
3 Φ

(3)
4 Φ

(3)
5 Φ

(3)
6

Φ
(4)
1 Φ

(4)
2 Φ

(4)
3 Φ

(4)
4 Φ

(4)
5 Φ

(4)
6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

φ1 φ5 φ9 φ13 φ17 φ21
φ2 φ6 φ10 φ14 φ18 φ22
φ3 φ7 φ11 φ15 φ19 φ23
φ4 φ8 φ12 φ16 φ20 φ24

⎤
⎥⎥⎥⎦. (6.7)

The symmetry types associated with the four subspaces of this problem may be visualized by
reference to figure 9, in which the sixth basis vector of each subspace Φ

(i)
6 (i = 1, 2, 3, 4) has been

plotted. As all basis vectors of a given subspace have the same symmetry type, there is no point
in plotting all of them in order to illustrate the symmetry; one suffices.

 on January 4, 2014rsta.royalsocietypublishing.orgDownloaded from 

http://rsta.royalsocietypublishing.org/
http://rsta.royalsocietypublishing.org/


20

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A372:20120037

.........................................................

(a) (b)

(c) (d)

y y

x x

24 21

22 23

24 21

22 23

y y

x x

24 21

22 23

24 21

22 23

Figure 9. Rectangular plate: symmetry types of the four subspaces illustrated by the sixth basis vector of each subspace:
(a)Φ (1)

6 of subspace S(1); (b)Φ (2)
6 of subspace S(2); (c)Φ (3)

6 of subspace S(3); and (d)Φ (4)
6 of subspace S(4). Filled (black) circles

denote positive coordinates of the basis vectors, while open circles (rings) denote negative coordinates.

(c) Conventional finite-difference equations
In the group-theoretic formulation developed by Zingoni [28], we do not need to write down
the finite-difference equations for all the nodes of the mesh, and then operate on these to reduce
the number of equations. Instead, we need only write down the finite-difference equations for the nodes
corresponding to the first components of the basis vectors of each subspace and operate on this reduced set of
equations in order to generate all the required symmetry-adapted finite-difference equations for the various
subspaces of the problem. For our example, the set of nodes for which finite-difference equations
need to be written down is {1, 5, 9, 13, 17, 21}.

All edges are simply supported, implying that W = 0 for all nodes lying on the edges of the
plate. For the fictitious nodes of the finite-difference mesh (figure 8), the deflections W are equal
in magnitude but opposite in sign to those of the corresponding real nodes. The central finite-
difference equations for nodes {1, 5, 9, 13, 17, 21} (in that order) become

(20 − λ)W1 + 2W2 − 8W3 − 8W4 − 8W5 + 2W7 + W8 + W9 − 8W13

+ W15 + 2W16 + 2W17 = 0, (6.8a)

− 8W1 + 2W3 + W4 + (20 − λ)W5 − 8W7 − 8W9 + 2W11 + 2W13

− 8W17 + W19 + 2W21 = 0, (6.8b)

W1 − 8W5 + 2W7 + (19 − λ)W9 − 8W11 + 2W17 − 8W21 + W23 = 0, (6.8c)

− 8W1 + W3 + 2W4 + 2W5 + (19 − λ)W13 − 8W16 − 8W17 + W20 + W21 = 0, (6.8d)

2W1 − 8W5 + W7 + 2W9 − 8W13 + W16 + (19 − λ)W17 − 8W21 = 0 (6.8e)

and 2W5 − 8W9 + W11 + W13 − 8W17 + (18 − λ)W21 = 0. (6.8f )
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(d) Symmetry-adapted finite-difference equations and system eigenvalues
For any given basis vector Φ

(i)
j of subspace S(i), the coefficients of the components φ are either +1

or −1 for all subspaces. These coefficients give the relative values of the transverse displacements
associated with the nodes of Φj. For a given r-dimensional subspace, we will denote the amplitude
of the displacements associated with the nodes of Φj ( j = 1, 2, . . . , r) by the parameter fj. This
amplitude will be the same for all nodes of Φj. This formulation results in an r-dimensional
eigenvalue problem within the subspace S(i), which upon solving yields the r eigenvalues (natural
circular frequencies) for that subspace. As stated earlier, these subspace eigenvalues are also
eigenvalues of the full space of the problem, and no further computations are required. Consider
subspace S(1). From the coefficients of Φ

(1)
j ( j = 1, 2, . . . , 6), let

W1 = W2 = W3 = W4 = f1, (6.9a)

W5 = W6 = W7 = W8 = f2, (6.9b)

W9 = W10 = W11 = W12 = f3, (6.9c)

W13 = W14 = W15 = W16 = f4, (6.9d)

W17 = W18 = W19 = W20 = f5 (6.9e)

and W21 = W22 = W23 = W24 = f6. (6.9f )

Making the above substitutions into each of equations (6.8), we obtain six equations in
{f1, f2, f3, f4, f5, f6}:⎡

⎢⎢⎢⎢⎢⎢⎢⎣

(6 − λ) −5 1 −5 2 0
−5 (12 − λ) −6 2 −7 2
1 −6 (11 − λ) 0 2 −7

−5 2 0 (11 − λ) −7 1
2 −7 2 −7 (19 − λ) −8
0 2 −7 1 −8 (18 − λ)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

f1
f2
f3
f4
f5
f6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (6.10)

The vanishing condition for the determinant of the above 6 × 6 matrix yields a sixth-degree
polynomial equation in λ, whose roots (the required eigenvalues) are obtained as

λ1 = 0.336; λ2 = 3.752; λ3 = 7.930; λ4 = 13.169; λ5 = 17.414; and λ6 = 34.398.

Considering subspace S(2) next, from the coefficients of the Φ
(2)
j ( j = 1, 2, . . . , 6), let

W1 = W2 = −W3 = −W4 = f1, (6.11a)

W5 = W6 = −W7 = −W8 = f2, (6.11b)

W9 = W10 = −W11 = −W12 = f3, (6.11c)

W13 = W14 = −W15 = −W16 = f4, (6.11d)

W17 = W18 = −W19 = −W20 = f5 (6.11e)

and W21 = W22 = −W23 = −W24 = f6. (6.11f )

Making the above substitutions into each of equations (6.8), we obtain⎡
⎢⎢⎢⎢⎢⎢⎢⎣

(38 − λ) −11 1 −11 2 0
−11 (28 − λ) −10 2 −9 2

1 −10 (27 − λ) 0 2 −9
−11 2 0 (27 − λ) −9 1

2 −9 2 −9 (19 − λ) −8
0 2 −9 1 −8 (18 − λ)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

f1
f2
f3
f4
f5
f6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (6.12)

 on January 4, 2014rsta.royalsocietypublishing.orgDownloaded from 

http://rsta.royalsocietypublishing.org/
http://rsta.royalsocietypublishing.org/


22

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A372:20120037

.........................................................

Table 3. Natural circular frequenciesω (in rad s−1) for the rectangular plate.

subspace S(1) subspace S(2) subspace S(3) subspace S(4)

(1) 22.20a (5) 81.73a (2) 43.45a (3) 60.48a
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(4) 74.15a (12) 146.50 (7) 108.22 (8) 112.43
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(6) 107.80 (15) 167.33 (9) 129.05 (11) 146.09
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(10) 138.92 (19) 198.45 (14) 160.16 (16) 177.20
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(13) 159.74 (21) 232.10 (17) 193.82 (18) 198.02
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(20) 224.52 (24) 284.05 (22) 245.77 (23) 262.80
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
aFirst five modes.

leading to the results

λ1 = 4.558; λ2 = 14.646; λ3 = 19.106; λ4 = 26.873; λ5 = 36.761; and λ6 = 55.056.

Proceeding in the same way for the remaining two subspaces, we obtain the results

Subspace S(3)

λ1 = 1.288; λ2 = 7.992; λ3 = 11.364; λ4 = 17.505; λ5 = 25.635; and λ6 = 41.216.

Subspace S(4)

λ1 = 2.496; λ2 = 8.626; λ3 = 14.563; λ4 = 21.427; λ5 = 26.760; and λ6 = 47.128.

(e) Numerical results
Natural circular frequencies were evaluated for a rectangular steel plate of dimensions 7 m × 5 m,
assuming all edges are simply supported [28]. The thickness h of the plate was given as 25 mm.
The density γ of the steel was taken as 7800 kg m−3, the modulus of elasticity E as 200 × 109 N m−2

and Poisson’s ratio ν as 0.3. Table 3 shows values of ω obtained on the basis of a finite-difference
mesh of spacing 1 m × 1 m in the x and y directions. The numbers in brackets (mode numbers)
denote the ascending order of the frequencies, from 1 up to 24.

From the results, we observe yet another attribute of the group-theoretic formulation. Apart
from the property of breaking up the original problem into smaller problems which are much
easier to solve, we see that the group-theoretic decomposition also separates modes whose
frequencies are very close to each other, eliminating the numerical problems usually associated
with the computation of frequencies that are nearly coincident. For instance, modes 6, 7 and 8
have closely spaced circular frequencies of {107.80; 108.22; 112.43} rad s−1, respectively, but these
frequencies are extracted separately within subspaces S(1), S(3) and S(4).

7. Concluding remarks
In this paper, we have shown how the group-theoretic procedure, besides its more obvious
merits of reducing computational effort, affords useful insights into the vibration properties of
a structural system without the necessity of first performing detailed numerical computations.
Such qualitative benefits have included a prior appreciation of all the possible symmetries of
the modes of vibration, the prediction of the number of modes of a given symmetry type, the
identification of modes associated with the same frequencies, the prediction of nodal lines and
stationary points of a vibrating system, and the untangling of clustered frequencies.

Information of this type greatly helps in understanding why certain phenomena occur in
particular physical systems, depending on the types of symmetries they possess. In turn, this
allows us to design structural systems to be less susceptible to detrimental phenomena, for
example resonance. It is believed that group theory has the potential to reveal new as yet
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undiscovered phenomena with regard to the static, kinematic, stability and dynamic behaviour
of complex structural systems which are rich in symmetry.
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