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A B S T R A C T

In this contribution, and as an extension of previous work, the simultaneous use of thin concrete shells for
roofing and liquid containment is explored, with a particular focus on the bending and buckling behaviour
of the shell. The concept of dual-purpose concrete shells is a novel one, and has the potential to revive the
widespread use of elegant thin concrete shells once again. It is shown how excessive stresses due to water
loading can be controlled through gradual thickening of the shell over the submerged region. Not only are
membrane stresses lowered, but the bending stresses in the vicinity of the shell edge are also significantly
moderated. Through a linear eigenvalue buckling analysis followed by a nonlinear Riks-type buckling analysis
accounting for geometric imperfections, such thickening is also shown to be effective in enhancing the buckling
resistance of the shell. The overall conclusion is that the concept of dual-purpose concrete shells is structurally
viable, and deserves more attention.
1. Introduction

Thin concrete shell roofs, once popular [1], have declined in their
use, mainly as a result of the high costs of formwork for curved
surfaces. The development of pneumatic formwork systems lowered
costs quite significantly, and partially revived the use of thin concrete
shell roofs, but overall construction costs still remained relatively high.
Advances in fabric formwork [2–4] and form-finding techniques [5,6]
have extended the possibilities for concrete shells as well as shells in
other materials. While all these innovations have been very significant
strides in the right direction, it is clear that if thin concrete shells
are to regain their position in mainstream architecture and structural
engineering, more needs to be done to allow greater benefit to be
derived from the shell [7].

The superior structural efficiency of thin concrete shells stems from
their ability to resist transverse surface loads predominantly by mem-
brane action as opposed to bending which in turn, as Calladine ex-
plains [8,9], stems from the properties of ‘‘surface’’ and ‘‘curvature’’ that
characterise their geometry. The curvature of the shell midsurface has
a significant influence on the pattern of stresses within the shell [8].
Useful in understanding the response of the shell is the notion of
Gaussian curvature, which is the product of the principal radii of
curvature at any given point on the shell. Thus spherical domes and
elliptic paraboloids, on account of their positive Gaussian curvature,
respond differently to surface loads when compared with shells of
negative Gaussian curvature such as hyperbolic paraboloids [10].

For membrane action to prevail in the shell, the shell has to ful-
fil certain smoothness conditions of geometry, material stiffness and
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loading, and also has to be supported in such a way that no bending mo-
ments occur at the edge of the shell [11,12]. Furthermore, concentrated
loads on the shell must be avoided. If there are discontinuities in the
shell, or if the shell is not supported in accordance with the assumptions
of the membrane hypothesis, then significant bending may occur in the
shell. Like most structural elements with finite rigidity, a shell is not
as efficient when resisting transverse applied loads through bending
as opposed to in-plane or extensional action, so as much as possible,
bending must be avoided. In practice, even if interior smoothness
conditions are met, bending effects can never be totally eliminated;
good design becomes a matter of minimising flexural effects in the shell.

In evaluating the structural feasibility of new applications for thin
shells in concrete, stress and buckling resistance rank among the most
important considerations. One or more of three common approaches
may be adopted. The analytical approach can provide useful insights
on structural behaviour, and is well-suited to parametric study [12],
but suffers the disadvantage of not being able to deal with complex or
arbitrary problems. On the other hand, the numerical approach (such
as finite-element modelling), while not amenable to the same level of
parametric control as analytical solutions, is more versatile in handling
complex situations, and is particularly useful in the evaluation of buck-
ling behaviour and non-linear effects. The third approach, experimental
testing, tends to be the most expensive, and has to be very specific in
scope owing to the costs involved, but it is often the only reliable means
of validating theoretical and numerical formulations. Here, we will only
be concerned with the first two approaches.

The analytical approach is most effective for stress studies involving
small elastic deformations [13], and where the geometry of the shell
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Fig. 1. Some dual-purpose concrete shells: (a) conical-spherical shell assembly serving as the roof of a large circular hall and the sloping walls and concave floor of an elevated
water reservoir; (b) tall paraboloidal exhibition hall surrounded by a conical reservoir; (c) toroidal hall of parabolic cross-section with a central water reservoir.
Fig. 2. Geometric and loading parameters of shells: (a) spherical dome; (b) paraboloid of revolution; (c) parabolic toroid: full cross-section; (d) parabolic toroid: left side of
ross-section showing details.
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Fig. 3. Spherical dome: Variation of membrane stresses with arc length 𝑠 for various
degrees of shell thickening: (a) 𝜎𝜙 variation; (b) 𝜎𝜃 variation [7].

is relatively simple. The bending theory of shells (inclusive of the
membrane theory) has been used to study stresses in spherical concrete
domes [14], and to develop recommendations for design. The same
theory has been used in studying discontinuity problems in liquid-
containment shell structures, including spherical tanks [15], conical
vessels [16], ellipsoids of revolution [17], elliptic toroids [18], and
multi-shell vessels [19,20]. The much simpler membrane theory has
also been successfully used on its own to evaluate the state of stress in a
variety of shell structures, such as elliptic toroidal domes [21], cooling
towers [22] and liquid-containment shells of unusual shape [23,24].

The buckling behaviour of shells subjected to external pressure
has been extensively studied, with the majority of the studies having
involved shells of zero Gaussian curvature (cylindrical and conical
shells) [25,26]. Some studies have concentrated on theoretical as-
pects, examples being an investigation on long-term effects in shallow
concrete domes [27], and a study on the buckling of complete spher-
ical shells [28]. The elastic buckling of composite cylindrical shells
under hydrostatic pressure has also been the subject of a very re-
cent study [29]. As part of a programme of investigation on new
possibilities for underwater observatories, the buckling behaviour of
spherical-conical and spherical-paraboloidal assemblies under external
hydrostatic pressure has also been studied [30]. Also featured in the
literature have been studies of toroidal shells under uniform external
pressure [31] and hydrostatic water pressure [32]. Interest in the
toroidal geometry continues, as alternative cross-sectional profiles are
3

Fig. 4. Paraboloid of revolution: Variation of membrane stresses with arc length 𝑠 for
arious degrees of shell thickening: (a) 𝜎𝜙 variation; (b) 𝜎𝜃 variation [7].

explored [33,34]. From a loading point of view, buckling of shells under
wind effects pose particularly challenging problems [35,36], while from
a geometry point of view, the need to understand the behaviour of
shells of unusual shape is an important part of the process of exploring
and discovering more efficient shell forms for fluid containment [37,
38].

We have noted the decline in the use of thin concrete shells for
roofing over the years, and some of the developments that have been
directed towards overcoming the challenges. To provide greater justi-
fication for the often-cited high costs of construction of thin concrete
shell roofs, the author has recently proposed the dual use of concrete
shells [7]. Usually a shell has one specific function, such as to provide
roofing, or to retain liquid, but not both. To allow more benefit to be
derived from the thin concrete shell, it has been proposed to utilise
the same shell (in whole or in part) for two different functions: (i) as
the curved roof (or full enclosure) of a circular hall, and (ii) as the
curved floor (or curved retaining wall) of a water reservoir. Besides the
dual use of the shell, these possibilities also promise a more efficient
utilisation of urban land (the ground space that is normally occupied
by a water reservoir is freed up for other purposes), and opportunities
for significant energy savings.

In fact, the concept could be extended to multi-purpose shells. In
hot climates, the cooling effect of the reservoir water on one side of the
shell wall could allow users of the building to do away with the need for
air-conditioning in the inhabited space on the other side. In semi-arid
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Fig. 5. Parabolic toroid: Variation of membrane stresses with arc length 𝑠 for various
degrees of shell thickening: (a) 𝜎𝜙 variation; (b) 𝜎𝜃 variation [7].

areas of the world which are prone to drought, rain water could be har-
vested from the curved surface of a shell roof, and directly stored in a
reservoir that uses the same shell roof as a floor. A flat retractable cover
could be installed over the reservoir to reduce evaporation. Solar panels
could be mounted on such a cover to collect solar energy, making the
shell structure effectively multi-purpose. Designing shell structures with
energy savings in mind, or facilitating the use of renewable energy,
is in keeping with the philosophy of sustainable engineering. Multi-
purpose concrete shells hold promise of significantly adding value to
the shell structure, and offsetting the high costs associated with the
construction of curved surfaces, thereby helping to revive the use of
thin concrete shells once again. A related concept has been the possible
use of deployable hyperbolic-paraboloidal umbrella shells in coastal
locations [39,40], where they can provide shelter from the sun or the
rain under normal weather conditions, and can be deployed to act as
flood barriers against sea waves during extreme weather conditions.

The novelty of the present work is not in proposing a new theory
of shells nor a new numerical formulation for shells, but in exploring
the use of thin concrete shell for dual use. In this paper, and as part of
an ongoing programme of investigation, we will consider some possible
configurations for dual-purpose concrete shells. The loadings of interest
are the self-weight of the shell and the hydrostatic pressure of the
water. In a previous study [7], the feasibility of dual-purpose concrete
shells (spherical, conical, paraboloidal and parabolic-toroidal) was con-
sidered on the basis of the magnitude and distribution of membrane
stresses in the shell, and gradual shell thickening was proposed over
4

the submerged part of the shell, as a means for controlling the relatively
high stresses that are induced by the water loading.

For three of the shells previously considered, the present paper
extends the study of stresses to take into account the bending of
the shell that occurs in the vicinity of the support, and the buckling
that may occur in the lower regions of the shell. While an analytical
approach is adopted for the estimation of bending-related stresses,
finite-element modelling will be employed in the buckling investiga-
tion. Results for critical buckling pressures and mode shapes, derived
from a linear eigenvalue FEM analysis, will be presented. A nonlinear
buckling analysis accounting for imperfections, and tracing the post-
buckling behaviour of the shell, will also be conducted. Hydrodynamic
effects due to the sloshing of water do not form part of the present
study.

2. Some dual-purpose concrete shells

There is no limit on the shell geometries that can be combined into a
dual-purpose system. Dual-purpose concrete shells can take the form of
shells of revolution, shells of translation, or some other class of shells.
Here, we will focus on configurations in which the components of the
system are shells of revolution, and the whole system has a central axis
of rotation. Thus, the theory of shells of revolution may be used in the
stress analysis. Fig. 1 shows three types of dual-purpose concrete shells.
These will form the subject of the present study.

Fig. 1(a) shows a cross-section of a building whose roof system
comprises a dual-purpose concrete dome and a dual-purpose conical-
shell roof. The circular dome serves as the roof of a large circular hall,
which could be a theatre, a place of worship or some other public
facility. The conical frustum serves as the sloping roof of a circular aisle
that runs around the circumference of the hall. The space above the two
shells, bound between the inner surface of the conical shell and the
outer surface of the circular dome, serves as a shallow water reservoir.
This arrangement is an example of situations where the shell roof can
be used for harvesting rain water (in those areas of the world which
suffer from a scarcity of water), and storing the water in the shallow
reservoir that is formed by the walls of the same shells.

The two-shell roof system is supported on two sets of vertical
columns. The inner set of columns is located at the junction of the two
shells. The outer set of columns is located at the upper edge of the
conical shell. Ring beams provided at the top of the columns serve to
distribute the reactions from the columns, and to absorb any horizontal
thrust or pull exerted by the shells at their edges. Thus, the presence of
a ring beam at the edge of a shell mitigates bending effects in the shell.
In the configuration of Fig. 1(a), it should also be pointed out that the
angle of inclination of the conical shell may be chosen in such a way
that the horizontal thrust of the spherical dome upon the ring beam
exactly balances the horizontal thrust of the conical shell, which then
minimises the size of the required ring beam, hence the overall cost of
the support system. The design of the support system lies outside the
scope of this study.

Fig. 1(b) shows a paraboloid of revolution that is connected to a
conical shell at the base, with the lower region of the paraboloid being
surrounded by the walls of the conical shell. The inner paraboloidal
space serves as an exhibition hall for tall equipment, while the outer
space (bound between the outer surface of the paraboloid of revolution
and the inner surface of the conical shell) serves as an elevated annular
reservoir. In this configuration, the wall of the conical shell only serves
the purpose of retaining the water, and therefore the conical shell is
not a dual-purpose shell. On the other hand, the lower part of the
paraboloid of revolution serves not only as the sides of the interior
hall, but also as the inner wall of the water reservoir. Therefore, the
paraboloid of revolution is a dual-purpose shell. To avoid perforating
through the water reservoir, access into the hall may be provided via
walkways located below the level of the shell supports, with stairs
leading up onto the exhibition floor, or walkways located just above
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Fig. 6. Positive conventions for deformations and redundants at the edge of a shell. Where an edge beam is provided, the reactions on the edge beam are also shown.
the reservoir (footbridges), with stairs leading down onto the exhibition
floor.

Fig. 1(c) shows a dual-purpose parabolic toroidal dome. A parabolic
toroid is a surface of revolution that has the topology of a torus, except
that the cross-section is an open parabola instead of a closed circle.
The interior of the cross-section serves as a ring-shaped exhibition hall.
The central open space of the toroid, which lies outside the cross-
section of the toroid and faces the open sky, serves as a circular water
reservoir. The anticlastic region of the toroidal shell (i.e. the inner
region of negative Gaussian curvature) serves a dual purpose: it is the
inner wall of the exhibition hall, and the retaining wall of the central
water reservoir. The synclastic region of the toroidal shell (i.e. the outer
region of positive Gaussian curvature) only serves as the outer wall of
the exhibition hall, and therefore is not a dual-purpose region. For the
purposes of this study, we will consider only the inner region of the
parabolic toroidal dome that serves a dual purpose.

3. Membrane stresses

It is usual to adopt an angular coordinate system {𝜙, 𝜃} to describe
the position of points on the midsurface of the shell [12,13], although
for some geometries, a Cartesian coordinate system may be more con-
venient. With the axis of revolution of the shell taken to be vertical, and
hoop circles taken to lie in horizontal planes, the vertical angle 𝜙 is the
meridional angle, measured downward from the upward direction of
the axis of revolution of the shell, to the normal to the shell midsurface
at the point in question. The horizontal angle 𝜃 is the circumferential
angle, measured from an arbitrary reference meridional plane, to the
meridional plane in question.

For shells of revolution subjected to axisymmetric loading, only
two stress resultants are relevant in a membrane analysis: 𝑁𝑚

𝜙 (the
meridional stress resultant) and 𝑁𝑚

𝜃 (the hoop stress resultant), which
are direct forces per unit length. We will consider 𝑁𝑚

𝜙 and 𝑁𝑚
𝜃 as

positive if they are tensile, and as negative if they are compressive.
Equilibrium considerations of a shell element subjected to these stress
resultants and the applied loads (acting over the surface of the element)
yield the well-known general solutions [12,13]:

𝑁𝑚
𝜙 = 1

2

{

𝑟1𝑟2
(

𝑝𝑟 cos𝜙 − 𝑝𝜙 sin𝜙
)

sin𝜙
}

𝑑𝜙 + 𝛽 (1a)

𝑟2 sin 𝜙 ∫

5

𝑁𝑚
𝜃 = 𝑟2𝑝𝑟 −

𝑟2
𝑟1
𝑁𝑚
𝜙 (1b)

In these expressions, 𝑟1 and 𝑟2 are the principal radii of curvature of
the shell midsurface at the point in question; the parameters 𝑝𝑟 and 𝑝𝜙
represent loading components expressed as forces per unit area of the
shell surface (𝑝𝑟 in the direction of the normal to the shell midsurface,
and 𝑝𝜙 in the direction of the tangent to the shell meridian); 𝛽 is
a constant of integration to be evaluated from a suitable boundary
condition of the shell. Eqs. (1) are, of course, also applicable to conical
shells, if 𝑟1 is set equal to infinity and the angular coordinate 𝜙 is
replaced with the distance coordinate 𝑠 measured from the vertex of
the cone to the point in question.

In this investigation, we will not consider the conical frustum of
Fig. 1(a), since it has already been shown [7] that the likelihood of
buckling in the conical shell is relatively small, and that the tensile
hoop stresses that develop in the lower parts of the conical shell can
be adequately controlled through shell-thickness enhancement and the
provision of tensile reinforcement.

Fig. 2 shows the loading and geometric parameters of the spherical
dome, the paraboloid of revolution and the parabolic toroid. The profile
of the spherical dome is a circular arc of radius 𝑎, while the cross-
sectional profiles of the paraboloid of revolution and the parabolic
toroid may be described by the equation 𝑦 = 𝑘𝑥2 in Cartesian coor-
dinates, with the tangent of the meridional angle 𝜙 representing the
slope of the curve (𝑑𝑦∕𝑑𝑥) at any given point.

The analytical results for membrane stresses in the three shells (as
well as in the conical shell) may be seen in the earlier work [7]. Here,
we will only cite the results for hydrostatic loading, which we will need
later in considerations of the bending of the shell in the vicinity of
the support. With 𝛾 denoting the weight per unit volume of the water,
the parameters 𝑟1 and 𝑟2 for the three shells, and the membrane stress
resultants due to hydrostatic pressure, are as follows [7]:

Spherical dome

𝑟1 = 𝑟2 = 𝑎 (2)

𝑁𝑚 = −
𝛾𝑎2

[(

1 − cos𝜙
)

(1 + 2 cos𝜙) +
3ℎ𝑜

]

(3a)
𝜙 6 1 + cos𝜙 𝑎
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Fig. 7. Variation of net stresses (bending + membrane) with angle 𝜓 measured from
the shell edge, for the spherical dome with a fixed edge, and having geometric
parameters 𝑎 = 60 m, 𝜙𝑠 = 30◦, 𝑡𝑜 = 0.2 m and 𝑡𝑠 = 0.5 m: (a) meridional stresses;
b) hoop stresses. Superscripts m, T(i) and T(o) denote membrane-solution stress,
nner-surface total stress and outer-surface total stress, respectively.

𝑚
𝜃 = −

𝛾𝑎2

6

[(

1 − cos𝜙
1 + cos𝜙

)

(5 + 4 cos𝜙) +
3ℎ𝑜
𝑎

]

(3b)

Paraboloid of revolution

1 =
1

2𝑘 cos3 𝜙
; 𝑟2 =

1
2𝑘 cos𝜙

(4a,b)

𝑚
𝜙 = −

𝛾
32𝑘2

(

cos𝜙
sin2 𝜙

)[

1
cos4 𝜙

− 2
(

1
cos2 𝜙

)(

1
cos2 𝜙𝑤

)

+ 1
cos4 𝜙𝑤

]

(5a)

𝑚
𝜃 = −

𝛾
32𝑘2

[

4
(

tan2 𝜙 − tan2 𝜙𝑤
cos𝜙

)

−
(

cos𝜙
tan2 𝜙

)

×
{

1
cos4 𝜙

− 2
(

1
cos2 𝜙

)(

1
cos2 𝜙𝑤

)

+ 1
cos4 𝜙𝑤

}]

(5b)

Parabolic toroid

𝑟1 =
1

2𝑘 cos3 𝜙
; 𝑟2 =

2𝑘𝐴 cos𝜙 − sin𝜙
2𝑘 cos𝜙 sin𝜙

(6a,b)

𝑚
𝜙 = −

𝛾
2

(

cot 𝜙
)

[

2𝑘𝐴

8𝑘 2𝑘𝐴 cos𝜙 − sin𝜙

6

Fig. 8. Finite element meshes: (a) spherical dome (3122 elements); (b) paraboloid of
revolution (10 384 elements); (c) parabolic toroid (11 280 elements).

×
{

tan3 𝜙
3

− (tan𝜙)
(

tan2 𝜙𝑤
)

}

− 1
4

(

1
cos4 𝜙

+ 1
cos4 𝜙𝑤

)

+ 1
2
(

cos2 𝜙
) (

cos2 𝜙𝑤
)

+4𝑘𝐴 tan3 𝜙
]

(7a)

3 𝑤
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Table 1
Values of parameters of the spherical dome.

Description Value

Plan diameter of dome 𝐷 = 60 m
Rise of dome 𝜂 = 8.04 m
Rise-to-diameter ratio 𝜂∕𝐷 = 0.134
Radius of spherical shell 𝑎 = 60 m
Minimum shell thickness (at crest) 𝑡𝑜 = 0.2 m
Radius-to-thickness ratio (at crest) 𝑎∕𝑡𝑜 = 300
Water head at crest ℎ𝑜 = 0
Support angle 𝜙𝑠 = 30◦

Vertical loading intensity 𝑞 = 10 kN∕m2

Table 2
Values of parameters of the paraboloid of revolution.

Description Value

Plan diameter of dome 𝐷 = 100 m
Horizontal coordinate of support 𝑥𝑠 = 50 m
Vertical coordinate of support 𝑦𝑠 = 20 m
Angular coordinate of support 𝜙𝑠 = 38.7◦

Horizontal coordinate of water level 𝑥𝑤 = 35.36 m
Vertical coordinate of water level 𝑦𝑤 = 10 m
Angular coordinate of water level 𝜙𝑤 = 29.5◦

Minimum shell thickness (at crest) 𝑡𝑜 = 0.1 m
Vertical loading intensity 𝑞 = 5 kN∕m2

𝑁𝑚
𝜃 =

𝛾
8𝑘2

[

(

2𝑘𝐴 cos𝜙 − sin𝜙
cos𝜙 sin𝜙

)

×
(

tan2 𝜙 − tan2 𝜙𝑤
)

−
(

cot2 𝜙
)

(cos𝜙)

×

[

2𝑘𝐴
{

tan3 𝜙
3

− (tan𝜙)
(

tan2 𝜙𝑤
)

}

− 1
4

(

1
cos4 𝜙

+ 1
cos4 𝜙𝑤

)

+ 1
2
(

cos2 𝜙
) (

cos2 𝜙𝑤
)

+4𝑘𝐴
3

tan3 𝜙𝑤
]]

(7b)

. Parametric study

In the previous study [7], numerical examples were considered and
embrane stresses evaluated, for the three shell geometries shown in

ig. 2. Increasing shell thickness was proposed as the simplest way of
educing the likelihood of buckling in zones of high compression. In
he present study, we will pursue the same numerical examples. The
hickness of the shell is increased linearly with respect to arc length
easured along the meridian of the shell, from a minimum value of
= 𝑡𝑜 at the crest of the spherical dome (or the water level in the case
f the parabolic dome and the toroidal dome), to a maximum value of
= 𝑡𝑠 at the level of the support. Thus, once numerical values have
een assigned to the parameters 𝑡𝑜 and 𝑡𝑠, the thickness of the shell
hroughout the dome is completely defined. In the case of the spherical
ome, arc length from the crest of the dome (i.e. from 𝜙 = 0) is, of
ourse, directly proportional to the meridional angle 𝜙, so the change
n shell thickness (as we move from the crest) is directly proportional
o the angle 𝜙.

Numerical values of the parameters of the selected shells are listed
n Tables 1 to 3, with subscript 𝑠 referring to the location of the support,
nd subscript 𝑤 referring to the location of the water level. The primary
eometric parameters of the domes are illustrated in Fig. 2, to which
he reader should refer. Secondary parameters (such as 𝐷 and 𝜂) are as
efined in the tables; they are not required in the calculations, and are
nly included to give a sense of the overall proportions of the domes.

In the tables, the parameter 𝑞 refers to the vertical loading per unit
rea of the shell mid-surface, which may stem from the self-weight

f the shell, or the weight of cladding on the shell (imposed dead

7

able 3
alues of parameters of the parabolic toroid.
Description Value

Mean toroidal radius 𝐴 = 15 m
Width of cross-section at base 𝐷 = 20 m
Horizontal coordinate of support 𝑥𝑠 = 10 m
Vertical coordinate of support 𝑦𝑠 = 10 m
Angular coordinate of support 𝜙𝑠 = 63.4◦

Horizontal coordinate of water level 𝑥𝑤 = 7.07 m
Vertical coordinate of water level 𝑦𝑤 = 5.0 m
Angular coordinate of water level 𝜙𝑤 = 54.7◦

Minimum shell thickness (at crest) 𝑡𝑜 = 0.05 m
Vertical loading intensity 𝑞 = 5 kN∕m2

load). For the purpose of the membrane analysis, this loading 𝑞 may
be resolved into a radial component (𝑝𝑟) and a tangential component
(𝑝𝜙), as shown in Fig. 2.

For the spherical dome, the shell thickness 𝑡 is linearly varied with
arc length along the meridian, from 𝑡 = 𝑡𝑜 = 0.2 m at the crest of
the dome, to 𝑡 = 𝑡𝑠 at the support, where 𝑡𝑠 is assigned five values:
𝑡𝑠 = 0.3 m; 𝑡𝑠 = 0.4 m; 𝑡𝑠 = 0.5 m; 𝑡𝑠 = 0.6 m; 𝑡𝑠 = 0.7 m. For
he paraboloid of revolution, the shell thickness 𝑡 is kept constant at
𝑜 = 0.1 m in the range 0 ≤ 𝜙 ≤ 𝜙𝑤, then linearly varied with arc length

along the meridian, from 𝑡 = 𝑡𝑜 = 0.1 m at the water level, to 𝑡 = 𝑡𝑠 at
the support, where 𝑡𝑠 is assigned five values: 𝑡𝑠 = 0.50 m; 𝑡𝑠 = 0.75 m;
𝑡𝑠 = 1.00 m; 𝑡𝑠 = 1.25 m; 𝑡𝑠 = 1.50 m. For the parabolic toroid, the shell
hickness 𝑡 is kept constant at 𝑡𝑜 = 0.05 m in the range 0 ≤ 𝜙 ≤ 𝜙𝑤, then
inearly varied with arc length along the meridian, from 𝑡 = 𝑡𝑜 = 0.05 m
t the water level, to 𝑡 = 𝑡𝑠 at the support, where 𝑡𝑠 is assigned four

values: 𝑡𝑠 = 0.10 m; 𝑡𝑠 = 0.15 m; 𝑡𝑠 = 0.20 m; 𝑡𝑠 = 0.25 m.
Membrane stresses 𝜎𝑚𝜙 and 𝜎𝑚𝜃 were evaluated at various points

along the shell meridian, and plotted versus arc length 𝑠 for various
levels of local thickening. Some representative variations are shown
in Figs. 3–5. For the full set of results, and a detailed discussion of
these, reference must be made to the previous study [7]. At locations
well below the water level, it is evident that the hydrostatic loading
component accounts for most of the stress value. The benefits of varying
shell thickness are also evident in all the plots. Gradual thickening
of the shell with increasing hydrostatic pressure has the effect of
countering the steep rates of increase of stresses 𝜎𝑚𝜙 and 𝜎𝑚𝜃 as the
support is approached. The result of this gradual thickening is that the
eventual stresses at the support are considerably lower than the stresses
that would occur if a constant thickness 𝑡𝑜 were maintained throughout
the dome.

5. Bending stresses

The spherical dome, the parabolic dome and the toroidal dome are
all shells of double curvature If the shells are sufficiently thin and
not too shallow, the Reissner–Meissner pair of differential equations
for the axisymmetric bending of general shells of revolution may be
drastically simplified without too much loss in accuracy, by dropping
all derivatives of order higher than two, and combining the ensuing
equations into one fourth-order ordinary differential equation in the
transverse-shear variable 𝑄𝜙:

𝑑4𝑄𝜙
𝑑𝜙4

+ 4𝜆4 𝑄𝜙 = 0 (8)

where 𝜆 is the shell slenderness parameter defined as follows:

𝜆4 = 3
(

1 − 𝜈2
)
𝑟41
𝑟22𝑡

2
(9)

The accuracy of the above simplification for the specific case of the
spherical shell has been shown to be very good (errors generally less
than 5%) if 𝜙𝑒 ≥ 30◦ and 𝑎∕𝑡 ≥ 50 [41]. For general shells of revolution,
the same level of accuracy may be expected provided that 𝜙 ≥ 30◦
𝑒
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(

Fig. 9. First five modes of spherical dome with 𝑡𝑠 = 0.7 m: (a) mode 1 (𝜆 = 62.04); (b) mode 2 (𝜆 = 62.04); (c) mode 3 (𝜆 = 64.06); (d) mode 4 (𝜆 = 64.06); (e) mode 5 (𝜆 = 64.32).
Fig. 10. First five modes of paraboloid of revolution with 𝑡𝑠 = 1.5 m: (a) mode 1 (𝜆 = 30.08); (b) mode 2 (𝜆 = 30.08); (c) mode 3 (𝜆 = 30.11); (d) mode 4 (𝜆 = 30.11); (e) mode 5
𝜆 = 30.14).
8
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Fig. 11. First five modes of parabolic toroid with 𝑡𝑠 = 0.25 m: (a) mode 1 (𝜆 = −72.45); (b) mode 2 (𝜆 = −72.46); (c) mode 3 (𝜆 = −74.47); (d) mode 4 (𝜆 = −74.47); (e) mode 5
(𝜆 = −76.40).
Fig. 12. Mode 1 of spherical dome for various values of 𝑡𝑠: (a) 𝑡𝑠 = 0.2 m (𝜆 = 6.09); (b) 𝑡𝑠 = 0.3 m (𝜆 = 12.69); (c) 𝑡𝑠 = 0.4 m (𝜆 = 21.64); (d) 𝑡𝑠 = 0.5 m (𝜆 = 32.81); (e) 𝑡𝑠 = 0.6 m
(𝜆 = 46.23); (f) 𝑡𝑠 = 0.7 m (𝜆 = 62.04).
9
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Fig. 13. Mode 1 of paraboloid of revolution for various values of 𝑡𝑠: (a) 𝑡𝑠 = 0.5 m (𝜆 = 5.46); (b) 𝑡𝑠 = 1.0 m (𝜆 = 16.47); (c) 𝑡𝑠 = 1.5 m (𝜆 = 30.08).
Fig. 14. Mode 1 of parabolic toroid for various values of 𝑡𝑠: (a) 𝑡𝑠 = 0.05 m (𝜆 = −6.88); (b) 𝑡𝑠 = 0.15 m (𝜆 = −30.61); (c) 𝑡𝑠 = 0.25 m (𝜆 = −72.45).
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able 4
inite-element method (FEM) versus analytical (ANA) results for meridional stresses.
Angle 𝜓
(deg)

Stress on outer surface (MPa) Stress on inner surface (MPA)

ANA FEM % Diff ANA FEM % Diff

0 4.99 5.12 2.5 −8.51 −8.85 3.8
2 −1.15 −1.25 8.0 −2.54 −2.65 4.2
4 −3.81 −3.92 2.8 0.10 0.20 50
6 −4.20 −4.34 3.2 0.64 0.75 14.7
8 −3.48 −3.60 3.3 0.24 0.35 31.4
10 −2.47 −2.56 3.5 −0.37 −0.44 15.9

at the edge of the shell, and 𝑟min∕𝑡 ≥ 50, where 𝑟min is the smaller of
1 and 𝑟2. The spherical dome (with 𝜙𝑠 = 30◦ and 𝑎∕𝑡𝑠 = 85.7 in the

least favourable case of 𝑡𝑠 = 0.7 m) fulfils both criteria. By reference
to Table 2, and making use of Eqs. (4) to calculate the principal radii
of curvature, we note that the paraboloid of revolution has 𝜙𝑠 = 38.7◦

nd 𝑟min∕𝑡𝑠 = 53.39 at the support (noting that 𝑟1 = 131.49 m and 𝑟2 =
80.08 m at the edge of the shell, and using the least favourable value of
𝑡𝑠 = 1.5 m), so it also fulfils the criteria for the above approximation.
However, caution needs to be used in applying the approximation to the
parabolic toroid, because the dome may not be thin enough for certain
ranges of 𝑡𝑠. From Table 3, 𝜙𝑠 = 63.4◦, which clearly fulfils the criterion
for non-shallowness. Eqs. (6) yield 𝑟1 = 55.70 m and 𝑟2 = 5.61 m at the
edge of the shell, so that 𝑟min∕𝑡𝑠 = 22.4 at the support, based on the least
avourable thickness value of 𝑡𝑠 = 0.25 m. This clearly falls short of the
riterion for thin-ness. To meet the criterion for thin-ness, 𝑡𝑠 ≤ 0.112 m.

If toroidal radius 𝐴 was larger, this would make 𝑟2 bigger (see Eq. (6b)),
which would bring the toroid closer to the range of sufficiently-thin
shells.

In general, the principal radii of curvature 𝑟1 and 𝑟2 are functions
of 𝜙 (except in the case of the spherical dome where 𝑟1 = 𝑟2 = 𝑎), and
shell thickness 𝑡 is also a function of 𝜙 in the edge regions (owing to
10
gradual shell thickening). Thus the slenderness parameter 𝜆 (Eq. (9))
is a function of 𝜙, implying that the second term of the differential
equation (Eq. (8)) has a variable coefficient, and is therefore not so easy
to solve. We may make a further simplication without too much loss in
accuracy, by adopting a constant (average) value of 𝜆 in the edge zone.
This is valid, since the zone experiencing edge effects is very narrow,
and the parameters

{

𝑟1, 𝑟2, 𝑡
}

do not change much across the narrow
band in which the edge effect prevails.

Now, the effective range 𝜓𝑟 of the bending disturbance from the
edge of the shell may arbitrarily be taken as the half-wavelength of its
oscillations. Alternatively, the distance over which the function 𝑒−𝜆𝜓

controlling the amplitude of these oscillations) decays from unity at
he edge (𝜓 = 0) to 0.05 (i.e. 5% of initial value) may be adopted as
he effective range. These two different criteria correspond to 𝜆𝜓 = 𝜋
nd 𝜆𝜓 = 3 respectively, and therefore lead to essentially the same
esult, since 𝜋 ≈ 3. It is preferred to define the effective range of the
ending disturbance as 𝜓𝑟 = 𝜋∕𝜆, or 180◦∕𝜆.

To obtain the effective value of 𝜆 for use in the solution of Eq. (8),
e start by calculating 𝜆𝑠 from Eq. (9), based on the value of

{

𝑟1, 𝑟2, 𝑡
}

t the supported edge of the shell. The support circle (where 𝜙 = 𝜙𝑠)
efines the lower boundary of the effective bending zone. We then
valuate the effective range of the bending disturbance based on this
alue of 𝜆𝑠, i.e. 𝜓𝑟 = 𝜋∕𝜆𝑠. Next, we calculate

{

𝑟1, 𝑟2, 𝑡
}

at the upper
boundary of the effective bending zone, defined by the meridional
angle 𝜙𝑟 = 𝜙𝑠−𝜓𝑟, and evaluate 𝜆𝑟 at that location, again using Eq. (9).
The effective value of 𝜆 in the edge zone is simply the average of 𝜆𝑠 and
𝜆𝑟.

For the partially-submerged domes, edge-disturbance interaction
[42] is not a concern here, since the water level is associated with
insignificant edge effects (in comparison with the support level), and,
in any case, the two ‘‘edges’’ (i.e. the water level and the support level)
are relatively far apart.

If we assume there is no surface loading on the shell, and only
axisymmetric bending moments 𝑀 (per unit length) and horizontal
𝑒
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Fig. 15. Variation of linear shell-buckling capacity with chosen shell thickness 𝑡𝑠 at
he base: (a) spherical dome; (b) paraboloid of revolution; (c) parabolic toroid.

hear forces 𝐻𝑒 (per unit length) act at the edge of the shell, the above
implified theory leads to the following results for edge deformations
nd interior shell actions due to the actions 𝑀𝑒 and 𝐻𝑒 [12]:

𝑉 𝑏
𝑒

𝛿𝑏𝑒

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

− 4𝜆3
𝐸𝑡𝑟1

(

𝑟22
𝑟21

)

2𝜆2
𝐸𝑡

(

𝑟22
𝑟21

)

sin𝜙𝑒

2𝜆2
𝐸𝑡

(

𝑟22
𝑟21

)

sin𝜙𝑒 −2𝜆
𝐸𝑡

(

𝑟22
𝑟1

)

sin2 𝜙𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑀𝑒

𝐻𝑒

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝐼11 𝐼12

𝐼21 𝐼22

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑀𝑒

𝐻𝑒

⎤

⎥

⎥

⎦

(10)

𝑁𝑏
𝜙 = −

{

cot
(

𝜙𝑒 − 𝜓
)}

𝑒−𝜆𝜓
[

2𝜆
𝑟1
𝑀𝑒 sin 𝜆𝜓 −𝐻𝑒

(

sin𝜙𝑒
)

(sin 𝜆𝜓 − cos 𝜆𝜓)
]

(11a)
11
𝑁𝑏
𝜃 = −2

(

𝑟2
𝑟1

)

𝜆 𝑒−𝜆𝜓
[

𝜆
𝑟1
𝑀𝑒 (sin 𝜆𝜓 − cos 𝜆𝜓) +𝐻𝑒

(

sin𝜙𝑒
)

cos 𝜆𝜓
]

(11b)

𝑀𝜙 = 𝑒−𝜆𝜓
[

𝑀𝑒 (sin 𝜆𝜓 + cos 𝜆𝜓) −
𝑟1
𝜆
𝐻𝑒

(

sin𝜙𝑒
)

sin 𝜆𝜓
]

(11c)

𝑀𝜃 = 𝜈 𝑀𝜙 (11d)

In the flexibility matrix of the deformation relationships, the rela-
tionship 𝐼1,2 = 𝐼2,1 is well-known. In general, while subscript 𝑒 denotes
the edge of the shell, we will use superscripts 𝑚 and 𝑏 to distinguish
contributions of the membrane solution and the bending edge effects.
Thus, the edge deformations associated with the membrane stress
resultants will be denoted by

{

𝛿𝑚𝑒 , 𝑉
𝑚
𝑒
}

, while those associated with the
bending edge effects will be denoted by

{

𝛿𝑏𝑒 , 𝑉
𝑏
𝑒
}

. The combined edge
deformations (membrane + bending) will be denoted by

{

𝛿𝑇𝑒 , 𝑉
𝑇
𝑒
}

.
Shell-edge actions 𝑀𝑒 and 𝐻𝑒 are initially assumed to be unknowns.

They may be evaluated through a flexibility-type approach by imposing
conditions of compatibility. For this purpose, deformations at the shell
edges, 𝛿𝑒 and 𝑉𝑒 are required. If the edge of the shell coincides with
the support location, we may use the designation 𝛿𝑠 and 𝑉𝑠 for the
edge deformations, and 𝑀𝑠 and 𝐻𝑠 for the edge actions. The positive
conventions for edge deformations and edge actions are shown in Fig. 6,
where the shell edge is attached to a ring beam at the support location.
The equal and opposite reactions (𝑀𝑠 and 𝐻𝑠) on the ring beam are also
shown. The force 𝐻𝑚

𝑟 is simply the horizontal component of the equal
and opposite pull on the ring beam due to the membrane meridional
stress resultant at the edge of the shell (assumed to be a tensile).

If a ring beam is provided at the base of the shell, compatibility
of deformations requires that the ring beam and the shell rotate and
translate by the same amount at their point of attachment. Let us
consider the limiting boundary conditions of a fixed edge and a hinged
edge at the base of the shell, where the hinge is a moment release
(𝑀 = 0) that does not permit any translation. For a fixed edge (which
is equivalent to attaching the shell to a ring beam of infinite rigidity),
we apply upon the shell deformations the boundary conditions of
zero lateral displacement and zero meridional rotation, to obtain the
following solutions for the shell redundants:

𝑀𝑒 =
𝐼22𝑉 𝑚

𝑒 − 𝐼12𝛿𝑚𝑒
𝐼212 − 𝐼11𝐼22

(12a)

𝐻𝑒 =
𝐼11𝛿𝑚𝑒 − 𝐼12𝑉 𝑚

𝑒

𝐼212 − 𝐼11𝐼22
(12b)

In the above solutions, the flexibility coefficients 𝐼𝑖,𝑗 (𝑖 = 1, 2; 𝑗 = 1, 2)
re as previously defined. The membrane deformations

{

𝛿𝑚𝑒 , 𝑉
𝑚
𝑒
}

at the
dge of the shell can easily be calculated, for any given loading on the
hell. We first need to obtain expressions for membrane deformations
𝛿𝑚, 𝑉 𝑚} at generalised locations defined by the coordinate 𝜙, by
ubstituting the relevant solutions for 𝑁𝑚

𝜙 and 𝑁𝑚
𝜃 into the following

eneral relationships [12]:

𝑚 = 1
𝐸𝑡

(

𝑟2 sin𝜙
)

(

𝑁𝑚
𝜃 − 𝜈𝑁𝑚

𝜙

)

(13a)

𝑉 𝑚 = 1
𝑟1

[

cot 𝜙
𝐸𝑡

{

(

𝑟1 + 𝜈𝑟2
)

𝑁𝑚
𝜙 −

(

𝑟2 + 𝜈𝑟1
)

𝑁𝑚
𝜃

}

− 𝑑
𝑑𝜙

{ 𝑟2
𝐸𝑡

(

𝑁𝑚
𝜃 − 𝜈𝑁𝑚

𝜙

)}

]

(13b)

or a pinned edge, the bending moment at the edge of the shell is
ero, so 𝑀𝑒 is automatically zero. We only need to apply the boundary
ondition of zero lateral displacement to obtain the solution for 𝐻𝑒,
hich is as follows:

𝑒 = −
𝛿𝑚𝑒 (14)

𝐼22
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Fig. 16. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 1: 𝑡𝑠 = 0.2 m. The asterisk (*) denotes peak load factor.
Fig. 17. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 2: 𝑡𝑠 = 0.3 m. The asterisk (*) denotes peak load factor.
12
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Fig. 18. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 3: 𝑡𝑠 = 0.4 m. The asterisk (*) denotes peak load factor.
Fig. 19. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 4: 𝑡𝑠 = 0.5 m. The asterisk (*) denotes peak load factor.
13
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Fig. 20. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 5: 𝑡𝑠 = 0.6 m. The asterisk (*) denotes peak load factor.
Fig. 21. Load factor (LPF) vs. arc-length and progressive development of deformation for the spherical dome: Case 6: 𝑡𝑠 = 0.7 m. The asterisk (*) denotes peak load factor.
14
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Fig. 22. Load factor (LPF) vs. arc-length for the paraboloid of revolution: Case 1: 𝑡𝑠 = 0.5 m. The deformation image is taken at arc-length 0.958 and LPF 0.734.
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To illustrate the derivation of edge deformations, let us consider the
case of the spherical dome. The principal radii of curvature are in-
dependent of the angular coordinate 𝜙 (i.e. 𝑟1 = 𝑟2 = 𝑎), but the
shell thickness 𝑡 varies with meridional angle 𝜙, which will affect the
meridional rotation 𝑉 𝑚. Let us express the linear variation of shell
thickness with arc length as follows

𝑡 = 𝑡𝑜 + 𝛼𝜙 = 𝑡𝑜 +
(

𝑡𝑠 − 𝑡𝑜
𝜙𝑠

)

𝜙 (15)

here 𝑡𝑜 is the shell thickness at the crown (𝜙 = 0), 𝑡𝑠 is the shell
hickness at the support, 𝜙𝑠 is the value of 𝜙 at the support, and 𝛼 is a
onstant of proportionality as implicitly defined above.

We derive expressions for hydrostatic-pressure membrane deforma-
ions by substituting into Eqs. (13) the solutions for the membrane
tress resultants 𝑁𝑚

𝜙 and 𝑁𝑚
𝜃 as given by Eqs. (3), with ℎ𝑜 (the water

head at the crest of the dome) taken as zero. Obtaining the result for
𝛿𝑚 only involves one simple substitution, but obtaining the result for
𝑉 𝑚 requires evaluation of derivatives of 𝑡, 𝑁𝑚

𝜙 and 𝑁𝑚
𝜃 with respect

to 𝜙, followed by some rather tedious but otherwise straightforward
simplifications. Key derivational steps and final results are as follows:

𝛿𝑚 = 𝑎
𝐸𝑡

(sin𝜙)
(

𝑁𝑚
𝜃 − 𝜈𝑁𝑚

𝜙

)

= −
𝛾𝑎3

6𝐸𝑡
(sin𝜙)

(

1 − cos𝜙
1 + cos𝜙

)

{(5 + 4 cos𝜙) − 𝜈 (1 + 2 cos𝜙)} (16a)

𝑉 𝑚 = 1 + 𝜈
𝐸𝑡

(cot 𝜙)
(

𝑁𝑚
𝜙 −𝑁𝑚

𝜃

)

− 1
𝐸𝑡

𝑑
𝑑𝜙

(

𝑁𝑚
𝜃 − 𝜈𝑁𝑚

𝜙

)

+ 𝛼
𝐸𝑡2

(

𝑁𝑚
𝜃 − 𝜈𝑁𝑚

𝜙

)

=
𝛾𝑎2

(sin𝜙) + 𝛼 (

𝑁𝑚 − 𝜈𝑁𝑚
)

𝐸𝑡 𝐸𝑡2 𝜃 𝜙

15
=
𝛾𝑎2

𝐸𝑡

[

(sin𝜙) −
(

𝑡𝑠 − 𝑡𝑜
6𝑡𝜙𝑠

)(

1 − cos𝜙
1 + cos𝜙

)

{(5 + 4 cos𝜙) − 𝜈 (1 + 2 cos𝜙)}
]

(16b)

The required membrane deformations at the shell edge (which is the
support location) follow by evaluating the general results for 𝛿𝑚 and
𝑉 𝑚 at the location 𝜙 = 𝜙𝑠:

𝛿𝑚𝑒 = 𝛿𝑚𝑠 = −
𝛾𝑎3

6𝐸𝑡𝑠

(

sin𝜙𝑠
)

(

1 − cos𝜙𝑠
1 + cos𝜙𝑠

)

{(

5 + 4 cos𝜙𝑠
)

− 𝜈
(

1 + 2 cos𝜙𝑠
)}

(17a)

𝑉 𝑚
𝑒 = 𝑉 𝑚

𝑠 =
𝛾𝑎2

𝐸𝑡𝑠

[

(

sin𝜙𝑠
)

−
(

𝑡𝑠 − 𝑡𝑜
6𝑡𝑠𝜙𝑠

)(

1 − cos𝜙𝑠
1 + cos𝜙𝑠

)

×
{(

5 + 4 cos𝜙𝑠
)

− 𝜈
(

1 + 2 cos𝜙𝑠
)}

]

(17b)

nce the bending-related edge actions 𝑀𝑒 and 𝐻𝑒 have been evaluated,
he associated interior shell actions follow from Eqs. (11). The total
tresses on the inner and outer surfaces of the shell are finally obtained
y superimposing the membrane-solution stresses with those associated
ith the edge effect, taking care to use the value of shell thickness that
pplies at the location in question:

𝑇
𝜙 =

𝑁𝑚
𝜙

𝑡
+
𝑁𝑏
𝜙

𝑡
±

6𝑀𝜙

𝑡2
(18a)

𝜎𝑇𝜃 =
𝑁𝑚
𝜃
𝑡

+
𝑁𝑏
𝜃
𝑡

±
6𝑀𝜃

𝑡2
(18b)

Let us pursue the spherical dome for a specific numerical example.
Focusing attention on the case 𝑡𝑠 = 0.5 m, with all other parameters
of the spherical dome remaining the same as before (i.e. 𝑎 = 60 m;
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Fig. 23. Load factor (LPF) vs. arc-length for the paraboloid of revolution: Case 2: 𝑡𝑠 = 1.0 m. The deformation image is taken at arc-length 1.069 and LPF 0.418.
𝜙𝑠 = 30◦; 𝑡𝑜 = 0.2 m), and the material properties of concrete taken as
𝐸 = 28 × 109 N∕m2 (Young’s modulus) and 𝜈 = 0.15 (Poisson’s ratio),
we may calculate the parameters

{

𝜆𝑠, 𝜓𝑟, 𝑡𝑟, 𝜆𝑟
}

as per the procedure
described earlier, to give

𝜆𝑠 = 14.335; 𝜓𝑟 = 𝜋∕𝜆𝑠 = 0.2192 = 12.56◦; 𝜙𝑟 = 𝜙𝑠 − 𝜓𝑟 = 17.44◦;

𝑡𝑟 = 0.374 m; 𝜆𝑟 = 16.575

The effective values of shell-slenderness parameter and shell thickness
over the effective range of the bending disturbance are the averages of
the values at the support (𝜓 = 0) and at 𝜓 = 𝜓𝑟:

𝜆𝑎𝑣 = 0.5
(

𝜆𝑠 + 𝜆𝑟
)

= 15.455; 𝑡𝑎𝑣 = 0.5
(

𝑡𝑠 + 𝑡𝑟
)

= 0.437 m

Using these average values of 𝜆 and 𝑡, the flexibility coefficients of the
spherical shell are evaluated from Eq. (10). The results are as follows:

𝐼11 = −2.0113 × 10−8 N−1

𝐼12 = 𝐼21 = 1.9521 × 10−8 m N−1

𝐼22 = −3.7892 × 10−8 m2 N−1

The membrane deformations at the support are evaluated from Eqs.
(17). The results are:

𝛿𝑚𝑒 = 𝛿𝑚𝑠 = −7.4349 × 10−3 m

𝑉 𝑚
𝑒 = 𝑉 𝑚

𝑠 = 1.00172 × 10−3

Let us assume the spherical dome has a fixed edge at the base. Evalu-
ating the shell-edge actions from Eqs. (12), we obtain the results:

𝑀 = −281 272 N m∕m = −281.272 kN m∕m
𝑒

16
𝐻𝑒 = −341 117 N∕m = −341.117 kN∕m

Substituting these values for 𝑀𝑒 and 𝐻𝑒 into expressions (11), we
obtain the bending-related interior actions

{

𝑁𝑏
𝜙; 𝑁

𝑏
𝜃 ; 𝑀𝜙; 𝑀𝜃

}

; when
the associated stresses are combined with membrane stresses in accor-
dance with Eq. (18), we obtain the total stresses in the shell. Fig. 7
shows meridional and hoop stresses plotted versus the angle 𝜓 from
the support. In each chart, variations of (i) membrane stress, (ii) total
stress on the inner surface, and (iii) total stress on the outer surface,
are shown. It should be noted that the bending-related total meridional
stress is dominated by the flexural component due to the bending
moment 𝑀𝜙, hence the symmetry of the curves of the inner and outer
surfaces relative to the membrane plot; the component of meridional
stress due to the bending moment is effectively the total-stress curve
read with the membrane-stress curve taken as the datum, so we do
not need to show the stress variation due to bending moment (𝑀𝜙)
separately.

In order to validate the analytical formulation presented in this
section, the same numerical example of the spherical dome (𝑎 = 60 m;
𝜙𝑠 = 30◦; 𝑡𝑜 = 0.2 m; 𝑡𝑠 = 0.5 m) was also analysed using the general-
purpose finite element programme ABAQUS [43]. As the geometry and
loading are axisymmetric, and the deformation response of the shell is
axisymmetric, quadratic axisymmetric thin shell elements SAX2 (with
three nodes) were employed. The circular meridian of the shell (0 ≤ 𝜙 ≤
30◦) was divided into 100 elements each subtending an angle of 0.3◦
at the centre of curvature of the shell, which gave an element length
of 0.314 m. As the dome was assumed to have a fixed edge, all nodal
degrees of freedom were assigned values of zero at the shell edge. Finite
element (FEM) meridional stresses are shown versus their analytical
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Fig. 24. Load factor (LPF) vs. arc-length for the paraboloid of revolution: Case 3: 𝑡𝑠 = 1.5 m. The deformation image is taken at arc-length 4.26 and LPF 0.711.
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ANA) counterparts in Table 4. The discrepancy between FEM and
nalytical results is generally less than 5% (ignoring the percentages for
tress levels that are insignificant (less than 1.0 MPa)), which confirms
he validity of the analytical formulation, which is known to be of an
pproximate nature in any case.

It is clear that the edge effect significantly alters the membrane
tate of stress in the zone of the dome adjacent to the support. In
he meridional direction, bending induces relatively large compressive
nd tensile stresses at the support (−8.51 MPa on the inner surface,
nd +4.99 MPa on the outer surface), compared with a membrane
eridional-stress value of −2.35 MPa. On the other hand, the edge effect

s beneficial on the hoop stresses: the membrane value of −7.29 MPa is
owered to −2.23 MPa on the inner surface and −0.21 MPa on the outer
urface.

Although the increased thickness of the shell in the lower region
f the dome has the effect of extending the effective range of the
ending effects (since 𝜓𝑟 = 𝜋∕𝜆, and 𝜆 is reduced by shell thickening),
t does have the beneficial effect of lowering the magnitude of the
lexural stresses (since these are proportional to 𝑡−2). Similar trends are
bserved in the case of the paraboloid of revolution and the parabolic
oroid, though the bending disturbance decays somewhat more slowly
n the case of the parabolic toroid, on account of its negative Gaussian
urvature.

A common practice in concrete design is to assume the concrete
oes not have tensile strength. That means the oscillating bending
tresses in the vicinity of the support should be catered-for by the
rovision of tensile reinforcement on both faces of the concrete section.
he shell thickening that has been proposed also has the additional
enefit of allowing the physical space for the placement of two layers

f tensile reinforcement. It is recommended that these two layers be e

17
xtended up to the effective range of the bending disturbance, as
stimated earlier.

. Eigenvalue buckling analysis

A linear eigenvalue buckling analysis of the three examples was
erformed using ABAQUS [43]. For the material (concrete), Young’s
odulus was taken as 28 GPa, and Poisson’s ratio as 0.15. The shells

were all assumed to be fixed at the base. The assumption of a fixed
shell edge is valid if the ring beam at the base of the shell is sufficiently
robust, or if the shell edge is built into a rigid concrete floor slab (which
also helps to achieve watertightness at the junction of the shell and the
reservoir floor). The fully integrated general-purpose quadrilateral shell
element S4 was adopted on account of its accuracy. The spherical dome,
the paraboloid of revolution and the parabolic toroid were discretised
into 3122, 10 384 and 11 280 elements respectively. The generated
meshes are shown in Fig. 8.

The reference pressure for the eigenvalue analysis was taken as
𝛾ℎmax (taking 𝛾 as 10 kN∕m3), with ℎmax being the maximum depth
of water. For the spherical dome, the paraboloid of revolution and
the parabolic toroid, ℎmax is 8.038 m, 10.0 m and 5.0 m respectively.

he buckling pressure for a given mode is obtained by multiplying the
orresponding eigenvalue with the reference pressure. Figs. 9–11 show
lan views of the first five modes for the spherical dome with 𝑡𝑠 = 0.7 m,
he paraboloid of revolution with 𝑡𝑠 = 1.5 m, and the parabolic toroid
ith 𝑡𝑠 = 0.25 m. All buckling modes are characterised by a relatively
igh number of waves in the circumferential direction, but only one
n the meridional direction, except for the parabolic toroid which has
hree dimples in the meridional direction. It is also noted that the

igenvalues occur in identical pairs (repeated eigenvalues), with the
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Fig. 25. Load factor (LPF) vs. arc-length for the parabolic toroid: Case 1: 𝑡𝑠 = 0.05 m. The deformation image is taken at arc-length 5.469 and LPF 0.248.
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alues of the pairs being very close to each other. The phenomenon
f repeated eigenvalues is characteristic of structural systems with
ymmetry, and is not limited to buckling; it is also encountered in
ibration problems [44].

Figs. 12–14 show the first mode (which corresponds to the lowest
uckling pressure) for various 𝑡𝑠 values of the spherical dome, the
araboloid of revolution and the parabolic toroid. The eigenvalues and
orresponding buckling pressures are plotted versus 𝑡𝑠 in Fig. 15.

From these plots, we see that eigenvalues range from 6.09 to 62.04
n the case of the spherical dome, and 5.46 to 30.08 in the case of the
araboloid of revolution, which represent very high factors of safety
gainst buckling. For example, an eigenvalue of 62.04 means that the
iquid would have to be 62.04 times denser than water for buckling to
ccur! Of course, we have not accounted for imperfections here, but
hese high factors of safety for the perfect shells give us confidence
hat the shells are likely to be still quite safe even after accounting for
mperfections. Imperfections will be taken into account in the section
n nonlinear buckling.

For the parabolic toroid, the negative eigenvalues (ranging from
6.88 to −72.45) are an indication that buckling only occurs if the

oading is reversed. Here, we have simply taken the lowest five values
whether positive or negative), and they happen to be all negative.
n fact, as elaborated further in the next section, eigenvalues of the
arabolic toroid all remain negative until we get to high mode numbers
n excess of 100, when positive eigenvalues start to emerge.

Fig. 15 also reveals that as the parameter 𝑡𝑠 is increased, the gain
n buckling capacity of the shell becomes more rapid, a trend that is
articularly noticeable in the case of the spherical dome.
18
. Nonlinear buckling analysis

A finite element non-linear buckling analysis was done on three
hell structures using a Riks solution algorithm within the programme
BAQUS [43]. As in the linear eigenvalue buckling analysis, fully

ntegrated S4 general shell elements were used, to generate the same
eshes as before (see Fig. 8). The edges of the shells were assumed to

e fully restrained against translation and rotation. The main additional
eature in the modelling of the shell geometry was the introduction of
eometric imperfections. Imperfections may exist prior to the applica-
ion of any loads as physical features of the real shell, or they may
rise in the course of the loading as a result of the elastic bending
eformations of the shell, or the elastic buckling modes. In this study,
e will assume imperfections are related to the eigenmodes of linear
uckling.

Now, in the absence of imperfections, shells normally exhibit a stiff
oad-deformation response until a point of bifurcation is reached, where
he solution may branch along one of two or more possible paths,
eading to numerical difficulties in the tracing of the postbuckling
ehaviour. One advantage of introducing imperfections is that we
void this type of numerical difficulty, as the shell has a significant
ending response right from the beginning, which causes the buckling
o proceed along a more predictable path. The imperfections applied to
ach shell were taken to be a linear combination of the first ten modes
s obtained from the eigenvalue buckling analysis:

=
10
∑

𝑚=1
𝐴𝑚𝛥𝑢𝑚 (19)

here 𝛥𝑢𝑚 and 𝐴𝑚 are the normalised deflections and the amplitude of
ode 𝑚, respectively. The amplitude of the linear buckling modes are
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Fig. 26. Load factor (LPF) vs. arc-length for the parabolic toroid: Case 2: 𝑡𝑠 = 0.15 m. The deformation image is taken at arc-length 4.401 and LPF 0.467.
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alculated as follows:

1 = 0.1𝑡𝑜 ; 𝐴𝑚 =
𝐴𝑚−1
2

for 𝑚 ≥ 2 (20)

here 𝑡𝑜 is the shell thickness in the unthickened part of the dome.
hus, the amplitude of the first mode is taken as 0.1𝑡𝑜 (i.e. 10% of
he minimum shell thickness), the amplitude of the 2nd mode as half
f that of the 1st mode, the amplitude of the 3rd mode as half of
hat of the 2nd mode, and so on. With these assigned amplitudes, the
irst 10 linear buckling modes are then added together to give the
equired imperfection magnitude and shape. Note that the first linear
uckling mode has the greatest weighting. This method of accounting
or imperfections results in a combined imperfection amplitude that
oes not exceed 0.2𝑡𝑜 (i.e. 20% of the minimum shell thickness).

While a detailed imperfection-sensitivity analysis was not con-
ucted, a comparison of the results of two arbitrary but different
mperfection amplitudes showed that imperfection amplitude does have
significant influence on the buckling strength of the shell, a finding
hich is in keeping with the observations of other investigators [45].
owever, the imperfections given by Eq. (20) are considered to be

ealistic enough for concrete shells which, being relatively thick, are
ot as vulnerable to manufacturing errors as steel shells. Moreover,
he erection of formwork for doubly-curved concrete shells, and the
lacement of the wet concrete, are considered as very specialised tasks
n the civil-engineering construction industry, and would be undertaken
y highly-skilled workers under closely controlled conditions, which
reatly reduces the chances of geometric imperfections larger than
hose considered here. In the unlikely event that the imperfections
f the concrete shell are of an amplitude larger than 0.2𝑡 (20% of
𝑜

19
he minimum shell thickness), the conclusions drawn from the present
onlinear buckling analysis might not be valid.

The results for the peak buckling pressure as yielded by the non-
inear Riks analysis, for various 𝑡𝑠 values of the spherical dome, the

paraboloid of revolution and the parabolic toroid, are given in
Tables 5 to 7. To facilitate comparison, the second last column shows
the buckling pressure as calculated from the linear buckling analysis.
The last column gives the ratio of nonlinear peak pressure to linear
buckling pressure, denoted by 𝜉.

From Tables 5 to 7, it may be seen that the linear eigenvalue
analysis overestimates the buckling pressure (in comparison with the
Riks nonlinear analysis) by a factor 𝜉 ranging from 1.66 to 2.04 in the
case of the spherical shell, 1.03 to 1.48 in the case of the paraboloid of
revolution, and 1.33 to 1.86 in the case of the parabolic toroid. For the
shells of positive Gaussian curvature (spherical dome and paraboloid of
revolution), 𝜉 generally decreases as 𝑡𝑠 (shell thickness at the support)
is increased. For the shell of negative Gaussian curvature (parabolic
toroid), the opposite happens: 𝜉 increases as 𝑡𝑠 is increased.

The very high values of buckling pressure associated with the
parabolic toroid may be explained in terms of the linear eigenvalue
analysis: the lowest 100 eigenvalues are all negative, and positive
eigenvalues (which are relevant for the given direction of loading) only
start to emerge at relatively high mode numbers, when eigenvalues are
already very high in magnitude. In practical terms, and as confirmed
by the nonlinear analysis, the toroidal dome of present proportions
will never buckle under partial-depth external water pressure, and so
is perfectly safe in this regard.

Plots of the load proportionality factor (LPF) versus arc-length, as
well as images of the progression of vertical deformation, are shown in
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Fig. 27. Load factor (LPF) vs. arc-length for the parabolic toroid: Case 3: 𝑡𝑠 = 0.25 m. The deformation image is taken at arc-length 3.458 and LPF 0.553.
able 5
uckling pressures for the spherical dome (h is in metres; ℎmax = 8.038 m).

Value of ts (to = 0.2 m) Reference pressure 𝛼𝛾h (𝛾 = 10,000) Riks peak load factor Riks peak pressure (N/m2) 𝑝𝑟𝑖𝑘 Linear buckling pressure (N/m2) 𝑝𝑙𝑖𝑛 𝜉 =
𝑝𝑙𝑖𝑛
𝑝𝑟𝑖𝑘

ts = 0.2 m 50,000 h 0.597 29,850 h 60,900 h 2.04
ts = 0.3 m 100,000 h 0.687 68,700 h 126,900 h 1.85
ts = 0.4 m 200,000 h 0.605 121,000 h 216,400 h 1.79
ts = 0.5 m 300,000 h 0.597 179,100 h 328,100 h 1.83
ts = 0.6 m 400,000 h 0.645 258,000 h 462,300 h 1.79
ts = 0.7 m 500,000 h 0.746 373,000 h 620,400 h 1.66
Table 6
Buckling pressures for the paraboloid of revolution (h is in metres; ℎmax = 10.0 m).

Value of ts (to = 0.1 m) Reference pressure 𝛼𝛾h (𝛾 = 10,000) Riks peak load factor Riks peak pressure (N/m2) 𝑝𝑟𝑖𝑘 Linear buckling pressure (N/m2) 𝑝𝑙𝑖𝑛 𝜉 =
𝑝𝑙𝑖𝑛
𝑝𝑟𝑖𝑘

ts = 0.5 m 50,000 h 0.738 36,900 h 54,600 h 1.48
ts = 1.0 m 300,000 h 0.431 129,300 h 164,700 h 1.27
ts = 1.5 m 400,000 h 0.733 293,200 h 300,800 h 1.03
Table 7
Buckling pressures for the parabolic toroid (h is in metres; ℎmax = 5.0 m).

Value of ts (to = 0.05 m) Reference pressure 𝛼𝛾h (𝛾 = 10,000) Riks peak load factor Riks peak pressure (N/m2) 𝑝𝑟𝑖𝑘 Linear buckling pressure (N/m2) 𝑝𝑙𝑖𝑛 𝜉 =
𝑝𝑙𝑖𝑛
𝑝𝑟𝑖𝑘

ts = 0.05 m 3 x 106 h 0.471 1,413,000 h 1,878,000 h 1.33
ts = 0.15 m 10 x 106 h 0.663 6,630,000 h 10,543,000 h 1.59
ts = 0.25 m 20 x 106 h 0.666 13,320,000 h 24,812,000 h 1.86
Figs. 16 to 27. For the spherical dome, the deformations of the shell
are shown at four stages (with LPF value given): at a point before the
peak load; (ii) at the peak load; (iii) at two points after the peak load.
In all cases, the pattern of the imposed initial imperfections is evident
20
at the early stage of buckling, but as the displacement progresses, the
buckling dimples coalesce to one roughly-circular zone.

The three cases of the paraboloid of revolution display different
behaviours. For the smallest value of shell thickness at the support
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(𝑡𝑠 = 0.5 m), the postbuckling response is characterised by a continuous
decline in load-carrying capacity leading to collapse. For the thicker
shells (𝑡𝑠 = 1.0 m and 𝑡𝑠 = 1.5 m), the postbuckling response remains
generally flat (load-carrying capacity more or less constant) with in-
creasing deformation, until at some stage there is a rapid decline in
load-carrying capacity leading to collapse. Furthermore, the post-peak
deformations do not coalesce to one single deformed region, as was
observed in the case of the spherical dome.

The behaviour of the parabolic toroid is very different. The load-
deformation response is smoothly continuous throughout, gradually
maximising and then descending rather slowly. At the very high load
levels at which buckling occurs, it seems large axisymmetric bending
deformations dominate the behaviour of the shell just before that,
and the axisymmetric pattern is preserved as the shell buckles, and
maintained well into the postbuckling range, until the shell collapses.
This is clearly evident in the images of Figs. 25 to 27. As already
mentioned, this buckling behaviour has no significance, because the
shell would have failed by material crushing or material rupture at load
levels that are much lower than the buckling loads.

8. Concluding remarks

After discussing the potential merits of the concept of dual-purpose
concrete domes, some possible configurations for both shelter/roofing
and water storage/retention have been evaluated with regard to stress
and buckling resistance. These configurations have included a
spherical-conical roof assembly carrying water over the top, a
paraboloidal hall retaining water around its lower circumference, and
a toroidal hall retaining water in a central lake. While both self-weight
and hydrostatic water pressure were taken into account in a previous
study, the focus of the present work has been hydrostatic loading,
which causes much more severe effects.

The first phase of the investigation on dual-purpose concrete domes
comprised an analytical study based on the membrane theory of shells.
This showed that hydrostatic water pressure induces relatively large
stresses in the shells, but these can be effectively controlled through
gradual thickening of the shell over the submerged region of the dome.
The present study has extended the analytical work to the quantifi-
cation of bending effects in the vicinity of the supported edge of the
gradually-thickened dome, which the membrane theory cannot account
for. Closed-form solutions for shell-edge redundants have been derived,
and a numerical example (based on the spherical dome) considered.
While a gradual increase of shell thickness over the lower region of the
dome has the effect of extending the range of the bending disturbance,
it also has the beneficial effect of significantly lowering the magnitude
of the flexural stresses, and providing enough space for the placement
of two layers of tensile reinforcement in the edge zone.

The previous study had also revealed a rapid increase in compres-
sive membrane action as one moved along the shell meridian, from the
surface of the water towards the base of the shell, which in turn was
a clear indication of the high likehood of shell buckling. In the present
study, both a linear eigenvalue buckling analysis, and a nonlinear
analysis accounting for geometric imperfections, have been conducted
using the finite-element method. It has been shown that gradual shell
thickening is also effective in enhancing the buckling resistance of the
shell.

Specifically, and as shown by the linear buckling analysis, as the
𝑡𝑠 value (the eventual shell thickness at the support) is made larger in
comparison with the 𝑡𝑜 value (the initial shell thickness at the level of
zero water pressure), the gain in buckling capacity of the shell becomes
more rapid, a trend that is particularly noticeable in the case of the
spherical dome. The high factors of safety observed for the synclastic
domes (spherical and paraboloidal) give confidence that these dual-
purpose shells are likely to retain a good margin of safety even after
imperfections have been accounted for, a conclusion that has been

confirmed by the results of the nonlinear analysis.

21
From the numerical examples that have been considered (these are
representative of typical proportions for dual-purpose concrete domes),
it has been shown that the linear eigenvalue analysis overestimates the
buckling pressure (in comparison with the Riks nonlinear analysis) by
a factor 𝜉 ranging from 1.66 to 2.04 in the case of the spherical shell,
1.03 to 1.48 in the case of the paraboloid of revolution, and 1.33 to 1.86
in the case of the parabolic toroid. For the shells of positive Gaussian
curvature (spherical dome and paraboloid of revolution), 𝜉 generally
decreases as 𝑡𝑠 (shell thickness at the support) is increased. For the
shell of negative Gaussian curvature (parabolic toroid), the opposite
happens: 𝜉 increases as 𝑡𝑠 is increased.

While the nonlinear buckling pressures for both the spherical dome
and the paraboloid of revolution are significantly higher (by factors
ranging from 5 to 30) than the hydrostatic pressure under service
conditions, this finding applies even more for the parabolic toroid, for
which it has been shown that buckling under partial-depth external
water pressure would never occur, at least in the range of proportions
that have been studied. Thus, the anticlastic wall of a parabolic toroidal
dome will not fail by buckling of the shell under the hydrostatic
pressure of the water in the central reservoir. For the synclastic domes,
once buckling has commenced, the load-carrying capacity of the shell
progressively decreases with deformation, quickly leading to collapse.
However, the precise postbuckling behaviour depends on the thickness
proportions of the shell.

The overall conclusion is that the novel concept of dual-purpose
concrete shells is viable from a structural point of view. It is hoped
that this finding will provide added impetus for the revival of the use of
elegant thin concrete shells for the roofing of public spaces once again.
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